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PREFACE. 



The present work professes to be an introductory work 
on Algebra. The reader will not therefore look for any- 
thing like an exhaustive treatise. My aim has been to 
enable the Scholar, who has been well taught in Arith- 
metic, to take up th^ study of Algebra, and to understand 
from the first what it is, what it aims at, and what are 
the chief forms of its utility. I have thought that some 
first books on Algebra have too much the air of abridg- 
ments of larger works, and that it would be an advantage 
to approach the subject with more freedom, with a more 
natural arrangement, and with greater care not to lose 
sight prematurely of the subject-matter in the com- 
plexities of anal3^ical exercises. If I have at all succeeded 
in my aim, which must be left to the judgment of others, 
the young mathematician will start with clear views, of 
which he is sure to find the benefit in his after-course. 

I hope too that I may have provided a book that 
will meet the wants of those physical students who re- 
quire to know something of Algebra, but whose curriculum 
does not include the higher analysis. 
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iv PREFACE. 

I would advise both these classes of readers to ' master 
the methods of computation which they will find in the 
book and to acquire at an early date a facility in the 
use of Logarithms. They will find the four-figure table 
of Logarithms, given on page 216, of more practical 
utility than they might suppose. 

I have remarked in the Universities a growing dis- 
position to compel the student of the Higher Mathematics 
to interpret hft results numerically. There can be no 
better guarantee that he understands what he is about. 

Besides providing a language adapted for general 
reasoning about numbers, and giving additional powers 
to the computer, Algebra has a very suggestive side, — 
raising problems in regard to the extension of meaning 
of the negative sign and of symbols generally, which are 
interesting in themselves, and have important analogies 
in language and other fields of thought. On these sub- 
jects I have been obliged to limit myself to a few 
hints. 

Answers to the numerous Exercises will be found at 
the end of the book, and also an Index of subjects. 



LEWIS HENSLEY. 



HiTCHIN, 

October, 1875. 
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PART I. 

The Symbols, Signs, and Elementary Rules. 

CHAPTER I. 
INTBODUCTOBY. 

(1) Belation of Algebra to Arithmetio. 

1. Algebra, like Arithmetic, treats of numbers, but it aims at 
expressing their relations with greater generality. 

2. In Arithmetic we can generalize simple rules and pro- 
^ positions by employing words, as in saying, 'Twice the double 

of a number is four times that number,' and, * The sum of two 
numbers added to their difference is equal to twice the greater.* 
But just as we could not get far in Arithmetic without figures, so 
neither can we get far in general reasoning about numbers without 
some simpler mode of expression than words. Algebra meets 
this want by introducing, as supplementary to the ordinary 
numeration system, a symbolical language or notation, which 
consists of general symbols for numbers, together with sjmibols of 
operation and of relation, commonly called signs. 

Algebra is thus a symbolical extension of Arithmetic. 

Algebra probably originated in India, like the common nu- 
meration system, and like it, came to us through the Arabs. It 
has since received many improvements. 

B 



2 THE scholar's ALGEBRA. 

(2) Algebraioal Symbols for Numbers. 

3. The general symbols employed in Algebra to stand for 
numbers are letters, in the first instance those of our own alphabet. 
When we say that a letter, as a, stands for a number, we mean for 
any number, in the same sense as is conveyed by the words 
* a number ' in the proposition, * Twice the double of a number is 
four times that number,' a proposition which in algebraical lan- 
guage might be written thus, 2 x 2 a = 4 a. 

4. As we have learnt in Arithmetic to extend the notion of a 
number to include fractions, we suppose a to denote any number, 
integral or fractional. And amongst the particular numbers which 
it may represent, we include o or zero. 

5. Caution. When any symbol, as a, is used repeatedly in a 
connected course of reasoning, it means the same number through- 
out. 

6. The multiples of a are denoted by 2a, 3^, 4a, &c. 

7. If we desire to speak of two or more numbers, we introduce 
the symbols 3, c, &c. to which the same remarks apply. 

8. The basis of the rules of combination of these symbols must 
be sought in Arithmetic, of which Algebra is only a generalization. 

9. The rules of combination of symbols that are perfectly 
general will, when settled, apply to all particular values, whether 
(i) known, or (ii) unknown, since whatever is general includes all 
particular cases. 

(3) Applications of Algebra. 

10. Algebra may be said to have three principal applications : 

i. To obtain general results. Any Rule in Arithmetic comprises 
an unlimited number of questions which are all one in principle, 
though differing in details. Arithmetic must deal with particular 
numbers, and so cannot exhibit a solution in a general form, but 
Algebra obtains a general result in terms of general symbols, 
as a, b, c, &c., representing known numbers, and this result applies 
directly to all particular cases, when the appropriate values are 
assigned to a, b, c. 

ii. To discover unknown numbers, i.e. numbers the values of 



INTRODUCTORY. 3 

which are indirectly fixed by given conditions, but which are not 
otherwise known. It is customary and convenient to denote such 
unknown numbers by the final letters of the alphabet, x, y, 0. 

iii. To deduce from the forms of results, expressed in general 
symbols, the theory of processes, and especially of inverse pro- 
cesses, and to discover new methods of procedure. 

This work will be so arranged as to illustrate successively each 
of these departments of Algebra. 

11. In Algebra, numbers and magnitudes are spoken of as 
* quantities ' and their symbols as * symbols of quantity ; ' but all 
quantity must be thought of as being expressed numerically in 
terms of some unit, abstract or concrete. And it is in general best 
to regard all the symbols as representing pure numbers, mentally 
detaching from them at the outset, when they are concrete, their 
concrete unit, and reserving it to be brought in again at the end, 
or cited in the result as the unit of account. 

12. All the ordinary cautions learnt in Arithmetic are to be 
understood to apply in Algebra (until the contrary is stated), as, for 
example, that Addition and Subtraction only have place with things 
of the same nature. 

(4) Signs of Operation. 

13. The fundamental signs of operation are + (plus), — 
(minus), x (the multiple cross), and h- , which are respectively 
the signs of addition, subtraction, multiplication, and division. 

14. These signs are now commonly used in Arithmetic, on 
accoxmt of their convenience in indicating operations, but they do 
not belong to the actual processes of Arithmetic and might be 
dispensed with. They are used in Algebra with the same fun- 
damental meanings as in Arithmetic, but they receive a wider 
interpretation in Algebra than in Arithmetic. And they are 
essential to the operations of Algebra. 

15. Besides the above signs there are some others, also com- 
monly used in Arithmetic, viz. those of relation, = (equals, or is 
equal to), > (is greater than), < (is less than), the signs of ratio 
and proportion : : : : , the bracket ( ) used to signify that whatever 

B % 



4 THE scholar's ALGEBRA. 

is thus inclosed is regarded collectively, as one quantity, and lastly 
the convenient abbreviations •.• (because), .*. (therefore). Some 
others will be mentioned later. 

(6) The sign +. 

16. In Arithmetic the sign -f- between two numbers, as 34-2, 
or 3 yds. + 2 yds., is equivalent to bidding us add them together, 
and accordingly we do add them together, and say that their sum 
is 5 or 5 yds. So also in Algebra, if the sign -|- connects two (or 
more) multiples of the same quantity, as 3<2 + 2 a, we add them 
together, precisely as if they were referred to a common unit in 
Arithmetic. For three a's and two a's make five as, which we 
write 3fl + 2fl = 5tf. So again 3a-i-2tf+fl = 6a. 

Quantities which are to be added together are called addenda. 

17. Quantities that have a common symbol, and only differ in the 
numerals, as 3 a, 2 a, a, are called like quantities. The numerals 
are called the numerical coeflficients, or briefly, the coeflScients of a. 

18. Numerical coefiicients may be integral or fractional. 

19. When a is taken once only we write it simply a, without 
showing any coefficient, but in adding, &c. we have to remember 
that its coefficient counts one, as if it were i a, 

20. The general rule for the addition of like quantities is : 
Write down the common symbol and prefix the sum of the 
coefficients. 

ExeoroiBes. JSfo. 1. 

Example of Addition. 4(Z+3<z + a = 8a, by adding -the 
coefficients. 

Add the following : — 

(1) 3a-\-6^ + la' (4) i7f+2if+8if. 

(2) is5+i6d + d. (5) ^(/+f^. 

(3) 7^ + 9^+11^. (6) ie + \e. i 

(7) !/+*/+ A/ 

21. To show how such forms arise let it be required to think 

of a number, and to add to it twice the same, and again h\e times 
the same and to express the result algebraically. 

If the number be supposed to be known we should call it a, 
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then we have a-}-2a-\-^a = Sa; if unknown, we call it x, and we 
have x-\-2X-\-5x = Sx, a may be any number, but we are 
supposed to know what it is ; x means a determinate number, but 
we do not know what. 

Exercises. No. 2. 

Express algebraically, as in the above examples, and find the 
sum of — 

(1) Twice a number (known) and half the same and two- 
thirds of the same. 

(2) Three times a number (unknown) and four times the same 
and one-fourth of the same. 

(3) If I can walk a miles an hour, how far can I walk in 
3 hours? in 5 hours? in 2 J hours? and in the sum of these 
times ? 

(6) Use of + between Unlike Quantities. 

22. We come now to another kind of Addition, which is 
properly Algebraical addition, as distinguished from Arithmetical. 
Suppose we have to add together 3 a and 5^, that is two unlike 
quantities, we write down the work we are directed to perform 
thus, 3^ + 53, and having done that we can do no more. For a and 
b being different symbols, w^ cannot unite these quantities into 
one. 

23. Considered arithmetically, this is an operation indicated, but 
not performed, but in Algebra we give such an extended meaning 
to the symbols that we take an operation indicated as being 
actually performed. So this is considered to be Addition. 

24. Thus we see that +, which was in Arithmetic only a 
convenient substitute for words, is in Algebra a necessity, for it 
often constitutes the operation itself. 

26. An algebraical quantity and a particular number, repre- 
sented by a figure, are unlike quantities. 3 a and 7 are added as 

3^ + 7- 

26. We have learnt in Arithmetic that the order of addenda is 

indifferent: thus 

fl + 3 = 3 + a, and a + ^+r = 3 + r + d5 = f + a + ^ = &c. 
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But, although the order of arrangement does not affect the 
total, symbols are usually written, when there is no reason to the 
contrary, in the order of the alphabet. 

27. The complete rule of Addition of single quantities will now 
be : Add together all like quantities and write down one after 
another their sums, and also all the unlike quantities, connecting 
them by the sign + . 

Exercises. No. 3. 
Examples of Additioii. — 

The sum of 4 <z, 5 d, and 2^ = 4^ + 53+2^. 
The sum of 3 (2, 2 3, 2a, 3 d, and c = ^a-^^6 + c. 
Add together : — 

(1) 2<z, 3^, andf. (4) 5</and7. 

(2) 3<2;, 4Cy and 6d. (5) 3^, 4c, 2 a, d, and 3. 

(3) 4 c and 2 and 3^. (6) 2 a, 3 3, 2 3, 3, ^a, and 4. 

Express algebraically : — 

(7) The sum of two known numbers. 

(8) The sum of two unknown numbers. 

(9) A known number increased by 7. 

(10) An unknown number increased by 5, 

(11) A known number and twice the same together with 15. 

(12) Twice an unknown number together with one-third of the 
same number, to which add 10. 

(13) a being a boy's age, express the age of his mother who 
was 25 when he was born, and that of his father who is half 
the boy's age older. 

28. Since a, d, c are known numbers, we may if w^ please give 
them particular values, but we cannot give values to unknown 
quantities, since their values are determinate, though at first 
unknown to us. We should be nearly sure to give them the 
wrong values. 

Exercises. No. 4. 
Example. — 

If fl = 2, 3 = 3, f = 5, find the value oi ^a-\-iib'\-2c. 

Required value = 5x2 + 11x3 + 2x5 = 10 + 33+ 10 = 53. 
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Required the values of (1) to (6) in Exercises, No. 3, if a = 3, 
^ = 2, r = I, ^= o. 

(7) The sign — . 

29. In Arithmetic the sign — between two numbers is a 
direction that we are to take the latter (called the subtrahend) from 
the former (the minuend), and accordingly we do so. Thus 
5 — 2 = 3, and £5 — £2 = £3. So, in Algebra 5^—2^ = 3a, 
exactly as if the quantities 2 a, 5^7 were referred to a common 
denomination or unit in Arithmetic. But if we are required to 
subtract 3^ from 5<z, we can only write 5fl— 3^, and this is 
accepted as subtraction. So also if we are to subtract 7 from 3 a, 
the result, or remainder, is 3^—7. * 

30. We shall see as we proceed that the remarks made in (23) 
respecting the extended meaning given in Algebra to the sign + 
apply with still greater force to the sign — . 

Exercises. No. 6. 

Example. — From 5 3 take 9. Remainder 5^—9. 

(1) From 3 a take 2 3. 

(2) From 5^ take 17. 

(3) From the sum of 5 a and 9 a take 11 3. 

(4) Subtract c from 35. 

(5) From the sum of 6 and 15 subtract 2x. 

(6) What is the excess of 3 aT over 2 r ? 
Express algebraically : — 

(7) Twice a known number less 3. 

(8) Three times a known number less half another known 
number. 

(9) Five times an unknown number diminished by one-third of 
the same. 

(10) Four times an unknown number diminished by 15. 

(11) Eight times an unknown number diminished by 3 times 
a known number. 

(12) A known number diminished by five times another 
(unknown) number. 
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(8) The Sign x. 

31. In Arithmetic the sign x (the multiple cross, which we 
read * into ') when placed between two or more nmnbers, then 
called factors, as 2x3x4, indicates that these factors are to be 
multiplied together, and accordingly we do multiply them together, 
and say that their product is 24. In Algebra ax^xc stands for 
the product of the factors a, dy c, but x is omitted whenever this 
can be done without ambiguity. Thus we do not write 3 x a, 
but 3<z (read * three a '), and axdxcis usually written ode, and so 
read. 

32. But the multiple cross cannot be omitted from 2x3x4, 
since it would then become 234, and would mean two hundred and 
thirty-four ; it is however, here and elsewhere, often replaced by a 
single point, which may be called the multiple point, placed on the 
line, thus, 2.3.4 (read as before, * two into three into four '). As the 
decimal point is sometimes placed in this position, care must be 
taken not to use the multiple point in any case where it might be 
mistaken for the decimal point, not therefore between two figures, 
as 2.3, which might be mistaken for 2-3. 

33. We have learnt in Arithmetic that the order in which the 
factors of a product are taken does not affect the value of the 
product. Hence ad = da, and adc = dca = cad = &c. 

34. If any of the factors are common numbers, we may change 
the order of the factors so as to bring them together and effect 
their multiplication. Thus 2^x3^= 2X3«3=6a^. 

Exercises. No. 6. 
Example. — 

Multiply 3a by $3. Answer 3^x5^ = 3 x^ad = i^ab, 

(1) Multiply 2dhy^c. 

(2) Simplify 1.2.3.4x6^x7^x8^. 

(3) Simplify 2 x 6^x3^ + 3 x 4^x2 a+ I4<i3. 

Express algebraically : — 

(4) Three times a known number multiplied by twice a known 
number and diminished by 6. 
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(5) Five times a known number multiplied by an unknown 
number, the whole increased by ii. 

(6) Show by a figure that ab = ba, wheh a^ b are particular 
integers, and generalize for any integers. 

(9) The Sign -?-. 

35. The sign -r- between two numbers indicates in Arithmetic 
that the former (called the dividend) is to be divided by the latter 
(the divisor). The result is called the quotient. Thus 24-5-6 = 4. 
We have learnt also to attach a meaning to the division 2-5-3 (see 
Scholar* s Arithmetic, V. i), viz. the fraction |. In Algebra also 
a-r-b indicates that a is to be divided by b (and is read * a divided 
by b '), but the operation « -*- 3 is most commonly represented 

by the fraction -=■ (read *a by b'). Numerical fractions should be 

reduced to lowest terms, as in Arithmetic. 

36. Observe that — is the same as fa, by (33), for we may 

^ 2a 
treat | as a factor, so that — = 2XyX« = f^. 

Again, any factors yrhich are the reciprocals of quantities, as 

- J - , may change their order amongst themselves and with others 

without affecting the result. Thus — =^=^^ = &c. 

Exercises. No. 7. 

-_ 12b ±b 
Example. — Divide i23 by i^c. Quotient = = — • 

(1) Divide i^ahy ^b, 

(2) Multiply 2 a by 4 3 and divide by 16 c. 

(3) Simplify 3aX43x 6r-5- 2ax3^X5fl^. 

Express algebraically : — 

(4) The quotient of a known number divided by 6. 

(5) The quotient of an unknown number divided by three 
times a known number. 

(6) An unknown number multiplied by a known number and 
divided by another unknown number. 
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(10) Powers and Indices. 

37. The forms of products are further simplified as follows, 
when two or more factors are alike. The product ax a is repre- 
sented by a^, axaxa by a', axaxaxa by a\ &c., the small 
figure, called the index (or the exponent), showing the number 
of factors which are alike, a^ is called the second power of «, 
or its square (and is read * a square ') ; ^ is called the third power 
of a, or its cube (read ^ a cube') ; a* the fourth power of a (read 
* a to the fourth '), &c. ; a" the n^^ power of a (read ' a to the «*^'), 
which means that the factors axaxax ^..xa are n in number. 
a itself is reckoned the first power of a or a*, and the index i is 
understood whenever the index of a has to be combined with 
other indices. 

T-T zz ^zt . axaxaxaxc a^c 

Hence axaxaxoxo=.a^b% and r — z — -z — = 7^-,- 

bxhxd Ird 

38. The following are the rules for indices. The continued 
product of m a's multiplied by the continued product of n a's 
makes the continued product of {m-i-n) a's, which is denoted by 
^w+n Hence a'^xa'* = a"*"*"". Again, the continued product of 
m a's divided by the continued product of n a's {m>n) is a 
fraction with m a's in the numerator and n in the denominator, 
and the quotient is the excess of the number of a's in the nu- 
merator above those in the denominator, which is m—n. 



a"* 



a 



- = a'»-»(»z>«). 



39. Again, (a^Y means that a^ or a x a is to be repeated three 

times, or axaxaxaxax a. Thus, the factor a is repeated 2x3 
times, or 6 times, and the product = a® ; so that (a*)* = a®, and, 
generally, (a*")* is m a's repeated, as factors, n times, or mn 
factors, making a*"**; .*. (a*")** = a"*". 

Hence (a^Y = a« = {a'Y, and (a*)*" = a""* = (a"*)". 

40. Caution. — The beginner often confounds {a^Yi which is 
a®, with c^xa^, which is a^; or (a*)^ which is a^^, with c^xa^, 
which is a"^. Notice carefully the difference, a* x a^ is one factor 
repeated three times and then two more added ; {c^Y ^^ ^ ^^^ ^^ 
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three factors repeated twice: in the latter case there is mul- 
tiplication of the number of factors, in the former only addition. 

Exercises. No. 8. 

Example. — Simplify a^xb^xa')C2b. Collecting the indices of 
like factors, we have. Answer, 2o?'^^b^^^ = 2c^b\ 
Find the products of the following : — 
{\) axaxb. (7) {b^Yx{b^Y, 

(2) axbxaxb. (8) {a^f x (c^Y^ X {b^f. 

(3) axaxcxbxaxb, (9) ^X^x(^)^ 

(4) {a'f. (10) ^xic^y-^ic^y. 

(6) {b^)\ (11) a'^xa'^xa^. 

(6) {b*Yx{c^y. (12) a<'xaK 

(13) a^xa'^^-rra^. 

(11) Boots and Radicals. 

41. The square root of a number is that number which mul- 
tiplied into itself will produce the first-mentioned or primary 
number, i 

The square root of a is denoted by \/a, sometimes called a 
radical, V (called *the radical sign') was originally the initial 
letter of the Latin word radix, ' a root.' 

By definition ^/a x \/a = a. Thus, since 2 x 2 = 4, 4 is the 
square of 2, and inversely, 2 the square root of 4. 

42. The cube root of a, denoted by A^a, is such that 

\/a X \Ja X sja — a. 
Thus, since 2x2x2 = 8, 8 is the cube of 2, and, inversely, 2 is 
the cube root of 8. So with the fourth root, &c. The general 
name is the n^ root, denoted by !^ a, such that 

\Ja X ^a X . . . \Ja {n factors) = a, 

(12) The Signs of Affection. Positive and Negative. 

43. It may be remarked that such forms as 5«3, '^ab^c^ 
—3- , &c., being combinations so much closer than 5 x a x ^, 
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'^Xaxbxbxcy and 2Xaxaxb'^cxcxc, which they represent, 
the former have practically superseded the latter as Algebraic 
quantities, thus almost thrusting back the signs x and -r- into 
the status which they held in Arithmetic of mere indicators of 
operations to be afterwards carried out. 

44. Partly perhaps on this account + and — stand out pre- 
eminentiy as 'the signs' in Algebra, and the name is often applied 
to them as exclusive of all others. They are further described 
as * signs of affection,' as if they bestowed a certain quality, which 
is what is here meant by the word * affection,' upon the quantities 
which they precede. + is called the positive sign, and — the 
negative sign, and all quantities are divided into positive quantities 
and negative quantities, according as they are affected, as it is 
expressed, with the sign + or the sign — . 

45. In this division quantities which appear without a sign, 
as a, by are positive, and the sign + may be supplied to them 
whenever their sign comes in question. + is not generally written 
before the first of two or more quantities, as we see in a-^b=.b-\ra, 
but here it is taken for granted by the fact that each quantity has 
+ in its turn, that we might write +fl + 3=+^ + a. In fact, 
a may be considered to be the same as o + a, as if we started from 
o and obtained a by adding it. A negative quantity, such as 
— 2 a, is said to have the negative coeflBcient —2, the sign being 
attached to the coefficient, not to the symbol. 



CHAPTER II. 
ALGEBBAIC EXFBESSIOKS. 

(1) Simple and Compound Expressions. 

46. The general name for a collection of symbols, connected 
by signs of affection, as ^ab-{-2bc—^cd, is *an expression,' and 
the separate parts, 3^3, -\-2bc, —^cd (beyond which the effect 
of each sign does not extend), are called 'terms.' Thus an 



I 



ALGEBRAIC EXPRESSIONS. 1 3 

expression answers to a phrase, and a term to a word, in ordinary 
language. 

47. An expression is either simple, that is, consisting of one 
term only, as ax, or compound, consisting of two or more terms. 
Compound expressions, when they consist of two terms, are called 
binomials, os ax + dy; if of three, trinomials, 2iS ax + dy -\- cz ; if of 
more, multinomials; but these names will not be of frequent 
occurrence at present. 

When we speak of an expression, we are thinking more 
especially of the symbols before us ; we call it a quantity, simple 
or compound, when we identify it with that which it represents. 

(2) Terms and Dimensions. 

48. A term, or single quantity, is either simple, as 3^, having 
only one symbolical factor (we do not count the numerical factor), 
or composite, as 3 adc and 4 alf^c, which have several. 

49. Each factor is reckoned a dimension, the name being taken 
by analogy from the properties of space, quantities of one 
dimension corresponding to linear magnitudes, those of two 
dimensions to the magnitudes of superficial or square measure, 
and those of three dimensions to the magnitudes of solid or cubic 
measure. It is proved in Arithmetic (See Scholars ArUhmeiic, 
IX. 8, 10) that the number of linear, superficial, or solid units in 
magnitudes of these respective kinds depends respectively on one, 
two, or three factors representing length only, or length and 
breadth, or length and breadth and height. A larger number of 
factors can have no corresponding analogy in the properties of 
space, but the name dimension is extended from the first three to 
any number of factors \ 

^ It remains trae in Algebra as in Arithmetic that in the proper sense of 
Multiplication (Numerical Multiplication) there can be no such thing as 
a concrete multiplier. We cannot multiply by 3 ounces, or by 3 pence, or 
by 3 pints and in a composite quantity, as 3a6c, we can only attribute a 
concrete unit to some one factor (the multiplicand), and the tinit^ whether 
abstract or concrete^ must remain the same in the product as in the multiplicand. 

But in dealing with the properties of space we have the following rules for 
estimating extension ; — 

i. Superficial extension. The number of square inches (or other square units) 
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50. Two terms are said to be * homogeneous ' when they are of 
the same dimensions, as 3 a^d and 4 adc, and an expression is said 
to be homogeneous when all its terms are of the same dimensions, 
as 3a^^ + 4a^f+2^'. This is a point which we learn habitually 
to notice, as an expression originally homogeneous will, unless 
multiplied by a factor which is not so, remain homogeneous 
throughout an investigation, and any failure of homogeneity 
is a token of error. For it is like adding a superficial foot to a 
solid cube. In reckoning dimensions the numerical coefilcients 
do not count. 

(3) Mode of reading Algebraio Expressions. 

51. Some practice in reading Algebraic expressions and in 
writing them from dictation will now be found useful. A few 
preliminary examples follow. 

We read 5a— 16^+15^, five a minus sixteen c plus fifteen d; 
^a^^4a6-j-6li^, three a square minus four ad plus six d square," 
7a*3— 9a3^+I4^^ seven a square 5 minus nine ad square plus 



in a rectangle is equal to the product of the numbers expressing the inches 
(or other linear units) in the length and breadth. 

ii. Solid extension. The number of cubic inches (or other cubic units) in a 
right solid is equal to the continued product of the numbers expressing the 
inches (or other linear units) in the length, breadth, and height. 

This is clearly different from numerical multiplication, in particular, by its 
conducting to units of a different nature from the primary unit, linear units 
giving rise to square or superficial imits where there are two factors, and cubic 
or solid units where there are three factors. Still, it so naturally suggests 
multiplication, and indeed has so close a connection with multiplication of 
fractions, that, so soon as these differences are distinctly perceived, it might 
fairly be regarded as a species of Geometrical Multiplication, as it practically 
is whenever we speak of length x breadth, length x breadth x height. 

Hence the idea of dimensions. 

We see that ab, in addition to its primary meaning of the product of two 
numbers, admits of a secondary interpretation : ab may mean (in the sense 
just explained) the size of the rectangle of which the sides are a and 6 ; a* the 
square of which the side is a ; ahc the right solid of which the sides are a^h^e; 
(^ the cube of which the side is a, all expressed in their proper dimensional 
units. 

Supposing the kind of extension used in the Second Book of Euclid in 
forming the rectangle AB^ CD to be called (under proper explanations) 
Geometrical Multiplication, the above might be called Dimensional Mul- 
tiplication, 
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fourteen 5 cube; 6a^ffc—i^ad^c^-\-^(P, six a cube ^ minus thirteen 
a b square c square plus five d to the fifth. 

Exercises. No. 9. 

Read the following : — 

(1) 7fl2_g32^.3^. (3) ^^^_5^^ + ^o 

(2) 3^3'— 2^z^^2^4M (4) So;''— 3ary + 2.ry*— y. 

(5) '^a3(^—^b^-\'cx^^. 

Exercises. No. 10. 

Write down the following : — 

( 1 ) Five a plus nine c minus three d. 

(2) Fifteen c minus seventeen d plus eighteen e, 

(3) Eighty-one h minus thirteen e plus fourteen /* minus nine- 
teen g, 

(4) Seventeen x plus twenty j/ minus thirteen z. 

(5) Three a square plus four ab plus six b square. 

(6) Seven a square minus six ab plus nine b square. 

(7) Five a square b minus three a b square plus six b cube. 

(8) Five a to the fourth plus four a cube minus three a square b 
plus seven a b cube plus nine b to the fourth. 

Find the value of the above two sets of expressions, when the 
following particular values are assigned, viz. « = 3, ^ = 2, ^ = 4, 
^=3» ^= 5,/= 6, ^='10, x—2,y — \, 0= II. 



CHAPTER III. 

COMBINED USE OF THE POSITIVE AND 

NEGATIVE SIGNS. 

(1) Extension of the Meaning of Addition. 

52. When an expression contains several like quantities, or, as 
we shall now call them, like terms, they must be put together to 
form one term. If the like terms are all positive, as 2^ + 3^ + 5 3, 
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we have seen that they add together and make io3; if they are 
all negative, as —2^—33— 5^, we think of them as quantities to 
be taken away in succession from some other quantity, either in 
the question before us, or when the occasion arises. To take 
them away successively is the same in effect as to take away 
by one subtraction their aggregate, or the sum of the terms con- 
sidered absolutely (i.e. irrespective of sign), which is 10^. When 

we prefix the sign of subtraction, we 
have the result —10^. If some terms 
are positive and some negative, as in 
(0 15^ + 3^^23+6^—8^—5^, and 
(ii) 153—123 + 33 + 63—83—93, the 
beginner may set the positive and nega- 
tive quantities under each other in two 
columns, marking over them + and — ; 
add them up separately, and finally 
subtract, if possible, the sum of the 
second column from that of the first, as in (i), where we have the 
result 93. Suppose, however, the second column to have the 
larger total, as in (ii), it is no longer arithmetically possible to 
subtract it: we have in fact 243—293. But Algebra gives this 
general rule. When two like quantities have diflferent signs, take 
away that which is absolutely (i.e. irrespective of sign) the less 
from that which is absolutely the greater, and prefix to the differ- 
ence the sign of the greater. Here then we have .—53. This 
shows that there is a predominance on the whole, to the extent 
of 53, of the quantities to be taken away. 

53. This separation of the positive and negative quantities 
may be compared to keeping a D'. and C*". account of receipts 
and expenses and ascertaining the balance. And this may, of 
course, fall on either side. And even when we do not collect 
the positive and negative quantities into separate columns, this 
is the way in which we think of them. And we thus see how 
to answer the question. Are negative quantities real quantities? 
They are real, as matters of account; not as having any real 
separate existence. 
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54. The arrangement in separate columns is only used at first 
We have to learn to begin at one end (choosing the most con- 
venient) when the quantities are arranged in line, as 

15^+3^—2^+6^—8^—5^, 
and collect the coefficients one by one, adding them in ^5^ 

when + and deducting them when — . In this case we _ ^ z 
begin at the beginning (or top of the column), since the j. 5 3 
positive quantities seem to predominate at that end, and ^86 
the steps of addition are as follows : 15, 18, 16, 22, 14, 9 3. — 5 ^ 
We reserve the symbol to be named, once for all, at the ^ 

end. 

The process of finding this value is still called adding the 
terms together, although every negative sign involves an arith- 
metical subtraction. The result, whether positive or negative, is 
called the ' algebraical sum' of the terms. 

The rule for putting together a number of terms, or, as it 
is commonly called, 'reducing them to a single term,' may be 
now stated thus: — Wrt'U down the common symbol and prefix to 
it the algebraical sum of the terms. This common symbol may 
be simple or composite. 

Exerdses. No. U. 

Add together : — 

(1) i3a + 5a— 4a— i7a + 2i<jr. 

(2) -5^ + 6<5-i83. 

(3) \*\X — 2X'\'^X^^X—\^X'\-\X. 

(4) —dy—^y—^y+^j^—^y+^By' 

(5) 7a«+3fl2f— 5^0— 8^2 + 5^2;— 13 js. 

(6) 7a«3 + 3a«3— 5a«3— 8fl«3 + 5a"3-i3a«3, 

(7) ^c?xy~'^a?xy+i^a^xy'-i*jc^xy. 

(2) Interpretation of Negative Quantities. 

55. As a further illustration of the employment of positive and 
negative quantities let the cases (i) and (ii) in (52) be imagined 
to arise out of some game, where an account is kept by means 
of two diflferent sets of counters, say white and red, white always 
answering to positive and signifying gains, and red answering 

C 
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to negative and signifying fines. Such an account would be closed 
by adding up gains and losses, either cancelling oflf by degrees 
red counters against white, or by at once reckoning all the whites 
and all the reds and taking the difference. Either way there will 
remain the same balance, which may be of either colour, and will 
need some adjustment, according to the rules of the game. 
Plainly red counters and white are in themselves equally real, and 
in reckoning them we are equally bound by the laws of coimting 
and of Arithmetic, and the balance has in either case an equally 
intelligible meaning. This further illustrates what we have said, 
that negative quantities are real as matters of account. 

66. We may easily see also from this illustration the effect of 
any individual counter. What would it be to add a white counter, 
of intrinsic value c, to any score ? Clearly, to increase it by c. 
To add a red counter, value r, would be to diminish the score by c, 
since it implies a fine of that amount. To take away a white c, 
would diminish the score by c, whilst to take away a red c would 
have the effect of increasing the score by r, by taking off a penalty 
of that amount. Whence we see that algebraically to add a nega- 
tive quantity is the same thing as to subtract a positive quantity 
of the same value, and to subtract a negative quantity is the same 
as to add a positive quantity. These results are comprised under 
the Rule : — To add an algebraical quantity, take it with its sign 
of affection; to subtract an algebraical quantity, change its sign 
(i.e. + into — , or — into +) and add it. 

57. The use of such quantities as 2^—3^, where a and 5 are 
perfectly general, compels us to recognize negative quantities in 
calculation. Their general signification, when they appear as a 
result, is that we have stated a case in which those quantities 
which on the face of the enunciation were supposed to be the 
less in amount have turned out to be the greater. Thus, if asked 
for the difference of 2 a and 3 3, we should certainly put 3^ first 
if we knew it to be the larger ; but if we put 2 a first, under a 
false supposition, 2^—33 will certainly come out negative for 
certain values of a and 5. This not only shows us that 3^ is the 
larger, but it shows us exactly how much larger it is. And this 



USE OF POSITIVE AND NEGATIVE SIGNS. 1 9 

serves our purpose just as well as if we had arranged the numbers 
in the inverse order. In money accounts, as a positive quantity 
signifies an addition to receipts, and a negative quantity a diminu- 
tion of the amount in hand, so a positive balance means money 
in hand, and a negative balance money due. 

58. In Geometry, we may give a meaning to negative quantities 
of a still more real and tangible kind. If we make measurements 
along a line from a given point, as. Ten paces forward, two back, 
three more back, four more back, and five more back : the appli- 
cation of these negative quantities would finally land us in a 
negative result ; viz. on the whole, four paces backwards from the 
starting-point And we find that we can always give this con- 
sistent interpretation to quantities aifected with the two signs. 
A positive quantity denotes a measurement of so many units along 
a line, measured from a given point in a given direction : a 
negative quantity denotes a measurement of so many units along 
the line produced in a direction opposite to the former. 

(3) Brackets. 

59. When an algebraic expression is to be treated as a whole, 
we place it within brackets, which are of various forms, as 2{d+c), 
or —s{^—c}j or 4c[d—e], or we draw over it a line, called a 
'vinculum,' as 33.3— ^. In all these cases any sign or factor 
outside the bracket applies to the whole. 

For example, if 3=5, and ^=3, 2(3 + r)=r2{5-h3)=2x8=i6, 
and —3 {3— r} =—3x2 =—6. 

60. Let it be required to examine the meaning of the following 
expressions : — 

i. a-f-(3-hr). ii. a + {5—c), iii. a—{d + c). iv. <z— (3— r). 
i. a + (3+f) bids us add to a the sum of 3 and c: we obtain 
the same result by adding the whole or the parts separately. 

For example, 7 + (5-h3) = 7 + 8 = 15 = 7-1-5 + 3. 
ii. a+{d'-c) bids us add to a the excess of 3 over c. If we 
add 3, we add too much by c, and must again deduct r, 

.*. a-h(3— r) = a-|-3--r. 
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For example, 7 + (5— 3)= 7 + 2 = 9 = 7 + 5—3. 

iii. a— (3 + f) = bids us subtract from a the sum of d and c, 
which is 'the same as taking them away in succession ; 

.•. a— (3 + f) = fl— 3— r. 

For example, 9— (5 + 3) = 9— 8 = i = 9— 6— 3- 

iv. a—{b—c) bids us take from a the excess of d over c. If we 
take away d, we shall have taken away too much by c, and this 
must be restored. Hence a — (b— c) = a — ^ + r. 

For example, 9-(5— 3) = 9 — 2 = 7 = 9 — 5 + 3. 

61. From the above investigation we derive the following rules 
for dealing with the signs of brackets. Since + (^ + ^) gives + 3 + r , 
and +(3— r) gives +3— r; w?ien the bracket is preceded by +, 
the brackets may be removed^ and all the signs may be left as 
they are. Again, since — (^ + f) = — ^— r, and — (^— r) = — 3 + f ; 
when a bracket is preceded by —, the brackets may be removed, 
provided we at the same time change the signs of all the terms within 
the brackets. 

Conversely, Any quantities whatever may be placed within 
brackets ^ retaining their own signs, if ■{• be placed be/ore the bracket, 
and any quantities whatever may be placed within brackets, their 
signs being all changed, if the sign — be placed be/ore the bracket. 

62. We may remark that a + (3—^) and a—{c—b) have the 
same value, for the difference of order a-\'b—c and a—c-\-b does 
not affect the value. In other words supposing we have mis- 
conceived the relative magnitude of b and c, so that to add b~^c is 
equivalent to subtracting c—b, our misconception makes no dif- 
ference in the end. This is one example of what gradually 
becomes clear, that the rules of Algebra are independent of the 
magnitudes of the respective quantities, for when dealing with 
general symbols we obtain results, the form 0/ which is independent 
of all questions of value. This principle is part of a wider one, 
which has been called *The principle of the permanence of 
equivalent forms.' 

Since the effect of the sign + or — in a + (3+f) or a— (3+f) 
extends throughout the bracket, {b+c) must be considered a term, 
by (46). It may be called a compound term. 
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63. Having recognized the free use of negative quantities, we 
must now extend the description of general symbols in (4), thus, 
a may denote any number, integral or fractional, positive or' 
negative. 

But observe that we call — 3^ or — 3(^— r) negative terms, on 
account of their being negative in form, and so apparently 
negative, without any reference to the intrinsic values of d or 
(^— r). But if negative values were assigned to ^ or to (^— ^), 
they would turn out to be for those values intrinsically positive. 
As we have said before. Algebra looks at the form of the ex- 
pression, not at intrinsic value. 

64. An index placed over a bracket applies to the whole 
quantity within the brackets. 

Thus, {adY=:a5xad = a^P; 

{ahcf — abcxahc — aH^(^\ • 
(aHc)^ — a^hc x aHc xa^bc — a^ ^^. 

And we get this rule : — ^We may remove the brackets from a 
simple expression^ which is composite, if we apply the index to 
every factor separately. Thus, (obcdY = a^b^c^d"^ and 

65. Caution. — But this cannot be done with a compound ex- 
pression, as {a-^by or (« + 3)', which we shall see hereafter has 
to be treated quite differentiy. 

66. The sign a/ has the effect of a bracket, the line, above 
being in fact a vinculum : v « + 3 = V (^ + ^)> and is the root 
of the sum of {a + ^), which is different from a/^ -h ^b. Thus, 
\/9 + i6 = \/25= 5. This is quite different from 

\/9+\/i6 = 3 + 4 = 7. 

67. Another arrangement, which has all the effect of a bracket 
and which is governed by the same laws, is the fractional ; the 
bar which separates the numerator and denominator binding 
together the whole expression in the numerator like a vinculum. 

b—c b c — * 

Thus, a = a 1 — > just as if it were written a—^b^c. 

3 3 3 
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So again, a = a 3H — • 

c c c 

Caution. — The most careful attention should be given to these 

rules about brackets : carelessness in regard to them is the most 

frequent cause of mistakes with beginners in Algebra. 

Examples of bracketing : — 

(1) To remove the brackets from (a— 3^+2f) + (3— 6f). 
The signs before the brackets being +, we have nothing to do 
but to take away the brackets, and we have 

«— 3^ + 2^+3— 6f = «— 2^— 4r, when reduced. 

(2) To remove the brackets from 

We change the signs of all the terms in the second bracket, and 
we have 35—53+7^—6^+73—8^+9^= — 35+2^- r+9</, 
when reduced. 

(3) To put -3(2+23- r+9^ into brackets, beginning suc- 
cessively with the first, second, and third terms, and with the signs 
of these terms outside. We have the following results : — 

— 3a + 23— f + 9<f = — (3a— 2 3 + r— 9</) ; 

= --3« + (23— (r + 9</); 
= — 3^ + 23— (r—9</). 

Exercises. No. 12. 

Remove the brackets from — 

(1) (2 5^— 33y) — (s^a:— 3y). 

(2) 6a'»A:-(i33r*-5fl3^-9y) + (7A^-8y). 

(3) 2-(5-8j/+i3«)-(3 + i6>/-i5^). 

(4) 2 ^5-8j/+2ig 30 + 8o>>-i5;i: 

3 5 ' 

(5) 3g-y~5Ly 2ay-^x ^z-^j/ 

2 a 3 * 

(6) Divide 3^— 63— i6f+8^— 3/+4A in three ways between 
two vincula, the second beginning successively at the 3^, 4*^, 
and ^^ terms. 
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(4) . Complex Braoketmg. 

68. Sometimes there are brackets within brackets, like a nest 
of boxes, one within the other, as 

io.j«;— {5a--[4^ + 2r— (6^— 5^— 2^)]}. 
In removing these, the beginner should proceed step by step, 
removing first the innermost bracket, then the innermost bracket 
next remaining, and so on. The reason for this order is that the 
beginner should get it firmly fixed in his mind that in a series 
of successive symbols of operation the left-hand symbol shows 
the last operation performed, and this holds all through the series. 
There are some operations in which the order does not matter, 
but there are others in which it does, and it is well to follow 
the order which is universally applicable. Thus, Va + {6+cY 
requires that we take the square root of a increased by the square 
of {d-\-c)y and the operation of taking the square root must come 
last. It is denoted by the symbol on the left-hand. The above 
example would be treated thus : 

ioa:— {5a— [43 + 2^— (6^— 5^+2^)]}, 
= iox—{5a—[4d + 2c— 6^ + 5^—2^]}, 
= loor— {5a— 4d—2c+ 63— 5c-h2</}, 
= ioj«r— 50:+ 4d + 2c— 6d+^c—2d, ] 

Exercises. No. 13. 

Remove the brackets from : — 



(1) 23{3.r— 2a-h6 — [12a— {3-h9f— 2^:— 7a— 3)]}. 

(2) -[3-4{6-(-8g+S^-30- (7^-3^ -2^)}]» 

(3) -3[(« + ^)-{(2«-3^)-(5« + 7^-i6^) 



, — ( — i3« + 23-3f— 5</)}]. 
(4) 2[---^-{3£=i^-(6«-^)}]. 

69. It will be found that we may get the correct result by 
writing down the symbols at first without signs, and then counting 
the number of minus signs preceding each symbol : where there 
are no minus signs or an even number, we write 4- , and for an 
odd number, — . 
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(5) The Sign =. 

70. The sign = signifies that the expressions between which it 
is placed are equal : and this equality implies two things, (i) Nu- 
merical equality, apart from sign; (ii) that they are affected by 
the same sign. Thus, a— 3 = 3 would not be true if a and d 
were of the respective values 4 and 7 ; for in that case we must 
write a— 3 = —3. 

71. Two algebraic expressions connected by the sign = are 
called ' an equality,' and also (in senses hereafter to be explained) 
an equation. 

When we connect two expressions by the sign = we are said 
to equate them. 



CHAPTER IV. 

(1) Addition, &o. of Algebraic Expressions. 

72. By the rule of brackets (61) 

(2fl + 33— f +^) + (3a— 23+2f— ^) is equivalent to 

2a + 33— r + ^+3a— 23-f-2f— ^, or ^a + 5-\-c-{-d—e, 

whence the rule, — To add two or more algebraic expressions, 

write all the terms after one another with their proper signs and 

proceed to simplify by collecting all like terms. 

73. It comes to the same thing, if instead of writing the ex- 
pressions in order after one another, we arrange them below one 
another, placing like terms as much as possible under like, as 
in the annexed example, and then add up. 

2flH33*— 5r(/ 

6a^ + gd^—5de 
7a»-3i5« + 5^ 
Sa^+ 3«+ ce 

ipa^ + S^— 5f</+7« 
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The following are additional examples : — 

6adc+ yz^—gy 



x^-2y 




3^'+5y 




4Ar2-6y + 


z^ 


sy- 


'2Z^ 


-7^'+5y- 


6z^ 


x^-^-ioy^— 


^z^ 



4abc+'^yz^—i6y 



Exercises. No. 14. 

Add together the following : — 

(1) «— 3^ + r, 2d:— 3^— 5r, —'^a-\-^b—6c, ^a—^b—gc. 

(2) 2Ar-5j/+6, 2^-3>/-9, -3-^+8^-7» 5^-3J'+2- 

(3) 1xy + Syz—s> 2^—3^/0 + 9, —7^ + 4, S^'^— 17. 

(4) Z-x-^-y, 2a:-5 + 9^, 3y-1-^Sx, 2-9^, 6^ + 5. 

(5) lai^—cd, ^cd—^b^a, la!^+i6cd, ^^ab^+i^cd, 

(6) 2j/22_32r^2^y^ 7^3Hi3^A:Hy, 2^22 + 0^;^+ I9y, 

7^^^ +31 zx^ — 2 7y . 

(7) 3oa^+i5^r, 3^^+2ra, iSca + ^ab, ^ab—2ibc, igbc—'^ca, 

^ac—i^bc, i6ac—i^ab, 
74i, Literal Coef^cients. — If we have an expression of the form 
2 ax^ -— 3 bx^ + 4cx^d,we speak of 2 a, — 3 3, 4 r as the coefficients 
of x^, x^, and X, They are said to be literal coefficients, as con- 
taining letters, and in that respect differing from numerical 
coefficients. It is often stated that any term, as ^abc, may be 
broken up in any manner into factors, as ^ a, 3c or 3^3 . r, &c., and 
that the 3a is the coefficient of be, ^^ab ofc; but it should be 
understood that this is not done in an arbitrary manner, without 
a reason. Practically it is only when some quantity stands out as 
that with reference to which the term is classified that we speak of 
its multiplier, the factor which completes the term, as its coefficient. 
For instance, it is usual to arrange expressions which contain 
different powers of the same letter, so that the powers of that letter 
either increase term by term or else diminish. Thus, 

3^' + 2^23+ 5^:32 + 7^*, 

is said to be arranged by descending powers of a, in which case 3, 
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2^, 6^^ 7^' are the coefficients of the successive powers. But the 
same expression may be regarded with respect to 5, in which case 
it is said to be arranged by ascending powers of 3, and the 
coefficients of the successive powers are 3 a?, 2a\ 5 a, and 7. 
The 73' in the first instance and 30* in the second are* said to 
be independent coefficients, because they do not contain the letter 
of reference. But this way of speaking applies particularly to the 
mixture of known and unknown quantities, as in 

2 ajc^ — 3 6x^ + 4 cx—d. 

One expression is said to be a higher expression than another, 
when it contains a higher power of the letter of reference. 

In adding several expressions of this kind, we collect the 
coefficients of like powers in a bracket. 

Thus, {2ax^^^dx^'\-icx-'d) + {—ax^+2dx*'\'^cx + d) 

+ (5^^ + 6fJtrH^.r + <?) + (7^^'— 9) = 
{a'\-^d-\-^c)x^-\-{6c—d)x^ + {gC'\-d)x+e—g. 

Exercises. Ko. 15. 

Add the following : — 

(1) ^ax^ + dx+2c, 2dx^ + ax-—'^dy 2cx^^cx + e. 

(2) cx^+idxy + dy, 2ax^-'^xy+4yy ^fx^—2hxy-\'lyy 

(3) 2J/0 + 52*, ayZ'\'h^y cyz--dz^, eyZ'^2/z\ 

(2) Subtraotion of Algebraic Expressions. 

75. By the rule of brackets (61) 

(2^ + 3^— r + ^ — (3<z— 2^ + 2^— ^) 
is equivalent to 

2a + 3^—^ + </— 3^ + 23— 2f+tf or — a + 5^— 3f+</+(?, 

whence the Rule: — To subtract one algebraic expression (the 

subtrahend) from another (the minuend), write the subtrahend 

after the minuend with all its signs changed and proceed to 

simplify, by collecting like terms. 

It comes to the same thing, if, instead of writing the expressions 

in order one after the other, we arrange the subtrahend below the 
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minuend, and then, mentally changing the signs of all the lower 
terms, add them. 

3a— 2 3 + 2^— tf 2fl*— 5^^— 7^— S^^* 



,8 



Exercises. Il'o. 16. 
Subtract :— 

(1) 20:— 33 from 3«— 53. 

(2) 3a— 5^+f from 4a— 23— 3^. 

(3) 2d!— 53 + 6<r from a—*jd-\-gc, 

(4) 2ax-'^dy+6cz from 18 aAT— 2^+9^2;. 

(5) 7(23»-3j2^« + 2a3' from ioa3'-5a2 3* + 4a3». 

(6) 3(ZJtr'— 43^'^j/+5r:r^— 7(^* from 

2aj^+i2dx^jf—i6cxy+iSdy 

(7) 5-^-7y froni 13^- 

(8) £!^1^+^^^ from ^-3^>+i:^'-y. 

(9) 7^-ar+5 from 2. 

76. When there are unlike literal coeflficients, the remainder is 
classified in subtraction according to the letter of reference, and 
the literal coefiicients are placed in brackets. 

Thus,— 
{ax^'\-5x + c)'-{dx^+exi-/) = {a—d)x^-{'{5^e)x + C'-'/. 

Exercises. No. 17. 

Subtract : — 

(1) 33^* + 5^Ar + 6y* from 2ax^'{-^dx + ^c. 

(2) 2ax + dy'\-cZ'\'d from ^dx + ^qy—2d, 

(3) dx^+exy+j^ from aa^'^2ex^y^gy, 

(3) Multiplication of Algebraic Expressions. 

77. We have learnt in Arithmetic that if we multiply a number 
by the sum of two others (or the difference) we obtain the same 
result as if we multiplied it by these numbers separately and 
added the products (or took their difference). 
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In Algebraic language we have a{c + d) =zac+ad 

6{c+d) = ^ + dd. 
Also, a{c-^d) = {c + d)af the order of factors being indifferent. 
If therefore we add the above equalities, we have {c+d) taken a 
times +{c-\-d) taken 3 times or {c-^-d) taken {a +5) times. 
Hence, {a + 5){c + d) = ac + ad-\-6c + 6d (i). 
And again, a{c^d) =iac^ad 

h\c-d)-hc-'hd. 
Subtracting, we have (^— ^) taken a times less (c—d) taken b 
times, or («— 3) (^— ^) = ac—ad—bc-^-bd (ii). 

We may also reason out any cases, as for example (a— ^) (^+^)> 
as follows; («— ^) taken (r+^) times is (<J— ^) taken r times 
+ («— 3) taken ^ times =^ {a—b)c-\'{a—b).d 

= ac—bc-^ad—bd, 

78. The examination of the several terms of (ii) shows us that 
the first term -{-ac results from the concurrence of +a, and +^ in 
the factors: the second term —ad from -{-a and — ^ in the 
factors: the third term- —be from —b and +r: and the fourth 
term +3</from —b and —d. These results are comprised under 
what is called the 'Rule of Signs' for multiplication, viz. Like 
signs produce + , unlike signs — . 

79. There are difficulties connected with the conception of the 
meaning of negative signs in multiplication which cannot be fully 
considered at this time : for the present the fact should suffice that 

when in any operation the signs ++, H — , — h, , concur, 

as above, the sign in the product follows the Rule of Signs. And 
if separate terms are given for multiplication, they must be com- 
bined according to the same Rule. 

Thus, +2^X43 = 8^^, +2a2jt:x(--432) = —%a^b^x, 
-2fl3x( + 3<5r) = -6fl^r, (-3a3»)x(-6tf2^) = i^c^bK 

Exeroises. No. 18. 

Multiply together : — 
(1) +2X-3. (2) -5X-6. (3) -3^X2^. 

(4) ^xyx- — ' (5) ^^aHx-^bc, (6) ^aHcx-^a'b^c, 
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80. The general rule for the multiplication of two expressions 
will now be : — Multiply each term of the multiplicand by each term 
of the multiplier in succession, detennining the sign of every pro- 
duct by the Rule of Signs ; then collect the terms, as in Addition. 

It is usual for the beginner to arrange the terms of the mul- 
tiplier below the multiplicand, as in Arithmetic, placing like terms 
as far as possible under like and proceeding as in the patterns 
now given, 

81. To multiply a-{-d by a-{-d. ^ + ^ 
We first multiply the multiplicand by a, placing ^"^ 

each product under the corresponding term of the a^+ ad 
multiplicand. We then multiply by d arranging ab + l^ 

the like terms of product under each other. The a^^2ab-\'b^ 
sum of the partial products gives the complete - — 

product. The result is an important one, to be 

remembered : viz. {a -j-dy = a^+2ad + d^, or, in words, — The 

square of the sum of two numbers is the sum of their squares 
together with twice their product. 

82. To multiply a—h by a— 3. «— ^ 
We proceed as before, remembering the Rule ^"" 



of Signs. ^2— ah 

The result, like the last, is important, and to be — «3 -h 3* 

noted : — viz. [a —bY = a^—2ab + Py or, in words, — a^—2ab-\-b^ 

The square of the difference of two numbers is the = 

sum of their squares less twice their product. 

It will be observed that in each case four times the product of 

the two extreme terms is equal to the square of the middle term. 

Exercises. No. 19. 

Write down, from the results just obtained, the squares of — 

(1) x-\-2. (3) x-\-6, (5) 3 + 3a. (7) 'ja—'^b, 

(2) .a: + 3. (4) a + 33. (6) 2fl-h5^. (8) x-^b. 

(9)j/-50. (10) 30-3»«- 

83. Conversely, whenever we have an expression of the form 
x^ + 6x-{-g, or x^—6x + g, where the last term is the square of 
half the coefficient of x, or, more generally, whenever the square 
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of the middle term is equal to four times the product of the extreme 
terms — ^the expression is the square of a binomial. Thus, 

A/x^—Sx+id = Jtr— 4, and \/4ar* + 36j^+8iy = 2X+9y. 

Exercifles. No. 20. 

Write down the square roots of the expressions : — 

(1) ;»;^— 10^ + 25. {4) y—4xy-^4X^ 

(2) Jtr*— I4a: + 49. (5) 4X^ + 20xy+2Sy, 

(3) a:^+22^+i2I. (6) 4gx^'-'42Xjf-\-gy. 

84. To multiply a + 5by a—d. 

The terms +a5 and — ^3 here destroy or cancel <'+^ 
each other. ^-^ 



Besult. {a + 3) (a — 3) = a* — 3", or, in words, — a^ + ^3 
The product of the sum and difference of two — a3— 3* 
numbers is equal to the difference of their "^i _^ 
squares. — 

85. The, sign /-w is sometimes used to express 

the difference of a and 5 when it is not known which is the greater. 
If we employ this sign, the above result would be expressed 

{a-{-5){a^b) = a^^^. 

This result is of great importance. It, enables us, inversely, to 
resolve any binomial expression, which is the difference of two 
squares, into two binomial factors. 

Examples. — 
x^-r- 9 = (^ + 3) (.^--3)> 4-^*— 25 = (2-^+5) {2^-5)> 
x^—i6 = {X'{'4){x—4)f x^—a = {x+ ^/a) {x— ^y/a), 

(a + 3)2— f2 -. (^a + d-k-c) {a + d—c). 

Exercises. No. 21. 

Resolve into their factors the expressions : — 

(1) a;2-64. (3) 36-25^^ (5) i6-(4-3J')*. 

(2) 4y-8i. (4) 9-(3j,+ 2^)3. (6) 26-{2>'-3»)«. 

(7) (a-3)«-^. (8) {y + z^xY-{x+y^zY. 

86. To multiply x+a by x-^d. 

The result is an expression in descending powers of x, the 



J 
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first term being x^, the second x multiplied by the sum of a 
and 3, and the last term the product of a and d, 

X +a 
X +3 



x^ + ax 

dx + ab 

x^ + {a + d)X'\-a5 



Exercises. "No, 22. 

Find, by actual multiplication, the products of the factors — 

(1) {x + 2){x-{-s). (6) (2^ + 3) (2^ + 5). 

(2) {a + d) (a + r). (7) {3X+2y) {s^-hSy)- 

(3) (^ + 3)(« + 7). (8) (5^+?^) (5^+34 

(4) (^ + 5) (-^ + 9). (9) (33+2^) (52 + 2:*;). 

(5) U+9)Cy+2). (10) (7«^+2^)(3:«:+2^). 

Exercises. No. 23. 

Write down, without actual multiplication, from the form of the 
result in (86), the products of — 

(1) (a + 3)(^ + 5). (3) (2a:+i)(2a: + 3). 

(2) {x+i){x+2). (4) (3^+j')(3^ + 4J'). 

87. The equality {x -\- a) {x + d) = x^ -{■ {a-{- d) x + ad will apply 
to cases in which tz or ^ is negative, or both of them. 

We may write — a for «, —d for 3; and we thus obtain — 

{x-{-a) {x—5) = x^'\-{a—d)x—a5, 
{x^a) (x + d) = x^—{a—d)X'-ad, 
{x—a) {x—d) = x^—{a + d)x + ad. 

Exercises. No. 24. 

Write down, without multiplication, from the forms of the 
results in (87) the products of— 

(1) (^+3) (^-7). (4) {5+sc) (^-7r). 

(2) (a + 3^) (^-5^). (6) (3+J^) {l^A 

(3) (^~3>')(^-5^). (6) (32 + -^) (6 2-^). 
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88. Conversely, we can often resolve trinomial expressions, such 
as x^'\-^x+2, into binomial factors. We have only to find two 
factors of the last term, such that their algebraical sum is the 
coefficient of x; these will be the last terms of the binomial 
factors. We must remember that the algebraical factors of quan- 
tities are the arithmetical, affected with either + or — , and there- 
fore twice as numerous. Thus the factors of +2 and —2 are 
equally +1, — i, +2, —2, properly combined, since 

1x2 = 2, — IX— 2 = 2, IX— 2 = — 2, and —1x2 = 2. 
Since the positive factors of 2, i and 2 have their sum = 3, 

.*. 0:^ + 3^ + 2 = {x+i) {x+2). 
But if we have the expression x^—^x-^2, the positive factors 
of 2, I and 2 will no longer serve, since their algebraical sum is 
not —3. But (— i)x( — 2) = 2, and their algebraical sum is —3, 

.-. jp"— 3.a: + 2 = (at— i) (a:— 2). 
Again, +3,-5 answer the conditions for jtr*— 2^— 15; and 
— 3> +6 for x^-^2X'-i5. 

ExerciBes. No. 25. 

Resolve the following expressions into their factors : — 

(1) Ar» + 8^+i5. (6) Ar«+i4^-5i- 

(2) ^Hioji;+2i. (6) AT*— ;«:— 42. 

(3) ^^— 2.J«;— 24. (7) Jtr*— I2;rv— 13>'. 

(4) AT*— 20.a:— 21. (8) x^-{-ioxj/—iiy*. 

89. It is not always that a trinomial admits of being resolved' 
into factors with integers for their last terms. The following 
supplies a certain method of discovering the factors, of whatever 
form, when they exist : but it is longer than the foregoing. 

Since {x+aY = x^ + 2ax + a\ we may see that any binomial 
of the form x^-\-2ax may be made a complete square by the 
addition of the square of half the coefficient of x. This is a result 
which will be of great use to us hereafter. It follows that a tri- 
nomial of the form x^+2dx + i^ = {x + 6f—{d^'-c^). 

And if d^—c^ be positive, i.e. if 3>r, we may make use of 
brackets to put it in the form 

x^ + 2dx+c'={x+d-{-Vi^^}{X'h^-^/l^-c^}. 
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Examples. :v2 + 8:*r+i2 = (^ + 4)2—4 = (;t: + 6) {x+2) 

90. When expressions to be mul- 
tiplied together contain several terms, a^'\-ad +d^ 
they should be arranged, when pos- ao -to 
sible, according to the powers of a^ + c^b-^-a^B^ 
some one letter, all in ascending or —a^b—a^P—ab^ 
descending order, as in the annexed -^ a^ i^ •\- ab^ ■\- b^ 
example. The result may be noted, as ^4 -{-a^b^ +^* 
enabling us in some cases to resolve ========= 

an expression into factors. 

Additional Examples. 
2X^— 5 a: + 4 



20:^— 6x^-\- 4Ar'+ 2X^ 

— 5^*+i5^— lOJt:^— 5 a: 

4^;'— i2a:^ + 8a; + 4 

2aH*— iia:*+23a:^— 20a:" + 3a: + 4 



:x^ '\- ax^ ■\- b 
x^-\- ex +d 

x^ + ax^ -{- bx^ 

cx^ + acx^ + bcx 

dx^ + adx^ + bd 

x^ + {a+c)x^-{-{ac + d)x^ 

+ {b + ad)x^ + bcx-\-bd 



Exercises. No. 26. 

Multiply : — 

(1) Sxy—^y+z by 2Aey+j/— 52. 

(2) ^x^y-sxy + ey by 2x^-sx^y-^y. 

(3) X^-^x^ + x^-i-x+i by a:— I. 

(4) a;« + ^* + a;^+i by a:^— at^ + a:*— i. 

D 
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(6) a&— 3&«H-4«» by 3a»— aa*i + 4i». 

(6) 7a» + 6a»^-5*' by 6«'«-3ai»+7*». 

(7) gy-sy+ajz-s by 7y-8>'+<,. 



(8)i+f+^byx-f+^ 



i6 



(9) 

10) 

11) 
12) 



x'-xy-^-yf by {x-^-yf. 
a^+ab + l^^ by (fl-^)*. 
7/— 2W— 9) X (3/— II»l). 



13) (6«'-3«3 + 7^)x(3a-3). 

14) (3^-5«'^-i^^) X (-2'a«-3a3+3«). 

15) (fl* + 2a3 + ^-r»)(a"+2a^-3* + ^). 

16) (a2-2a + 4)(a«+2a + 4). 

17) (V+2a3-2^)(a«+2fl3+23«). 

18) a2^3«+^-a(^ + f)-3r by a + b^c. 

19) aa + 32 + ^^.^_^(^+^^^)_3(^^^_^^by 

(20) (i4«V-6a2^^« + ^)(i4a»^ + 6(i«*^-^). 

To find the continued product of 

(^— i) X {JJ-+2) X (^+3)- 
We first multiply x^i by x+ 2, and after- 
wards multiply the product by or +3. The 
result may be proved by taking the factors 
in a diflferent order. 

Find the continued product of: — 

(21) {x-^a){x-\-h){x-{'c). 

(22) {x+a)[x'-b){x'-c). 

(23) (^ + 3)(^-2)(^+6). 

(24) (j;+2)(;t:+2)(;r+2) or (J^+2)^ 
(25) (x'-i)\ (26) (a + 3 + r)». (27) (a-^-f)'. 

(28)(/+i)(/«+i)(/-i). 

(29) (a + 3+f) {d^-b—c) (tf-3 + f) (— a + 3+f). 

(30) (fl + 3 + r+^) (a-3+r-</) (a + 3-r + </). 

(31) (»» + ») («+/)(/+^). 



a: — 


I 

2 




x^- 

i 

4 


X 

2jr— 2 




X + 


;r— 2 

• 

3 




x»+ 


X^—2X 

^x^ + 3X- 


-6 


x^ + 4X^+ X- 


-6 
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(32) (»*-«) {m + n) (i»«+««) («*+«*). 

(33) (fl*+a- 1) (a«-a+ 1) (a«+^+ 1). 

(34) (/»+^+4r«) (/*-^ + 4r«) (;^ + ^«-4r*). 

(4) Division of Algebraic Expressions. 

91. Division, as in Arithmetic, is an operation by which we 
find how often one of two given quantities (the dividend) con- 
tains the other (called the divisor). The result is called the 
quotient 

92. We have already treated of the division of single terms, 
except that we have not employed the sign — . But, division 
being the inverse of Multiplication, the rule of signs follows at 
once from the investigations in Multiplication. 

V (+<i)x( + *)= +a5, 
••• (+a)x(— 3)= -.fl^, 
••• (-.a)x( + 3) = — fl3, 

V (— a)x(— 3)= +a3, . ^ 

i.e. in Division as in Multiplication, like signs produce +, unlike 
signs — . 

93. Short Division. If we have to divide an algebraical ex- 
pression by a single term, we arrange ^ . j^^+g^.g*. 

the quantities as in Short Division m ^ 

Arithmetic. The operation consists in 3^ +5^^ — 6^ 
dealing with the successive terms separ- 

ately, as in the division of single terms, and in writing down the 
quotients with their appropriate signs. 

Exercises. No. 27. 
Divide : — 

(1) 3:«V-i5'^+6y by 3> 

(2) Sio^fc"— 4aai*i*£'+27a3^ by —par. 

D 2 



+a 


+i 


-ab 


-5 


-ab 
—a 


+6 


+a6 


-d 
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Find the values of — 

^^^ a ^*^ ^i^ 

94. Long Division. The arrangement is similar to that in 
Arithmetic. 

Division being the inverse or undoing of a multiplication, we will 
exhibit the two processes in connection with each other. 



3a + 5^ —2^ 
2a — 33 + c 


-15^+ 6dc 
+ 5^^- 




— gab 

sac 


-2(^ 


) 6ci^+ ad— ac- 
6 c^-\- 10 ab—^ac 


-i5^»+ii3r- 

-1532+113^ 
15^+ 65c 


-2^( 


— 9^3 + 30^-- 




Zac 
^ac 


+ 5^^- 
+ 6^^- 


-2r« 
-2^ 


* 


« 


« 



Suppose that we have multiplied 3^ + 5^— 2^ by 2a— 3^ + f, 
and are now returning to the original multiplier by treating the 
product as dividend, and making the multiplicand our divisor. 
We divide the first term of the dividend by the first term of the 
divisor, and find the quotient 2 a, Multiplying the divisor by 2 a, 
we form 6 c^ -i- 10 a6— 4 acy which answers to the first partial pro- 
duct in the multiplication. We withdraw this and form suc- 
cessively the quotients —3, and +r. There is no remainder, 
which shows that the dividend is divided exactly by the divisor 
3^ + 6^—2^. 

In the next examples observe that we caKefiilly arrange both 
divisor and dividend according to descending powers of the same 
letter, x. Ascending powers will do, if we prefer it, and in fact 
the second example may be said to be arranged according to 
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ascending powers of ^: but one of these orders must be followed, 
and the same in both divisor and dividend. 

2^+1 ) 2 0;^--^— I ( jp— I 2X-\-y) 2X^—xy—y^ ( x^-y 

2X^ + X 2x^ + xy 

— 2^—1 '—2xy—j^ 

— 2j;— I — 2jry— y 



We subjoin some further examples : — 
1+^+^^) I— or* ( i—x x+y) x^^y (x^'-x^y^-x^^^ 

X* + x^y 

—x^y—y 
—x^y^x^y^ 

— ^— y 



l+X + X^ 




—x- 
—x- 






* 


* 


* 



I2a^+. 2ad'-Sac 



Exercises. No. 28. 
Divide : — 

{I) x^—^x^y+Sx^ —4^ by x—2y. 

(2) i2^+.«r'— ioa;* + 4:i:— 3 by 3^ + ^—3. 

(3) 30J^ + 5:r''— jr* + 6^ + ar by 5^—^+1. 

(4) ^-.333 + 3^-34 by <5-i. 

(5) >^^<>->& by >&«-i. 
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(7 
(8 

11 
13 

;i4 

16 
(16 
>7 
>8 

19 
[20 
[21 
[22 

;2a 
M 

[25 

;26 

[27 

;28 
;29 
;3o 
;3i 
;32 
;33 

;36 
;36 

37 



6x*'+2jt*— jc"— rSjc*— 2a;if-h35 by a:«?+3Jf — 7. 
a:*+64 by a;*+4. 

^'+3JC*— 6^;*— i3a:*+5^— 10 by x^-^^x^—x+z. 
x^-'ix^'^4:x^+iox^'-^^x+*j by ^— 3;<;*+6-^— I• 
fl^— 3a''— 9a'— So'+isa'+Si^^+iS by a*— 3a— 9. 
^i^'^+AT*— or— I by ;«;' + j;*+jif+i. 
a'+4a° + 4a*— i6a'— 64a— 64 by a*— 2a* + 4a— 8. 
>^— 9j^a^+6_>'«'— »* by j/*+3^«— «". 

^'+7\/^— la by at+v'^— 3. 

jc'— 2^+i7A:VJf— 72 by j^-^xa/x^^, 

0®— 6a*+7a*+6a*— 2oa'+ioa'+2a— 5 by a?— 2fl.-f 5- 

j;'— 64 by J?— 2\/^+2. 

Show by actual division that 

(;c««64) ^ (Ar»-8) = (^- 64) H- (Ar+ 2) (^«- 20:+ 4). 
Divide jk:*— ^56 successively by a:— 2, ji; + 2^;v*+4. 
^+6ji;* + 4^— 4^+^— I by x^+^x^-^-i, 
2fl*—i3a' + 3ia^— 38^+24 by a*— 5a+6. 
6^a*— I3a°+28a*— 23a' + 2oa* by 2a*— 3^ + 4. 
8»»'^+22/»*— 5z«'-.46»i'— 17OT+10 by 

2/«'+3m*— 4»i— 5. 
2a/-4i/*+5o/-45/'+25^~6 by 6/-4^+5/>-3. 
i4/«-27/*+2i/»-3/8-2./ by 2/»-3/+2. 
x^+i by jv" + j;i/2 + i. 
i8 + 9fl:— 53a2— 90^ by 3+«— 9^^ 
x^-'6x^+2ix^^44Ji^ + 6sx^-'^4x-\-2*j by a:*— 207+3. 
^fl*+i«»-|aHia-| by ia= + Ja-i. 
3^-3 by i^r'^+iAT+f 
y-^ by^-i. 
ar*-je by ^+i^+i;c+^V 
2 — |;t* by 2+^. 



a;« 



i-^S-»^+io^— lo^-f 6Jt?*-Ar* by I — 2;i:+j;*. 
a::*+a:*+i successively by x^-hx-hi and a:*— j;-f i. 
iJ»'--5'^'^+ 14-^*— 28^+39^— 39^:+ 18 successively by 
x^—ix+z and ;c'— 2:^+3. 
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95. Hitherto we have had an exact quotient, but this is not 
always the case. Suppose we are required to find 3^ -r- (20:— a), 
or 4^— 3 -i- (7 or— a). In neither of these cases can we. do more 

than write » , fractions which are considered to be 

2x^a 'jx—a 

the quotients, the results of division. It will often also happen 

in Short or in Long Division that after obtaining a certain number 

of terms we come at last to a term or terms which can only be 

treated as above, and their quotient exhibited as a fraction. For 

example : — 

= 3a';ar+5Ar + 

ax. ax 

Such a result as the above answers to a mixed number in 
Arithmetic, partiy integral and partly fractional, and accordingly 
the part of the quotient s^^^+B^ which precedes the fraction 
is said to be * an integral expression.' Even if the numerical co- 
efficients should be fractional, as in ^a^x-^ix^, it would still be 
said to be * an integral expression with respect to x/ for x does 
not appear in the denominator. See also (120) below. 

Again, required —- 

x^y^-y^ 
x^y—xji^ 

xy+y 
xy—y 

2y 



The last remainder may be removed by using for quotient the 

fraction -^=^ , and the quotient must include this fraction to be 
X — y 

complete. 

96. By observing the successive remainders in this division, and 
in that of (^— y)-^(^+^) on page 37, we may perceive what 
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the cases are in which the divisions indicated below will give exact 
quotients. See also the method of (98), below. 





Form of Quotient. 


Remaindor. 


x—a 


Jt*-^ + fl:r"-*+... 


2fl" 


X'{-<1 


x'^^—ax'"^+... 


(-«)• + «" 


x*—a^ 


^*-^ + fljtr"~^+... 


O 


x—a 


x^—a* 


x'^^—ax'*^'\',.. 


(-a)«_fl« 


x + a 



When 
divisible. 



never 



n odd 



always 



n even 



Examples. 



X + a 


x^+a^ 


x—a 


x—a 


x + a 


x^+a^ 


x + a 


x + a 


x—a 


x^-a^ 


x—a 


x—a 


x—a 


x^-a^ 



x + a x + a 



The last column contains the fractions for « = i, « = 2, the 
inspection of which answers the question, whenever we are in 
doubt, since all odd cases come under the same rule, and all 
even. For example : — 

—l——x^—ax + a^, —x + a, —x^ + ax + a^ 

x + a x—a x—a 

The alternation of signs in the quotient happens where it does 

not in the divisor and vice versi. 

Exercises. No. 29. 
Write down the quotients and remainders (if any) in the follow- 
ing cases : — 



(1) 

(2) 
(3) 



■ ■ ■-■ ■ ( 

X—a 

x*+a* 

x + a 

x^—y 

—^^-^•^—^^ < 
x—y 



(4) 
(5) 
(6) 



x'+y 

x—y 

x^—y 

x+y 



(7) 

(8) 

(9) 



ar»-8 

■ • 

X—2 
X+2 



(10) 



81 -y 



97. We give some further examples with literal coeflScients : — 

2a + ^x ) 4a^ + 6a6— ^ax+gbx—i^x^ ( (2^ + 3^)— 6-^ 
^a^ + 6ab+ 6ax+g5x 



— loax 

— loax 
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Exercises. No. 30. 
Divide : — 

(1) a^+aH^-^d* by a^-a5 + ^. 

(2) (^ + a*5^ + 6^ by a^ + ad + ^. 

(3) ad{x^+y) + xy{a''^^) by ax-^^y. 

(4) a^-^d^^(^^(P^2{ad-5c) by a-^-d-c-d, 
,^.x b ^ V 3 , 32 , 

a a a X X 

(6) ^«-«a2^* + «a*^«-a« by ^c^-a'. 

(7) Ar*+(23«-a2)^2 + 3* by Jtr^ + a:*: + 32. 

(8) »2^^* + («^+OTr)^ + «r^2+^:r + ^ by qx-^r. 

(9) 4r*-932fa + 63V-3* by 2(^-z^c+b\ 

(10) f.r«--4A;*+y^-V-^^- T*-^ + 27 by i^r^-^+s. 

(11) —i+fl^«' by ~i+fl«. 

(12) a«+2fl50' + 0« by a'^-flg + a^. 

(13) 72jc*-78jt;«^-io^y+i7^ + 3y by 6j;«-4.^-y- 

(14) fl*-9a«32-6a3^-r* by a^^sa^-^. 

(15) 320^ + 3* by 2a + 3. 

(16) 2a*-i3a'3 + 3ia232-38a^+243* by 2a»-3fl3 + 4<5». 

(17) ^a^'\-{6b'-j^x)a^-^bx-iix^ by 2a + zb-^x. 

(18) Multiply (tf- 2) (<2~ i) a(a + 1) (a + 2), and divide the pro- 

duct by a^— d!— 2. 

(19) Multiply 0^-3^ + 2 by a'-3«*+2, and divide the pro- 

duct by «'— 2a +1. 

(20) Divide acr^ + {be + ad) r^ -{- {bd + ac) r + be by ar + b, and 

test the result by putting a = b = e = d = e=i, and 

r = 10. * 

98. The following example has a great importance : — 
X'-a) xr'+px^ + gx + r {x^ + {a+p)x-]-{a^'\-pa + q) 
j^^ax^ 



{a + p)x^ + qx 

{a + p)x^-{a^+pa)x 



{a^+pa-\-g)x + r 
{a^-\-pa-\-q)x—{c^-{-pa^ + ga) 

cr^+pa^ + ga + r 
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The remainder in this case is exactly what the dividend becomes 
if we write in it a for x, and it will be observed that if we write 
down the coefficients of the powers of ^ in order in separate 
colmnns, and using a as a multiplier, carry the result to be added 
to the next column, multiply that result by a and carry it to the 
next column, and so on, the last result will be the above re- 
mainder, which is the value of the expression when x is made 
equal to a, and the other columns contain the coefficients of the 
quotient This is the first step in what is called Horner's process, 
and it furnishes the easiest way (i) of dividing any expression 
in powers of ^ by a binomial of the form x—a, (ii) of finding the 
value of such an expression when a particular value, as a, is given 
to x; (iii) of ascertaining whether the expression is exacdy 
divisible by x—a, or, what is the same thing, whether there is any 
remainder. The following is the work indicated. 
I p g r 

In writing down the heads of the columns, it is necessary to 
supply o as the coefficient of every power of x which is wanting. 

Example. Divide x^-^i by j;— i. 

x^+o.x^+o.x^-ho .x^-^-o.x^+o.x —I 
I o o o o o —I 

I I I I I o 

Quotient x^+x^+x^'\'X^-\-x-hi, 
Remainder = o = value x^—i when a: = i. 

Example. Divide .«*— a* by x-ha. Here, as we have to 
changp the sign of thd last term, —a is the operator : 

I o o —0^3 

—a +«* —2a'. 

Quotient x^—ax+aK 
Remainder = — 20* = value of .r*— a* when ^ = — a. 

Example. Divide AH*+3J»:'+2.r— 15 by ^—3. 
1030 2 —15 

3 12 36 ^ no 315 

Quotient Ar* + 3JK:*+ 120:2 + 360;+ no. 
Remainder = 315 = value of the expression when or = 3. 
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Ej^ercises. No. 31. 

Divide, giving remainders, if any : — 

(1) X^+zx^ + 2X'{'is by ^—3, and :t— i. 

(2) 3Jif"+2a;*— 7 by j;— S, x—2, and :r+2, 

(3) *iJ^--2x^+s by or+i, jp— a, and x-^2. 

(4) 3J;"+2;rVy+3^y+6y by ar--2>. 



CHAPTER V. 

ALaiSBBAIO I<BACTIONS. 

(1) Gteneral Notion of Fractions. 

99. The theory of fractions in Algebra rests upon th^t of frac- 
tions in Arithmetic, and the operations upon algebraic fractions 
are in most respects in such complete accordance with those in . 
Arithmetic that it would be practically sufficient, if we can assume 
a knowledge of Aritjimetic, to say : — ^Treat algebraical fractions 
as if they were arithmetical. We propose therefor^ to give the 
general theory briefly, and to dwell only on the points of difference 
between algebraic^ and arithmetical fractions. 

100. The simplest form of a fraction is ?-, where a and d are 

integers. The denominator 6 shows that the primary or original 
unit, which must be conceived as concrete (See Scholar's Artth- 
metic^ V. i), is divided into b subordinate units, and the numerator 
shows that a of these are taken. Thus a is really the number, 
and b shows the kind of unit in which a is reckoned. 

101. We cannot speak of proper and improper fractions in the 
same sense as in Arithmetic, with reference to the relative mag- 
nitude of a and b : but we use these names in reference to form. 

Thus, a not being divisible by 3, v- is a proper fraction, and 

bx '^d 

-^ — , having a numerator which is algebraically divisible by ^, 
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is an improper fraction, equivalent to the mixed quantity ^+t 
and the mixed quantity cx-^t=^ — r — . 

Here we have one of the important differences in notation 
between arithmetical and algebraical fractions. In Arithmetic we 
write if, 2 J, ^\ as mixed quantities, which signify i+f, 2+^, 

3+T. We cannot thus omit the + in ra:+Y» for ex -7 would be 

o 

d OCX 

taken to mean r j; . y = — r- • 

o 

As a general rule, when the numerator is an expression of 
lower dimensions than the denominator, the fraction may be con- 
sidered 'proper,' if of equal or higher dimensions, 'improper,' 
because on division we may obtain an integral quotient and a 
remainder of lower dimensions. 

102. We return to the fundamental meaning of 7-* 

To multiply the numerator a by m^ is to take m times as many 

of these units, or to multiply the fraction by m. Thus, ^ X t="T" ' 

103. To multiply the denominator by m is to divide the unit 

into m times as many subordinate units. — = means that a of 

mo 

these are taken, as before : but every such subordinate unit being 
so much smaller than before that m of them are required to make 
up one of the former, it follows that it would take m of the fraction 

— J to make up the former fraction y In other words, y has 
mb ^ o 

been divided by »z, .*. y -r- »? = — 7. 

mo 

104. Inversely, to pass from —r to y, which we do by dividing 

mo 

the denominator by m^ is to take a units m times as large as before, 
or the fraction is m times as large, and to pass from -^ to ^ by 

dividing the numerator by m is to divide the fraction by m^ since 

we take only — th of the number of units we took before. Thus a 
m 
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fraction is multiplied by any number, either by multiplying the 
numerator, or by dividing the denominator by that number, and 
a fraction is divided by any number, either by multiplpng the 
denominator, or by dividing the numerator, by that number. 

105. To multiply both numerator and denominator by m, as 

— J , is to divide every subordinate unit (6 of which make the 

mo ^ ^ 

primary unit) into m parts, and to take ma of the mb parts resulting, 
which is in fact just the same as a of the ^ parts, for every one of 

the old divisions contains m of the new. Thus, — - expresses the 

same magnitude as t > or — ==^ . (See Scholar's ArtthmeiicNl. i.) 

mb o ^ ' 

Thus, to introduce a common factor into the numerator and de- 
nominator does not alter its value. Inversely, to remove a common 
factor from the numerator and denominator of a fraction does not 
alter its value. 

106. A fraction is said to be in its lowest terms when all such 
common factors, numerical or algebraical, have been removed. 
In speaking of factors, we mean in Algebra those which are 
apparent in the form of the expression, and we make no reference 
to those which may be contained in the numerical values of 
symbols, known or unknown. 



Exercises. No. 32. 

Put in the form of mixed numbers the improper fractions : — 

(1) __. (3) -^ (5) -^. 

(2) — ^— . (4) -^-. (6) ^ 

Put in the form of improper fractions the mixed numbers : — 

(7) 3« + — • (9)3«^-^+-- (10) -7a^ + 83y-^. 

c y X 

(8) 3aA;-24y + J. (n) 83>-3^'~?^. 
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Multiply : — 
(12) ^ by 36. (14) ^ by 2Z. 



1 



3» 

4a- 

7 "' **" ^^^^ '~2l^ 



(13) -i* by 3^. (15) 1^ by 3a. 

Divide : — 



(16) 1^ by 2d. (18) ^ by ay. 

(17) -- ^ by 3fl. (19) ^^^ by 2^. 
Simplify : — 

(20) S|^x-1. (23) l^^^xi. 

(21) --r^ -4- 2j^. (24) ^-5-5 X V X —• 

(22) ?^ X — • (25) — ^^ X 63^0 X i6ir£yi:. 

Reduce to lowest tenns :— 
(26)^:^. (27) -3^f^. (28) ?^!^^ (29)-^^^. 

(2) Addition and Subtraction of Fraotions. 

107. To add two or more fractions is to collect them into one 
expression with their proper sign. This is done by reducing 
them to equivalent fractions with a common denominator. We 
may do this by multiplying the numerator and denominator of 
every fraction by all the denominators except its own. All this 
is exactly the same as in Arithmetic. Thus — 

^ c ^ad be ^ad-^bc 
b'^d^'bd^Jd~^ld~' 

108. For subtraction, having reduced the fractions to a common 
denominator, we have to subtract the numerators. Thus — 

a c _^ad ^ __ ad-^bc 
b'^d^bd^bd^ld 

This is the same thing as to add together + y and -*-;• 

o a 
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Exercises. No. 83. 

Add together : — 

(1) £+£. (4) f^+^. (7) ±J-. 

(2) 3+4 (5) £+i £. ^8) 3_4 

(3) ^+?i. (6) ^+f +Sf. (9) i2_5+£ 

Subtract : — 

(10) ^ from ^. (12) ^ from — + ^. 

(11) ?|,^ from ?|. (13) ^-1 from ^. 



(8) Multiplieation and Division of Fractions. 

CL C 

109. To multiply t X -i, multiply the numerators together, as in 

Arithmetic, for a new nimierator and the denominators for a new 

denominator. Thus, t x -: = t-j* 

b a ud 

The first notion of such multiplpng is derived from the case 
where «, ^, r , d are integers and the unit is conceived as concrete. 
(See Scholar's Ariihmefic^ VI. 9.) This unit being divided into d 

parts, each part is -3, and c being taken we have a quantity de- 

c 
noted by ^- That which has been done to the unit in constituting 

c c 

the fraction 39 is now to be done to -=} conceived as a concrete 
d d 

magnitude. It is divided into b parts and a of them taken. Each 

such part is 7-= and ac of them are taken ; thus the new fraction 
cu: 

110. Division of Fractions is the inverse process and asks how 

often -3 is contained in y • It must be d times as often as c is, 
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which is 7-' It is therefore -t-j whence the rule: — Invert the 
oc be 

divisor and proceed as in Multiplication : — 

a c a d ad 

h d~~ h c he 

111. Although the introduction of fractions is due to the en- 
deavour to represent quantities, yet we gradually throw oflF all 
consideration of quantities, and learn to regard them as pure 
numbers, having properties as much independent of concrete 
magnitudes as those of integers. In the same manner rules about 
the fractions of Algebra become, when we can no longer interpret 
them, by reason of their complexity, rules about the forms of 
results, such forms being ever those which, when the quantities 
have numerical values assigned to them, conform to the laws of 
Arithmetic. 

It is only by reference to first principles that the rules for the 
multiplication and division of fractions can be proved. Indeed 
this remark is applicable to all mathematical investigation : if there is 
an obscurity, a reference to first principles will generally remove it. 

112. We may now extend the above rules to fractional values of 
the numerators and denominators. 

Let a = — , and ^ = - where w, », /, q are prime integers. 

m 

Then y =.—• = — , by the rule for division of fractions. 
p np 

Thus, all such fractions can be reduced to fractions with integral 
nuttierators and denominators. Negative quantities in the nume- 
rator or denominator come under the rule of signs in division (92). 

Exercises. I9'o. 34. 

Multiply together : — 

(2) (£+^) X (f +^). (4) {,-i^,-i[ X ^. 

^ ' ^x y' ^b a' ^ ' l{a—by e^) a^b—e 
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Divide : — 

(5) — ^by-^. (7) by- + -. 

(6) =^-<-by =^. (8) ('- + 7)( T)by(-^-x6)- 



(4) Simplification of Complex Fraotions. 

113. A complex fraction is a fraction which contains fractions 
in the numerator, or denominator, or both. 

They are simplified as follows : — Reduce mixed quantities to the 
form of fractions ; we shall then have one of the following forms : — 

lea a 

<L a b 

-T -r -, or -, 

O c c 

which, by the rules for multiplication and division of fractions, 

b be a ad 
become — > — > -=- > ^- • 
a a be DC 

If, however, the numerator and denominator be themselves com- 
plex fractions, these must be first simplified and we proceed step 
by step as in arithmetical fractions. 



Examples. 




I _ I _ ^ a 

d'~ cy-\-d'^ ey-^-d d" 
e-h- e 

y j^ y 


a ay 
' cy—d^ cy^d 

y 


b ax-^-b 

X X ax + b 




e e ex 




, b ax-^b 

a+— 

X _ X ax-^b y 


{ax + b)y 


d "~ ey-^-d "" x ey-k-d'' 


x{ey+d)^ 


y y 





£ 
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h 
c bz a{xz-\-c)'\'bz 

z xz + c xz + c 



yj^l ^y-^f ^+/ 

^ _ (axz + flf + ^g) (^^ 4/) 

Exercises. No. 36. 

Simplify : — 



a^ 



' . (5) ~ 



^-J 



I a 

x^ x^ 



(2) J b^a 



a—T I 



^ ^^^ b^a 

I— ax 



I 
a: 



i'\-ba 



(3) ^^ • a -x'""'^ 

^-^ ce-bf 

(7) iU^ 



:r— I — 



I — 



(4) ^ • (8) ^__2^ a_^ 

X f- a 

z-\-y I- 



a + 3 
Prove that 

, a b.Ji-k-b a—b. 

^ a' ^a-k-b a—b' 

(5) Highest Common Factor and Lowest Common 

Multiple. 

114. In Arithmetic we soon find that if in the addition effractions 
we always follow the rule, to multiply the numerator and denomi- 
nator of each fraction by all the denominators except its own, there 
is a waste of labour whenever two or more of the denominators 
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contain common factors. The denominator we want is the Least 
Common Multiple (L. C. M.) of the denominators, the number 
which just contains all their factors and no more. And in finding 
the L. C. M. we have our attention directed to the Greatest Com- 
mon Measure (G.C.M.) of these numbers, viz. the greatest 
number which will divide them all. In Algebra we find the same 
necessity for economy of labour, and it has been usual to seek 
for the G. C. M., defined as the greatest exact divisor of two or 
more expressions, and the L. C. M., as the least expression which 
is exactly divisible by them. But the inappropriateness of these 
names to Algebra has been for some time recognized. In Algebra 
we are not dealing with the greatness of numerical magnitude, 
but with the higher or lower dimensions of expressions. Instead 
of G. C. M. the name Highest Common Factor (H. C. F.) has been 
employed and will be here adopted, and instead of Zeas^ we say 
Lowes/ Common Multiple (L. C. M.). 

115. We will first consider simple algebraic expressions, such 
as 2a^dx^, 21 abx^y, 12 ab^xf. The H. C.F. must contain >every 
factor which is present in all of them, and no factor which is 
absent from any one of them. Hence this rule: — Write down 
every letter which is present in all, place over every letter the 
lowest index which it has in any one of them, and prefix the 
G. C. M. of the numerical coefiicients. Thus the H. C. F. of the 
above expressions is abx. 

116. Again, the lowest common multiple is divisible by every 
one of the expressions, and the quotients have no common 
factor. Hence the rule: — Write down every letter which occurs 
in any one of the expressions, place over each the highest index 
which occurs in any one of them, and prefix the arithmetical 
L. C. M. of the numerical coefiicients. Thus the L. C. M. of the 
above expressions is ^^a^l^x^y. 

117. When two or more compound expressions can be resolved 
by inspection into binomial factors, the H. C. F. and the L. C. M. 
may be found by the above rules. 

Thus the H. C.F. of 3(jr— i), x^-^2x+i, 40;^— 4 is x—i, 
and the L.C. M. \& '^xA{pc-if{x^-\-x-\-i) = i2(Ar- i)(.r^-i). 

E 2 
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ExeroiBeB. No. 86. 

Find the H. C. F. and the L. C. M. of :— 



(1) 6a^5 and gad^ 

(2) lox^j^z and iSxys. 

(3) 2^x^yz'^ and 48x^*5. 

(4) ^la^xyz^ and iiiajry^. 

(5) 3^3, 5^*3, iSa^*. 

(6) 210*^:, 4gax^_y, gxy. 



(7) 3/^-^, i5^^v. ^^^y- 

(8) »«jr, «y, /iar. 

(9) mx^yz, nx^z, pxy^, 
(10) 28a*:rV«», 64aj*:*y2», 

gia^x*ys^y i20c^x^_yz. 



Bxeroiaes. No. 87. 
Find the H. C. F. and the L. C. M. of :— 



(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8 

(9 
(10 



2{x—a) and 3(^— a"). 

2(jr + a), S{x^—2ax + x*\ 4{x*'^a^), 

•^'-^. 3{x^'{-2dX'{-l^). 

x^—a^, j:'— a'. 

p{m^—n% g{Tn-k-n\ r(m^n), 

x^-^ax + a^, 3(^— a'). 

x^-^-dx-hd^ 6{x-d), 6(^ + 3»). 

2i(ic*-fl*), i4(^+a'), iS{x^-a^). 

x^-^gax-{'i4C^, jc"— 4^*. 

^i;'— 6 a J? + 9 a", Ji;' + aa:— 12 a'. 



118. We now come to the H.C.F. of two compound ex- 
pressions, which cannot readily be resolved into factors. Proceed 
as follows: — Arrange the expressions in descending powers of 
some one letter. Take one of them, in which the highest power 
is less or not greater than that in the other, and make it divisor, 
the other dividend. Take the remainder, if any, for a new divisor, 
the preceding divisor for dividend; and so on, continuing the 
operation until there is no remainder. The last divisor, freed 
from fractions and any common numerical factor, is the H. C. F. 

In the course of the work any line may be multiplied by an 



FkACTlONS. 53 

integer, to get rid of fractions, and we may divide out any factor, 
whether numerical or symbolical, which is common to every term. 
And when the first term of a remainder is negative, we may 
change the signs throughout before making it a divisor. If the 
two expressions have any common factor, which presents itself to 
the eye, it should be removed prior to the process, and restored 
afterwards. 

119. The method depends on the following considerations: — 
If two expressions, which we may denote by A and B, contain 
the same factor, so will their sum or difference, or any expression 
of the forms aA-{-bB, or aA — dB, or, as we may write them 
together for shortness, a A ± dB, where a and b are numerical 
or simple algebraical quantities. For, if A =i mC, and B =znC, 

aA±bB — amC ± hnC — \am ± bn),C, 
which is made up of the algebraical factors C and am ±^ In. 
Therefore in the process of division, or in the process as modified, 
we can never get rid of the common factor ; but we gradually 
lower the dimensions, still retaining it. Whenever first we arrive 
at a remainder of the dimensions of the factor, we can only 
have the factor itself, or the same multiplied by a numerical 
factor, and this will appear by its yielding a quotient without a 
remainder. 

Having obtained this factor, we restore all factors which were 
removed at the beginning; if the coefficients are fractional we 
multiply the expression by a number which will make them 
integral, and if the first term be;; negative, when the expression is 
arranged on the same principle as the divisor and dividend, we 
change the signs of all the terms. * ^ 

120. In order to define strictly tha H. C. F., we shall lay down 
the following definitions :— Of all integral expressions, formed fi-om 
3^ + 6-^+2^* by multiplying or dividing it by numerical or 
simple symbolical factors, we call the above, which contains no 
such factor, the primary integral expression ; those formed by mul- 
tiplying it, as 6tf.r*+ioaj^+4^, multiple integral expressions; 

and those formed by dividing it, as ~ + ^^+ — , sub-multiple 



1 
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integral expressions. Now, by the H. C. F. we mean the highest 
multiple integral expression, that is a common factor of the 
divisor and dividend; and which, when arranged on the same 
principle as the divisor and dividend, has its first term positive. 

121. The L. C. M. of two compound expressions may be found 
from the H. C. F. 

Let D be the H. C. F. of two expressions A and B, and let 
A = aD, B =1 bD: then a and b have no common factor. 

which are all equivalent forms. 

Thus the L. C. M. may be found as the product of the two 
expressions divided by the H. C. F., or, which is generally more 
convenient, by multiplying one expression by the quotient found 
on dividing the other by the H. C. F. 

The method will be best understood by some examples. 

Required the H. C. F. of 

x^-gx^+'jx^+gx-S and a:*+7^— qa'— 7^:4-8. 

x^—gx^-^-Tx^ + gx-S) x*-^ 7^— gx^— 7^+ 8(1 

X*— 9.r"H- 7ar«H- gx— 8 

i6Ar*— i6jt:'— i6.r+ 16 

Removing the factor 16, we make this remainder a new 
divisor : 

x^—x^—x+i ) x*—gx^-\-'jx^-\'gx — S (x—S 

X*— x^— x^-j- X 

-8A:« + 8;i:2^8Ar-8 
— Sx^-^Sx^ + Sx—S 



x^—x^—x-^-i is the required H. C. F., and the L. C. M. is 
{x — S){x^-i-'jx^—gx^—'jx + S), which may be multiplied out. 

Again, required the H. C. F. of 

4x*-\-gx^-\-2x^-2X'-4 and 3^ + 5^:*— .;tr-h2. 
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We make the latter expression, which is of the lower dimen- 
sions, the divisor, and to avoid fractions we multiply the former 

by 3- 

4X*+ gx^+ 2x^— 2Ar— 4 

__3 

3a:' + 5A:'— Jt:+2 ) i2A;*+27^-h 6x^-~ 6^—12 (4^; 

12^-1-200:^— 4X^+ Sx 

7^^+100;^— 14a:— 12 
Again, multiplying by 3, 3 

2ix^-\-^ox^—42x-'^6 ( 7 
2iAr^ + 35^2-- 7:i:H-i4 

We reject the factor — 5, 

^^+7^+10) 3;*:'+ 5x^— x+ 2 (3Jt:— 16 

3^:^ + 21^:^+ 30^: 

— 16^^— 31^+ 2, 

— 16 Jt'*— 1 1 2:V— 160 



SijrH- 162 
We reject the factor 81, 

^+2 ) x^-^'jX'^io (^+5 






a; + 2 is the required H. C. F., and the L. C. M. is the product 
(3^1;*— :rH- i) (4^ + 9^:®+ 2^^— 2 j;— 4). 

The process may sometimes be shortened by various expedients. 
If the first coefiicients are large and prime to each other at one 
end of the expression, we may sometimes gain by arranging them 
beginning at the other end, and it is often advantageous to lower 
the initial coefiicient by employing an approximate quotient. The 
work above might have been continued as follows : 
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i2;r*+20j;'— 40:'*+ 8jf 

V^+ioor"— 14^;— 12 
6jc'+iojp*— 2X+ 4 

a:* — I2a:— 16 

^i;*— i2j;— 16) 3^ + ^x^^ x^ 2(3 

3^ —36^;— 48 

5-^' + 35^+ 50 



and so continuing as before. No such siftings get rid of the 
important factor. 

Exercises. No. 38. 

Find the H. C. F. and L. C. M. of the following : — 

1) 20:'— a:— 10 and 3Jtr'-fi 3-^^ + 14. 

2) 2i^" + 8j»:— 45 and i2j*:^ + 5jc— 25. 

3) 6a«-a^-35^ and 8a'- 2^3-45^. 

4) 6x^— iSxy—6oy and 2X^—6xy—2oy. 

5) ^x^-\-6xy—2^y and 2ix^-'j^ixy+ioj^, 

6) 6x^—2ix^—iox+^^ and 9Ar^+i5^'— iS-r— 25. 

7) 2Ar^ + 9A:*-|-i6j»;+i5 and 3ar*+i3J::*+23;t:-|-2i. 

8) 6Ar^+5A:'— 19.^—20 and 2^1;*— 1 5.^^+2 ^4- 35. 

9) ;«;'+i2^— 121 and 3^+2^— 34jr+ii. 

0) ^ + 3^^^^— 9^*+6y* and a:'— 7a:*j/+iij^— 5^. 

1) ji;*— 2a:+i and X^-\- 2x^^-2x^—1, 

2) 6jj;*— 2J;*— 3^:^ + 4^:— I and 8;ii;* + 2Ji;'— 4Ji;" + 3a:+ i. 

3) A:*-f a'^'— 6fl* and 2;i;* + tf';c'— io<j*. 

4) jc*+2Ar^— 7Jt?' + 8Ar— 5 and 2a^+5a*— ioa:*+I4j;— 15. 

5) 4^:*— AT*— 2 AT— I and 6;^;*— ;»;•— 6a:*— 4j;+i. 

6) 6^— a:"— 3;^'— 4 a:— 4 and 8^— 2a:'— 19 a:" +3^1;+ 10. 

7) 6^1:''- 9a:*4-I9A*— i2A:'+i9Ar— 15 and 
4jr*— 2Ar^+io^2+^+i5. 

8) 3Ji;^H-2a:*H-a:® and 3X* + 2jr'— 3A:' + 2Ar— i. 

9) ^— a:"— a:+i and jr*— a* + ;c'— 2jrH- 1. 
20) 2Ar2— a:»-i and A^-A:*-f-2A:«-A:-i. 
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122. The following is an example of the method of finding the 
H. C. F. and L. C. M. of several expressions ; viz. of 

^ + 5^'H-2j;— 12, 2^— .r"— i8a:+20, 

We first find the H. C. F. of 

^ + 5^+a:r— 12, and 2^— .r*— i8ar+20, 
which is x^ + 2X'-4, and then of the H. C. F. so found and the 
remaining expression, which is still ;i;* + 2j;— 4. 
Again, the L. C. M. of 

^ + 6^'+2.r— 12 and 2^— .r*— i8j?-|-20 
is their product divided by 

and the L. C. M. of this expression and a^ -{■Sx^'\- 1*1 x^— 6x^-^6 
is their product divided by 

(•*^ + 3)(-^-I-2a:— 4) or (jr-»-3)"(2a:-5)(;*rH 207—4). 

Exercises. No. 89. 

Find the H. C. F. and L. C. M. of 

(1) 2x^ + X'-2f 3^*— 2Ar— I, and x^—x^^x-]-i, 

(2) 2^:'^— .r--3, 2.^1;*— 5:^+3, and 6^1:^—13^1;+ 6. 

(3) 90:^—90:— 10, 3.r^i-Ar — 10, 3 Jt:'— 26.^ + 35. 

(4) 2ix^ + 2Sx^—i$X'-2o, 2ijr* — 280:^—150: + 20, 

14J;:'— 2ijj;*— iojrH-i5. 

(5) x^—g, x^—6x-\-g^ j;'4-3a:'— 9.^—27. 

(6) x^—zxy— 10 ji^, a;^+2.ry— 35^^ .y*— 8.r^+ij^. 

(6) Beduetion of Fraotions to their Lowest Terms. 

123. Fractions are reduced to their lowest terms by dividing the 
numerator and denominator by all their common factors, or by 
their H.C.F. 

Example. H^'-?^^^ (/^-^)7^ ^ 7f . 

Example. 9^ + 53^'~9^-i8 ^(.r+6)(9^-^-3) 

;r»+iijtr + 30 {A: + 6)(.r-f6) 



58 THE scholar's algebra. 

Exercises. No. 40. 

Reduce to their lowest terms the fractions : — 

. I2(^X^-^2a'x^ 2^ + x^^Sx + 5 

^ ^ iSad^X'hsd'x'' ^^ x'-^x^'-2x 

. . a'-^ . . a^-\-S^'{-c^+2ad-\-2ac-\-2dc 

, x^'j-2X-'S /io\ 8a:'-io^2— i6Ar-3 



•^^ + 5-^ — 6 6x*^—22X^-]-^lX^^2^X'-'J 

124. Some further examples in the Addition and Subtraction of 
Fractions are now given. The method of procedure will in 
general be the following, as in Arithmetic: — Find, by whatever 
process may be the most convenient, the L. C. M. of all the 
denominators; this will be the common denominator of the 
resulting fraction. To find the corresponding numerators of the 
several fractions, divide the common denominator by the denomi- 
nator of the first fraction, and multiply its numerator by the 
quotient, and so on for every successive fraction. The fractions 
are thus all reduced to a common denominator and their nu- 
merators may be added or subtracted, according to sign. 

Example. 1 ; 

a—x a-\-x 

L. C. M. = a^—x^. Quotients a-\-x and a—x'y 

I I a-\-x a—x 2a 

+ 



Example. 



a—x a-i-x a^—x^ a^—x^ a^--x^ 
I I 



a^—x^ {a-\'xY' 
L. C. M. = (a — x) {a + xy. Quotients a-\-Xj a—x; 
I I a'\-x—a+x 2x 



a^—x^ {a + xy {a—x){a-^xy {a-'X){a-^xy 



FRACTIONS. 59 

Sometimes it will be found convenient, where there are several 
fractions, to deal with two of them separately, and afterwards to 
bring in the others ; for example, in (6) below. 

Exercises. No. 41. 

Add and simplify : — 



x—y X'\-y ^ ' x^-k-x-^-i x^-^x^v 

(2) \ + ^. (6) ^'-^+^_^±£. 

^ ' **— 2j;+i \«;'— 307+2 ^ ' ^'+j;+i 3(?—x 

(3) T5^-ITT^- (6) r^-r^ + zT^ 



j;8_i x^-^x-^y^ x^a x + a x^ — a^ 

/«x I I I 

(7) z-T^--rT- + 



a — b-^c a-^b^c a—b—c 

(8) ^+.^_^. (10) 3^±lf _5£z:£ + ^. 
' OT—o AT— 4 jtr— 8 ^ ' « + .r a—x 2X 

(9) -i L. + _l_. (11) _3_ ? '-l^^- 

' X'~2 X—^ X-i-l ^ ' 1 — 20: \'\-2X \x^—\ 

I \ <^ <^b b 

(13) •* ^ •^(•^ + 3) 



(14) 



{x-if (or+i)" (^-i)' 
I I 



{x-'(i){x—2d) (at— a)(;c— 3 a) (;i:— 2a)(2~3a) 



(1^) 7 TTT \ + /I w7 x + 



(16) 



(fl_3)(fl-^)^ (^_^)(3__^) • (^c-d)(^C--b) 

2ax-\-x^ a^ + ^ax x 
{a--xy {a + xf (^— ^) 



(17) —3 ^ 3.1 



4(1-^)*' 8(1-0:)" 8(1+:*:) 4(1+^') 



I 



^^^^ f—r- — 7=" ^^' 1 
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CHAPTER VI. 
BATIO AND FBOFOBTION. 

(1) Gteneral Notions of BAtio and Proportion. 

125. As explained in Arithmetic, fhe relative magnitude of two 
qtuintitieSy measured by the number of times {or parts of times) 
which the one contains the other ^ is catted their ratio. The ratio 
oi a to b is expressed by the notation a \ b, a being called the 
first term (or antecedent) of the ratio, b the second term (or 

consequent). But the ratio being measured by the fraction t» 

that fraction is constantly used in Algebra to denote the ratio. 

126. The term Proportion is used in common life to express 
the true correspondence of parts in two corresponding objects 
under comparison, such as a picture and its pattern ; or two maps 
constructed on different scales. If a corresponding pair of lines 
be selected out of each, the ratio of the first pair ought to be the 
same as the ratio of the second pair. Hence proportion is defined 
to be the equality of ratios. The four quantities which constitute 
a proportion are said to be proportionals. 

127. A proportion between four quantities, a, b, f, d, is repre- 
sented thus: a : b :: c : d (by ratios) 

a c 
or thus : X ~ ;/ (^3^ fractions) 

and is read thus : a is to ^ as r to d. 

Both notations assert the equality of the two ratios, a to b, and 

c to d. In Algebra however it is to the fractional notation that we 

have to refer, in order to elicit the properties of proportions. If we 

a c 
translate the equality -7 = -^ into words, it amounts to this, which 

may be taken as the definition of proportionals : — I'our quantities 
are proportionals, when the first is the same multiple, part, or parts 
of the second, which the third is of the fourth. 
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(2) Properties of Proportionals. 

128. Let a, 5, c, d be four magnitudes in proportion; then 

a c . 

We may multiply both sides of the equality by the same quantity 
bd, since if equals be multiplied by equals, the results are equal. 

CL C 

Hence r X bd=- x dd; 

o a 

or ad = he, (ii) 

Now a and d are the extreme (i. e. the outside) terms of the 
proportion, and h and c are the mean (i. e. the middle) terms of 
the proportion, whence we learn that — If four quantities are in 
proportion^ the products of the extremes and the means are equal. 
And conversely, — If four quantities placed in, order are such that the 
products of the extremes and means are equal , they are proportioncds. 

The property of the extremes and means (ii) often furnishes 
in Algebra, as in Arithmetic, a more convenient test of the pro- 
portionality of four quantities than (i). 

129. We may now use the property of the extremes and means 

to find a fourth proportional to three quantities a, b, c ; that is, 

to find a quantity jr, such that a\b \\ c -, x, 

be 
By (ii), ax = bcy .*. jc = — • 

Hence we simply multiply together the second and third, which 
represent the means, and divide by the first. (Rule of Three.) 

If a : b :: b : e, a, b, e are said to be in continued proportion, and 
l^-^ac. And b is also said to be a mean proportional to a and c ; 
and, again, e is said to be a third proportional to a and b, 

130. We may deduce from the simple properties of fractions 
various arrangements of the quantities a, b, e, </, which will at once 
present us with other proportions. Of these the most useful are 
the following, some of which are often quoted by the annexed 
phrases : — 

/^\ o- a c a b c b « ^ ^.u .. • 

(1) Smce T = 3> .*. yX- = ->x-, or- = 3: that is, 
^ ' b d b c d c c d 

a \ c \\ b \ d, (Alternando.) 
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f^\ n. ^ ^ ^ ^ b d . . 

(2) Since t = -;> •'• i-5-t= i-*--;j or - = -: that is, 

a a a c 

b : a :: d ', c, (Invertendo.) 

a c a c a-^-b c-^-d 

(3) Since r = "i > .*. t + ^ = 3 + i> or —=— = — — : that is, 
^ * a a a 

a + b : b :: c-\-d : d. (Componendo.) 

,^_. a c a c a — bc — d'.. 

(4) Since t =^ , **• X "" ^ ~ 5 "" ^' -^^ ~~^ — ~ ""T" * ^^^ ^^' 

a—b\b\:c—d\d, (Dividendo.) 

a ^ , fl! — b c — d a c 

(5) Since y = ^ ^^^ — j— = — j- > •*• i = ^' that is, 

^ ' b d b 4 a—b c—d 

a : a—b :: c \ c—d. (Convertendo.) 

/«v «. <' + ^ r + </ , «— ^ f— </ <i + 3 c + d 

(6) Since ^=^- and — = — , ••• —^^^—^ 

that is, a+b \ a—b :: c+d : c—d. (Componendo and Dividendo.) 

. , _. a c , ;wfl fi^ , , . 

(7) Since y = -, we have —7=^-5; whence we obtain 
^ ' b d mb nd 

ma '. mb :: nc \ ndy 

where m and « are general symbols. 

(8) Since t= j> we have -—=—-: from which we obtain 
^ ' b d nb nd 

ma : nb :: mc : nd, 

(9) Since | = ^, we have (J) =(J) , or |;^ = J^; whence 

fl"* : 3** : : f •* : ^'"j z» being a general symbol. 

(10) If T=-5> and ^ = 1:, then t = :?; or if a : ^ :: c : </, and 
^ ' b d d f b f 

c \ d \\ e \f\ then a \b \\ e \ f. 

a c 6 

(11) Let T = ^ = ^= ••• =^; then 

a =: bky and /77a := /ti^^, 
c z=, dky nc =i ndky 

e =/^, pe = ^i^ ; 
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and ma'^nci-pe+ ... = {m5-\'nd-\-^+ ...)k; 

a ^c e ^_a-\-c-^e-\- .., __ma-\-nc-\-pe -k- ... 

" d^d^/ 3 + ^H-/+ ... '^mh-^nd-Vpf'V ... ' 

which may be read also as a proportion. 
This method will often be found useful. 

(12) \i a \h \\ b \ c\ then r=->* and 

be 

a a b a a c^ . , .„ 

-=-T X - = T X T = 75-; I.e. a \ c v. <r \ b^\ 
c b c b r 

or the first has to the third the same ratio that the square of the 
first has to the square of the second. 

(13) Again, if four magnitudes a^ by Cy d be in continued pro- 
portion, so that Y = - = 3 ; then will . 

bed 

a a b e a a a 0? 

d^b^^^d^b^b^b'^y' 

or the first has to the fourth the same ratio that the cube of 
the first has to the cube of the second. 

The two results here obtained answer to the Geometrical defi- 
nitions of Duplieate and Triplicate ratio. 

Many other like properties may be proved in a similar way. 

Exercises. No. 42. 

(1) If <2 : 3 :: 3 : 2, determine the ratio ^ + 3 : a—b. 

(2) If a : 6 :: 3 : 5, find the ratio a-^-b \ a — b. 

CL b 

(3) If a : 3 :: 5 : 3, find the value of -r'\ — • 
^ ' w u b a 

(4) If a-\-b \ a—b :: c \ d, prove that {a-{'b){e-\-d) = zac. 

(5) If fl</= be, then a—b : e—d :: a : r, and 

ma-\'nc : mb-\-nd :: e : d. 

{6) U a : b :: e : dy prove that {Tf + i^y — ^^^' 

(7) 1( a : b :: e : d and ^ be > 3, then e > d. 

(8) 1( a : b ': e : d, and a is the greatest, d is the least. 
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(9) a : d::c : d, and e \f\\g : A, prove that 

ae : b/ :: eg \ dh. (Compounding the ratios.) 

(10) If a : 3::a': ^', and b\ c::b' : c\ prove that 

a\ cwcC \(f, (Ex sequali). 

131. EucKd's test of proportionality is as follows : — * Four quan- 
tities taken in order are proportionals, if there being taken any 
equimultiples whatever of the first and third, and any equimultiples 
whatever of the second and fourth — ^the multiple of the third is 
greater than, equal to, or less than the multiple of the fourth 
according as the multiple of the first is greater than, equal to, 
or less than the multiple of the second/ 

The quantities here meant -are concrete magnitudes, visible 
lengths, &c., not numbers. Let us suppose, however, subject to 
later remarks, that, being referred to some unit, they can be ex- 
pressed as numbers, under the general symbols, a, ^, r, d. 

In algebraical language, this test is as follows : — a, ^, r, d are 
proportionals if, any equimultiples whatever of a, c being taken 
(say ma^ mc) and any equimultiples of b, d (say nb, nd), mc is>, 
=, or < nd, according as ma is >, =, or < nb. 

The simplest case is that of equality. When two integers, »i, n, 
can be found such that ma = nb, and mc = nd, the test makes 
fl, b, c, d proportionals. They are so also by the algebraical test, 

yr 49 y* 

since y=— =-3. In this case a, b are proportional to integers, 
o m a 

n,m: so are c, d. They may therefore properly be represented by 
so many units, or by algebraical symbols, as supposed above. 
Such quantities are said to be commensurable, 

» ^^ O' ^ ^ . ^^ ^^ . #• 11 1 .11 1 

132. Smce t = -1 gives —- = —,, it follows that mc will be 

b d nb nd 

>, =, or < nd, according as »?« is >, =, or < nb. Thus 
Euclid's test of proportion follows from the algebraical test. 

133. Conversely, the algebraical test follows from Euclid's test. 
For, suppose that a, b, c, d are proportionals according to Euclid's 

test, then shall y = i' 

o a 

For, if not, one of these fractions must be greater than the other. 
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Let 'T>-j', and since it must be possible to find some fraction 

between them, let — be such a fraction. Then t > — and — > ■^• 

m b m m a 

.'. ma > nh and mc < nd. 
But this is contrary to Euclid's test, which is against the hypo- 
thesis; therefore -7 cannot be unequal to -3, or ^ = -• 

aba 



(3) Inoommensurables. 

134. Geometry shows us certain magnitudes, for example, the 
side and diagonal of a square, which are not in the ratio of any 
two integers, and the ratio of which can never be completely ex- 
pressed by any finite number of figures. Such quantities are said 
to be incommensurable, 

Euclid's test was devised to meet the diflficulties arising from 
incommensurable quantities. 

The test supposes not one trial, for any one set of values of m 
and fly taken at random ; but an infinite number, for all possible 
values of m and «, and any one failure of the test would show that 
fl, 3, r, d are not proportionals. Such an infinite number of trials 
being of course impossible, Euclid only employs the test where it 
can be shown from the properties of the magnitudes under con- 
sideration that the test is in all cases satisfied. It is sometimes 
supposed that the difficulties arising from incommensurable 
quantities, which Euclid has ingeniously evaded by the above 
test, do not arise when the algebraical definition is employed. 
This is however a mistake. In the first place, the reasoning which 
justifies the use of general symbols, as a, b, c, d, to represent in- 
commensurables, in other words, interminable non-recurring deci- 
mals, is by no means simple. It can only be incompletely indicated 
here. Many operations, such as finding a mean propoi:tional 
between two quantities (129), must frequently present us with 
such quantities, where we know that the value sought is perfectly 
definite. The result thus found (and other like results) can be 
made, by taking figures enough, to have an error less than any, 
however small, that we choose to assign. The inference is, the 

F 
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method is true. And it is the principle of Algebra to admit all 
results which it can interpret, and to extend the meaning of its 
symbols accordingly. Again, were we to attempt to prove a, b, c, d 
proportionals by examining the equality of the products ad^ be, 
when a and b are incommensurable and likewise c and d, we could 
only obtain some such results as follow ; — 

ad=i '3156... to 4 places, be = •3156... to 4 places, 
the results, if we carried them further, still keeping parallel to each 
other, but never terminating, and never giving an absolute demon- 
stration of equal ratios, since a different figure in the two products 
after any number of steps would suffice to prove that the quan- 
tities were not strictly proportionals. All that can be said then 
is, that the test (so far as we depend upon it) shows the four 
quantities to be approximately proportionals. But, of course, the 
very form of expressions will frequently prove that they are pro- 
portionals. 

(4) Variatiou. 

135. The word proportional- is also applied in a somewhat 
different sense to indefinite quantities, such as Length, Width, 
Cost, Quantity; in such general maxims as — *The Cost is 
proportional to the Quantity,' * The Length ought to be in pro- 
portion to the Breadth ;' and it has been pointed out in Arithmetic, 
Seholar^s Arithmetie, XII. (2), that from such maxims are derived 
the proportional quantities which we make use of in calculations. 
Thus, for instance, if, we have two * Quantities of material' and 
two corresponding * Costs,' one of which is at present unknown, 
we find its value by Rule of Three, on the assumption that the 
four are proportionals, and so on, in all other cases. Now, instead 
of the above use of the word proportional — the usual phrase in 
Algebra and the Higher Mathematics is, The Length varies as the 
Breadth — the Cost varies as the Quantity. One quantity is said to 
vary as another directly , if it not only so depends upon it that the 
one cannot change without the other, but the two change together 
in such a manner that if one is doubled, trebled, or raised to any 
other multiple, the second is also doubled, trebled, or raised to the 



VARIATION, 67 

corresponding multiple. But the one is said to vary as the other 
inversely, if when the one is doubled, or multiplied by any number, 
the other is halved or divided by the aforesaid number. 

136. The notation for * varies as ' isoc, so that xocy is read x 
varies as_>'. Since the conditions expressed by x and_>' are satisfied 
when x=^ cyy where ^ is a -constant quantity, we may always 
replace the relation between x and j/ by such an equality (and con- 
versely). If any pair of corresponding values of x and_>/ are known, 
c can be determined. For instance, letj/ = z when at = 6, 

/. 6 = cX2, and r = 3 ; .*. ^ = 3^ ; 

and X becomes = 9, when j' = 3. 

137. The following are the most important propositions : — 

(i) If ^oc^, and BocC, then will ^ocC. 

For A =mjB and B =inC,m and n being constants. 
.•. A =zmnC or Aoc C, since mn is a constant. 

(ii) If AocC, and BxC: then will A±BocC, and 
VABocC. 
For, if ^ = mCy and B = nC, then 
A±B=i{m±n)C OT A± BocC. 

Also AB = mnC\ and /. VAB = Vmn . C; 
or VABocC. 

(iii) If AocB when C is invariable, and AocC when B is 
invariable, then will A oc BC, when both B and C 
are variable. 

Let A = -4i, when jff = B^, and C = Q, and become -4j when 
B becomes B^, C remaining Q, and become A^ when B remaining 
B^y C becomes Cg. 

Then A^ : u^g :: B^^ : -Rj or 



Also A^ : -^3 :: C^ : C^ or 

F 2 
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.'. A^ changes to A^ when B^C^ are together changed into 
B^C^, and A^ : A^ :: B^C^ ; B^C^. 

.-. A oc BC. 
Similarly, if AocB, when C and D are unchanged, 

oc Cf when jff and 2? are unchanged, 
oc2?, when -5 and*C are unchanged, 
then A ocBCD when By C, 2? all vary. 

For instance, the weight of a right solid varies as the length, 
and the breadth, and the height, separately ; therefore the weight 
oc length x breadth x height, jointly, when all change. 

Supposing A^ to be unknown, and to be sought for, A^yB^,C^, 
B^y Cg being given, we have the ordinary problem of Compound 
Proportion in Arithmetic, solved under the form 

B^C^ : B^C^ \: A^\ Answer ; 

or Answer = -4^ x -^ X -p^\ 

with additional ratio-multipliers, if there are more variable elements. 

\i A varies inversely as one of these elements, say DyOx -^ oc-yr , 

D ^ 

the corresponding ratio-multiplier will be inverted, as -=c*« 

•^2 



CHAPTER VII. 
ttBCAPITULATOBY QUESTIONS AND EXERCISES. 

138. The scholar should frequently run his eye over the 
various headings in the previous chapters, and should question 
himself whether he remembers the results and rules which have 
been established under each heading. He should also frequently 
run through the Exercises, especially the later ones, from Article 
81, endeavouring to catch the results, except in the more lengthy 
examples, by inspection, as in Mental Arithmetic. 
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Questions and Exercises. No. 43. 

(1) What is the Rule of Signs? To which of the simple 
processes, Addition, Subtraction, Multiplication, and Division does 
it apply ? Give examples in each case. 

(2) Give the Rules of Indices for Multiplication, and for 
Division, with examples. 

Remark. — Since an algebraical syml^ol may be positive or 
negative, we may change a symbol, as +a into —a, in any 
equality, if we do so throughout the equality. 

(3) What do the formulae, 

{a-^-bY — a^+iab + U^, (a + ^)' = ^ + 3a'<5 + 3^ + 3', 
become when +3 is changed into — ^? 

(4) From the formula, 

obtain the formula for (d! + ^--r)^ (a— ^^-^)^ (a—b^cy. 

Bemark. — Since an algebraical symbol may have any value, we 
may write for by b+c, or any other value, if we do so consistently 
throughout an equality. 

(5) From the formula for {a-^bf find that for {a + b+cf. 

(6) In the same way find that for {a-\'b'\-c+dy. 

(7) Find ±e sum of {a + b + cY, (a + 3-f)*, {a-b-^cf. 

(8) Prove that 

(^a-by + {b^cy + {c-ay = 3(^-3) {b^c) {c^a). 

(9) (^a-\-b + cy + {a-\-b''cy-2{a-\-by:=6{a'{'b)c^. 
(10) a^ + b^ + c^+2a^^'{'2b^c^ + 2c'a' = {a' + b^ + c^y. 

(11) a* + 3* + ^+2tf«<^-2^V-2^a2_ ^^2^^2_^)\ 

(12) fl*+^+^-.2fl»^-232^~2^a« = 

(a + 3 + r) {a + b—c) {a—b + c) {a-^b—c). 

(13) {a^ + c^^^y + {a^-c^y-{a^^c'y = 

{a-\-b-\-c) (a + b—c) (a—b + c) {a—b-^c). 

(14) {x-yy-h{j^''Zy+{z-xy—2{x^+y'\-z^''yz-zX'-xyY. 

(16) Find the values, when jr = 3, of 

x^-hSx^—^x + g, x^—i'jx^-^^X'-ii. 
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.- V ,^ ace 

prove, as in Art. 130, (13), that each of these fractions 

(17) Prove, in a similar manner to the above, that " x ' ^' 7* ^ 
be unequal fractions arranged in descending order of magnitude, 

^±^±i±^,>f and<^. 

(18) What sort of a magnitude is a ratio ? and how is its value 
measured ? Shew which is the greater ratio, 3 : 7 or 7 : 15. 

(19) Prove that, c being positive, ^— ^ > or < ^, according as 
a < or > 0, 

(20) Definition. The ratio a : b is said to be a ratio of greater 
or less inequality according as a > or < 3. 

Prove that a ratio of greater inequality is diminished, and a 
ratio of less inequality increased, by adding any positive quantity 
to both terms of the ratio. 

(21) Prove that a^ - 2 a^ + ^ > o, and that the sum of any quan- 
tity and its reciprocal is greater than 2, 

(22) If fl, 6, c, dhQ in continued proportion, prove that 

{ac-'dd){ad-cd) (a + </)«-(3 + r)« 

■■■■■■ ■ - -■ — — -.1 ^^^ ■ — - -■ — ■■-. — 9 

ad-^bc 2 

(23) If X varies as y, prove that jv'+j^ will vary as x^—y^. 

(24) If xocy^ and jt:= 2 when _>' = 3, find the relation between 
X and y, 

(25) A varies partiy directly as B and partly inversely as B. If 
.4 is 3 when ^ is i, and also when B is 2, what will be the value 
of B when ^ is 4^ ? 

(26) Illustrate 'joint variation,' Art. 137, (iii), in solving the 
following question in Compound Proportion:- — If a man travels 
45 miles in 3 days by walking 4 hours a day, in what time will he 
travels 560 miles by walking 7 hours a day 
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(27) From a cask of wine the m^^ part is drawn off and the cask 
filled up with water. If the same operation be repeated n times, 
find what fraction of the original quantity of wine will be left in 
the cask ? 

Exercises. No. 44. 

Translate into words, as in Articles 81, 82, 83, the following 
equalities : — 

(1) ^—^ = A^ + ^-f-y. 

(2) ^* + 4 = (Af^+2Jt:+2)(a;2— 2^ + 2). 

(3) A:2 + 64=(a;H4^ + 8)(^^-4^ + 8). / 

(4) ^* + 4^= (x^-\-2xy-\^2y^){pc^~'2xy-\'2}F), 

(5) a' + (5»+r^-3«3f = (a + ^ + ^)(«^ + ^ + ^^-fl3-*^-^tf). 

(6) (fl« + (?) {P + d") = (ab + cdf -h {ad- bc)\ 

(7) Translate into words all the proportions (1) to (13) in 
Article 130. 

Exercises. No. 45. 

Translate into algebraic language the following : — 

(1) The difference of the eighth powers of two numbers 
divided by the difference of the numbers is equal to the product 
of the sum of the numbers into the sum of their squares into the 
sum of their fourth powers. 

(2) If four numbers are proportionals, the sum of the first and 
second is to their difference as the sum of the third and fourth to 
their difference. 

(3) A quantity consisting of the sum of the squatres of three 
numbers and of twice the product of every two of them is equal 
to the square of their sum. 

(4) The sum of three numbers multiplied by the excess of every 
two of them above the third is equal to twice the sum of the 
products of the squares of every two of them less the sum of their 
fourth powers. 



PART II. 

Applications of Algebra. 

139. The design of Part II of this work is to illustrate, by 
means of a few rudimentary applications of Algebra, the nature of 
the advantages derived from the use of general symbols. The 
same subjefct will be more fully developed in Part III. In both 
these Parts the order of arrangement will be found to be that 
sketched out in (10), which should now be referred to. 

The general symbols will in all cases be subject to the laws 
of combination investigated in Part I : but occasion will be 
taken from time to time to explains ome extensions of Algebraic 
notation. 



CHAPTER VIII. 
ON ALGEBBAICAL FORMULAE. 

140. One of the most obvious advantages of Algebra is that it 
enables us briefly to record a whole class of results in a general 
formula. A Formula is an algebraical expression, consisting of 
general symbols, by means of which the solution of some question 
proposed is given in terms of its data. Such a formula embraces 
all particular cases, to any one of which it is easily adapted, by 
assigning to the symbols their appropriate particular values. 

We commence by showing the manner in which Algebra 
enables us to express some of the rules and results of Arithmetic. 
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(1) Simple Interest. 

141. The common rule in Arithmetic for finding the Interest 
on money lent is: — Multiply the principal (or sum lent) by the 
rate per cent, and divide by loo. The result will be the Interest 
for one year. Multiply the above result by the number of years 
for which Interest is required. 

The rate per cent, or fixed sum to be paid for £ioo lent is 
commonly used in business : but we shall obtain a simpler formula 
by taking £i instead of £ioo as the imit of Principal on which 
to compute interest. 

Let £r {r being a fraction) be the number of £'s paid as 
interest on £ i for i year. (Note that r, the rate per £ = rate 
per cent. -f- ICO.) Then, if £P be the principal, and £/ the 
interest for n years, £M the amount, or principal + interest, 
we have — 

Interest for one year = Fr ; 
Interest for two years = 2-Pr, and generally. 
Interest for n years, or / = Fnr ; ( i ) 

il/=P+/='P(i + wr). (ii) 

142. The symbols represent positive quantities, integral or 
fractional. Observe that nothing is here proved beyond what 
was already proved in Arithmetic, but it is expressed in a short, 
simple form, easily remembered, and easily applied. 

Suppose 7^=200, «=2, r = -^ (equivalent to 6%). 
Then /= 200 x 2 x ^o = 20, M= 220. 

143. Any three of the 5 quantities F, /, M, n, r being given 
(except jP, M^ I which are not independent) the rest may be 
found. This includes 9 cases. 

Thus, given J/= 220, « = 2, r = ^ ; then 

220 = P(l+^%); 

220 = Px 



F = 200, /= 20. 
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Exercifiies. No. 46. 

Apply the algebraical formulae in the following cases : — 

(1) What is the interest for i year at 5 0/0 on £210 ioj. ? . 

(2) At what rate per cent, will £230 8j. ^d, amount to £276 10^. 
in 4 years' time ? 

(3) Find the interest on £621 1 3 j. for 29 days at 4 %. 

(4) Find what principal will amount to £532 in 4 years at 3%. 

(5) In what time will £71 5^. amount to £88 jj. at 3 %? 

(6) Give the values of the 5 quantities M^ P, I,n,r involved in 
the solution of the last question, and state the nine questions 
which might be proposed, three of these quantities being known, 
to find the fourth. 

(2) Disoount. 

144. When a sum of money is advanced upon a security not 
yet payable, the abatement made from the Gross Amount is called 
the Discount. The nett payment is called the Present Worth. 
Discount, reckoned according to strict theory, is such that if the 
Present Worth were put out to Interest, the Present Worth and 
Discount would together make the Gross Amount. Therefore 
the Discount = Interest upon the Present Worth. 
Let P = Present Worth (or Nett Amount) ; 
M=^ Gross Amount ; 
D = Discount for n years ; 
r = Rate per £., all in £'s. 
.-. D=iPnr. 

P-\-D — P-\-Pnr — M\ 

M 






Mnr 



i'\-nr 

145. In trade, Discount is commonly calculated as Interest on 
the Gross Amount, and this is necessarily greater than Interest 
on the Nett. 



J 



In fact, 7—2) = Mnr 
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Mnr Mf^r^ 



\-\-nr i+nr 
= Bnr = Interest on the Discount, 

or = = Discount on the Interest. 

i+nr 

Example. — ^What is the Present Worth of £200 due 2 years 
hence, reckoning interest at 5 % ? 

Here * ^=200, « = 2, r = T^ = ^. 



200 200 

= "tt I 



p -— "^^ -"""" 2000 



1 + 2. 5V T* 

= £181 16s, 4yi^' 
D = M-P = £18 3J. 7tV- 

EzerciBes. No. 47. 

Apply the algebraical formulae to find : — 

(1) Discount on £375 for I year at 50/0. 

(2) Discount on £732 for 6 months at 4%. 

(3) Present Worth of £701 due 3 months hence at 5%. 

(4) Present Worth of £72 due after X41 days at 4%. 

(8) Compoimd Interest. 

146. Compound Interest is when the Interest is added to the 
Principal after the lapse of a certain period (as one year) and so 
becomes part of the sum on which Interest is payable. 

Let M be the amount at Compound Interest after n years. 

Here, at the end of i year the amount = /'(i +r). 

Let i? denote the amount of £ i after i year = i + r. 

Then, at the end of i year, the amount = PjR, 

2 years, „ =zFJ^xP = PR", 

3 years, „ = PP^ xP = PR\ 
n years, „ ^ M-=. PR"", 

If / be the Compound Interest at the end of n years. 
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Example. — Find the amount of £500 after 3 years at 4V0 
compound interest. 

Here F = 500, r = ytir = •04> ^ = i-04 ; 

.-. iJf = 500 x( 1-04)'; 

= £562432 = £562 Ss. 7ff</. 

Exercises. Ko. 48. 

(1) Find the compound interest on £375 at 30/0 for 3 years. 

(2) Find the compound interest on £497 i6s. for 4 years at 4 V). 

(3) Find the amount of £100 after 4 years at 3^% compound 
interest. 

(4) Fonniilae of Mensuratioii. 

147. The following simple results of Geometry, often studied 
under the name of Mensuration, are examples of the employment 
of the general symbols of Algebra. 

Any linear unit having been chosen, the superficial and solid 
units will be respectively the square and the cube, which have 
their sides equal to the linear unit. See note, p. 13. 

(1) Area of a square (side a) = a*. 

(2) Area of a rectangle (length a, breadth b) = ad. 

(3) Area of a triangle (base a, altitude h) = ^ha, 

(4) Circumference of a circle (radius r) = 2 7rr, where it stands 
for an interminable decimal, approximately 3-14159, or more 
roughly = 3^. 

(5) Area of circle (radius r) = wr*. 

(6) Volume of a cube (side a) = a*. 

(7) Volume of a right solid (length a, breadth 5, height c) = adc. 

(8) Surface of a sphere (radius r) = 4irr'. 

(9) Volume of a sphere (radius r)=^ ^irr^, 

(10) Volume of a cone (radius of base r, height h) =.|7rr'^. 

148. In any particular case of a square, circle, &c. we have only 
to substitute in the formula the appropriate value of a, r, &c., and 
to work out the result by ordinary Arithmetic. 

Exampld. — Required the surface of a sphere, i foot in diameter. 
Here r = J, the linear unit being i foot. 
Surface = 477 x|^ = w = 3'i4i59 square feet. 



J 
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(5) Arithmetic Progression. 

149. A series of quantities is said to be in Arithmetic Pro- 
gression (in A. P.) when between every successive pair of terms 
there is a fixed or common difference. 

Thus, I, 3, 5, 7,... 

— 2, 4, 10, 16, ... 
a, ci'\-5, fl + 2 3, fl + 3 3, . . . 
a, a — b, a — 2^, a — 3^, •.. 
are all arithmetical progressions, the common difference in the 
first being 2, in the second 6, in the third 3, in the fourth —b. 

150. To find the rfi^ term and the sum of n terms of an 
Arithmetic Progression. 

Let a denote the first term, d the common difference, / the n^^ 
term, and s the sum of n terms : then the series will be 

tty a + d, a-\-2df a + 3^, ... 
the coefficients of d counting in succession i, 2, 3, &c., but being 
always i behind the number of the term ; hence the n^ term 

• I z= a+.n—id, (i) 

Also, J = tf + (fl + ^) + (a:+2<^)+ ••• +{a-\-n—id), 
and, reversing the order of the terms, we have also 

s = {a-\-n—id)'\-{a-\-n—2d)+ ... +{a + d)'\-a, 
whence, adding together the corresponding terms, we find 

2^" = (2a + » — 1</) + (2« + «— i^)+ ... +(2a + «— 1(/), 

= «(2d! + « — I ^), since there are n eqij^l terms ; 
.'. s:=: in{2a-\-n—id), (ii) 
Otherwise, s = in{a+i), (iii) 

Example. — Required the sum of 5, 8, 11, ... to 8 terms. 
We find on trial that there is a fixed difference 3. Also, a= 5, «= 8 ; 
.*. J = 4(10 + 7x3) = 124, by (ii); and /=26, by(i). 

Exercises. No. 49. 

Find the last term and the sum of the following series : — 

(1) I, 3, 5, ... to 7 terms. (3) — i, i, 3, ... to 6 terms. 

(2) 2, 5, 8, ... to II terms. (4) 16, 13, 10, ... to 7 terms. 

(5) 14, 8, 2, ... to 5 terms. Give all the terms. 

(6) a + 3^, fl + 53, a-\-*jb, .,. to 6 terms. 
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In the following cases 6nd / and s : — 

(7) <z= I, </= I, »= 14. (11) fl = f, ^ = i, » = 26. 

(8) a = 2, ^=3, «= 17. (12) a= -7, </=3, « = 8. 

(9) a = 7, ^ = J, « = 16. (13) a = i, d= —J, « = 20. 
(10) a= 2^, (/= i, « = 100. (14) a = 0, </=^, n = 11. 

(16) fl = —10, </= — 2, « = 6. Give all the terms. 

(6) Gtoometrio Frogresaioxu 

151. A series of quantities is said to be in Geometric Pro- 
gression (in G. P.) when any two successive terms have a fixed or 
common ratio. 

Thus, I, 3, 9> 27,... 

T 1 1 A 

*^9 T* T» ■ff* ••• 

I, 2, 4> — o, ... 

ay dby al^y aJ?^ ... 
are in G. P., the common ratios being 3, \^ —2, h. 

162. To find the «*^ term and the sum of n terms of a G. P. 

Let a denote the first term of a G. P., r the common ratio, / the 
ffi^ term, and s the sum of n terms : then the series will be 

fl, ar, ar", ar^, ... 
and the index of r in each term is one less than the number of the 
term in the series / = <ir*~*. ( i ) 

Again, j35= fl-|-ar + ar^ + ar'+ ... +flr""*. 

Also, rj= ar-\rar^-\-af^-\' ... +<2r*"* + ar*. 

By subtraction, (r— i) j = a(r"— i), if r be > i ; 

r**— I 

.•. J=:fl . (ii) 

Or, (i— r) j = a(i— r*), ifrbe<i; 

I — ^* 

.•. s-=-a • (m) 

I— r ^ ' 

Example. — To sum 2, 6, 18, ... to 4 terms. 

We find on trial that there is a fixed ratio 3. Also, a=2, «=4 ; 

.-. J = 2 X = 80, by (ii). Also, / = 2 x 3' = 54> by (i). 

3 — 1 
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163. In case (iii), if n be very great, r* is very small, and n may 



r* 



be taken large enough to make the term a less than any 

assigned small quantity : if then n be infinite, this term becomes 

= o, and we have s = • ( iv ) 

I— r ^ ' 

For example, the series 

s := i + i + ^+ ... to infinity, 
I _ 1 _ 



i-i i 

154. If^ we divide aby i — r by the common process of division 
as far as n terms of the quotient, we obtain as the result of this 
algebraical process 



=^a + ar-^ar^-^ ... +ar*~^ + 



I— r i—r 

If r be > I, the remainder is negative and > the whole 
series of terms preceding it, and becomes continually greater in 
absolute value as n is increased. For example, if r = 2, /t = 3, 
the remainder = — 8a, and the above equality becomes 

—a = tf + 2a + 4a— 8a. 

It is only when r < i that the remainder diminishes indefinitely 
as n is increased indefinitely. 

155. Similar remarks apply to the series 



= a— ar+ar«— ... +( — i)'*-^ar"-^ + ^ ' 



,n 



1+r " ' i+r 

Exerdses, Ko. 60. 

Find the last term and the sum of the series : — 

(1) I, 3, 9, ... to 5 terms. 

(2) 2, 4, 8, ... to 8 terms. 

(3) 3. h f, ••• to 7 terms. 

(4) By l» !»••• to 4 terms. 

(5) 3» — i> tV> ••• to 4 terms. 

Find the value of the following series to infinity : — 

(6) 3» i» h" (7) 2, h h — 

(8) .3. (9) -io7. (10) I, -i, i, ... 
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CHAPTER IX. 
ON EQUATIONS. 

(1) On Finding Unknown Quantities. 

156. Any assertion in algebraical form by means of the sign = 
that two expressions are equal to one another is called an equality. 
If one expression can be shown to be actually equal to the other, 
letter for letter, by simply altering the arrangement of the symbols, 
the equality is called an equation of identity, or simply an identity. 
An identity is true- for all particular values which can be assigned 
to the symbols, like 

157. If, on the other hand, the equality is only true for certain 
particular values of the symbols involved, it is said to be a con- 
ditional equation, or an equation of condition, and its common 
name is an equation. Our general business with equations is to 
discover the values of the symbol, which are unknown to us, that 
make the equation true, or, as it is called, satisfy it. Th's is called 
solving the equation, x, _y, z are the letters commonly used for 
unknown quantities; but any letter may become an unknown 
quantity through some particular application of a formula. 

158. At present we shall only require x for our unknown 
quantity, for we are only going to deal now with equations 
involving one unknown quantity, and only in the first power, as x, 
not or* or a:". Such equations are said to be of the first degree, and 
are also called simple equations. 

159. A simple equation will often appear to be of a higher 
degree at various stages of the operations performed upon it, but 
all higher powers must finally disappear. Hence, a simple 
equation is an equation which when arranged as an integral 
expression contains the first power of x only. 
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160. Simple equations are solved by operations which depend 
upon the following axioms : — 

i. If equals be added to equals, the results are equal. 

ii. If equals be subtracted from equals, the results are equal. 

iii. If equals be multiplied by equals, the results are equal. 

iv. If equals be divided by equals, the results are equal. 

V. If equals be raised to the same power, the results are equal. 

vi. Like roots of equals are equal. 

161. We shall commence with examples of an extremely ele- 
mentary kind. 

x-\-2 =: 5 is solved by Ax. ii. 

— 2 =—2 



^ = 3 
Subtract 2 from each side, or add — 2, which is the same thing. 
This gives the solution, .r = 3. 

If we generalize this equation, we may write it, 

x + d = a 
Add to each side — ^, — ^ = — ^ 



X 


= 


a-b 


x-b 


:=:: 


a 


+* 


= 


+ 3 



Similarly, 
gives, by adding + ^, 

X = a + 3 

162. These results are comprised under the following general 
principle, which is much used in the solution of equations : viz. 

I. Any quantity may be transposed from one side of an 
equation to the other by changing its sign. 

X 

Again, suppose w^e have — = 6, the two sides being equals will 
remain equals if we multiply them by 3, 

And if 3^= 15, 

these equals will remain equals if divided by 3, giving 

G 
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Hence we have the general principle : — 

II. Every term of an equation may be multiplied or divided by 
the same quantity. 

If —x-^a= d—c 

c—b +a :=x 
—.d + c^zx—ay and we have the principle, 

III. Every term of an equation may have its sign changed 
without altering the condition. 

But if the three last principles be applied to some of the terms 
of an equation only, others being passed over, error will result. 

IV. If more convenient, we may evidentiy interchange the two 
sides of the equation, which are equal to each other. They are 
sometimes called the two members of the equation. 

Principle II is most frequently applied in order to clear an 
equation of fractions, as 

XXX 

+ — +2 = 4. 

2 3 12 

In this case both sides are multiplied by the L. C. M. of the 

denominators, which is here 1 2 : the equation then becomes 

6a:— 4^ + .r = 24. 

The next step is to collect the coefl&cients, giving 

3-^= 24. 
Dividing by 3, a: = 8. 

163. We may now describe the usual process in solving a 
simple equation as follows : — 

i. Clear the equation of fractions. 

ii. Transpose all terms containing x to the left-hand side of the 
equation, and all others to the right-hand side. 

iii. Collect the coefficients of x. 

iv. Divide both sides by the complete coefficient of x. 

The order of i. and ii. may be sometimes with advantage inter- 
changed. 

164. But the whole process should be conceived in a more 
general manner, as follows : — 

Suppose all the terms to be assembled, by transposition, if 
necessary, on the left-hand side of the equation. We have then 
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an expression, equated to o, which contains x, and which we may 
consider to have been formed from a: by a certain series of opera- 
tions, as for instance, x may have 

been increased by 5, the result di- 3( 5+ 5)— 24 = 

vided by 4, then increased by 5, then 

multiplied by 3, then diminished by 24. We shall undo all these 
operations by performing upon them in order the inverse opera- 
tions : addition and subtraction being mutually inverse, and multi- 
plication and division mutually inverse. 

Thus, in the example, the last x+fi 

operation was subtracting 24, ac- 3(— — + 5) — 24= o 
cordingly we add 24 : the previous + 24 = +24 

operation was multiplying by 3, so / ^ + 5 . ^\ __ 

we divide by 3 : the one before, add- 4 

ing 5, so we subtract 5 : before that, -^ + 5 . ^ =8 

dividing by 4, so we multiply by 4 : 4 

before that, adding 5, so we subtract "^ = — 5 

5, and this gives ^ = 7, disentangled ^ + 5 _ ^ 

from all the operations in which it ^ 

had been involved. The guiding -^+5 = 12 

principle th^ in the solution of "~5 — ■" 5 

equations is the successive perform- "^ =7 

ance of all the operations inverse to 

those indicated by the notation. And although it may sometimes 
be briefer to follow a slightly different order, the clear apprehension 
of this principle will always be found an advantage. 

It is worth noting, that an equation must of necessity consist of 
unlike terms. If it were otherwise, if x entered as a multiplier 
into every term, the equation if true at all must be true always, 
and could afford no means of determining a particular value of x, 

ax ex 

Multiplying by bd, adx + bcx = hde ; 

{ad + be) X =i bde ; 

bde 



x = 



ad+bc 
G 2 
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The use of collecting the terms is clearly to form a single term, 
which can be conceived as a single operation performed upon jt, 
and so admit of an inverse operation. 

165. In some cases we avoid high numbers by dealing with 
part of an equation and clearing it of fractions, and simplifying 
before the rest, especially when we can comprise two or more 
denominators under a simple L. C. M. 

13-^-5 . 2 -y-3 l3-6-^ 6-7^ 
17 4 3 12 

Multiply by 12, the L.C.M. of 3, 4, 12, 

••• tf(i3-^-5) + 3(2^-3) + 4(3-5-^) = 6-7^; 
^(13^— 5) + 6a:— 9 + 12 — 20Jir= 6 — *jx; 

if(i3-^-6)-7-^ = 3; 

156.^—60—119:1;= 51; 

37.r= in; 
.r = 3. 

This is often the best plan when there are fractions with com- 
pound denominators, if one of them occurs more than once ; 

12 I 

x—i .r-f7 7(.r— i) 

Multiplying by 7 (^ — i ), 

x—i 

6—14 = o; 

j: + 7 

or— I 

3a: + 2I — 7a: + 7 = o; 

28 = /^x\ 
j; = 7. 

166. When there are complex fractions, the first thing is to 
simplify them ; ^^ ^^ 

9 16 4 * 12 * 
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Multiply by 4, 



9 4 4 ^2 

Multiplying by 36, ' 

16^— 84+i3S + 5i3--27a: = 8676 — 15^1;+ 288 — 396^. 
Transposing, 

16^— 27 a:+i6a: + 396^^ = 8676 + 288 + 84— 135 — 513; 
427^— 27A: = 9048 — 648; 
400^ = 8400 ; 
4^ = 84; 

X = 31. 

167. We now giv^some specimens of the solution of equations. 

(1) 4:r— II = 29— AT. 
By transposition, 4^:+^: = 29 + 11; 

collecting terms, 5 J^ = 40 ; 

by division, or = 8. 

Multiplying by 15, i6-^ + 5-^+ :»;= 30:^—45; 

transposing, — 30^ +15^1: +5:^+ ^ = —45; 

collecting terms, — 9 ^ = —45; 

changing the signs, 9 j:i; = 45 ; 

by division, ^ = 6- 

We should have done better in the last case, for the sake of 
avoiding negative signs, to transpose the known quantities to the 
right-hand side and the unknown to the left. We shall follow this 
method in the next example : — 

(3) 6-^=^-3, 

55--^ - 4 = ii^-33> 
55 + 33- 4 = 11^ + ^, 
84 = i2ar; 
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(4) 



X—4 X-\-2 



x—6 x — 4 
Multiply by the L. C. M., viz. (^—4) (-^—6) : we have 

{x^4Y=:{x + 2){x^6). 

^^— 8j;+i6 = :v*— 4Ji;— 12. 
The term x^ may be removed from each side, 

/. —8a:+i6 = — 4:^—12; 

2^— 4 = -^ + 3; 

.r = 7. 



Exercises. JTo. 61. 

17-^—3 = 45 + "-^- 

Sx—s = 13 — 1^' 

3a + :»r— 5^ + 2 = 73—a + r + 3. 

2(^-3) = 3(-^-4). 

XXX 

1 = 10. 

234 

i35--=2a;-85. 
42 4 

49a: 



+ 2 = 5.^—14. 



6-^ 4 



--i3 = S + 



j: 



3 " 8 32 

2a:+7 + -.r = 6^—23., 
2 

■y+3_^ . 9-2^ 

4 -— = 2H • 

6 3 

5a: :i; 4^.,^_, 3 

f-2^= I ' 

7 3 6 4 

25 _ 



10 



^+3 3^—4 

I ^ 7-^ 3-^ ^3 

I2-+3X-6 — r^=— --5f 

4 348 

— 6 = 3-^ + T* 

64 3 ^^ 2 

21—50: 28 — 20; 8 
^- + = or. 

5 ^5 
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^23 4 

(17)^+1=20-^. 

^ ^ 5 10 4 8 

19) ^x 282 = -+-. 

^2 34 

(20)18+4 + ^=15^+3-. 
' 126 50 2 

(21) ^-.i2-i = i^(^-4)-3-. 



(22; 



^X X—2 ^2X'-^g X 

49 9 "" 45 28 



(23)i^(^-5) + i5 = ^ + 3--f- 

(24)3lf_^ + 3i7^49f^ 
^'682 3 

(25)i2 + i + 3A;-6-^ = 3£_5| 

4 348 

6 



(26)3^+^-5=^- 



^ X 

I^m.\ X X . X X 

(27) - + - + - = 7:^-712 + -. 
^'234' 5 

d 

(28) 3^0: + 3 = hx^a, 

(29)3^-/-^ + 8=-i7-^ + ^. 

(30) (3+J^)(S+-^)-48 = ^ + x'. 

5 
1+^ 21-5^ ^x X X 

(31) h3 = ~~ + Z" 

^ ^ 4 30 4 15 6 

(32) _£^_ A!L. 

(33) 3-2SJt:— 5-007— a: = 0-2 — 0-34^. 

(34) i3-2Ar- 3^+ 7-6953 = ^ + 7834.5. 

4 5 
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(35 

(36 

(37 
(38 

(39 
(40 
(41 
(42 
(43 
(44 
(45 



ex ex ax , 

ace (a'\-b\^x , , 

-3 — ^ ox = ae—'xox. 

da 

labc _g'_g_ (2g + 3)3'j; _ bx^ 

'^h^ia^hY'^ a^a^-hf - 3^^+ ^ • 

48:r2 + 28;tr— 48— (360:^36:^-16) 

= i2^»-i3^ + 3. 
7^" 6:K:*+Hjtr" zx^^-dx^"^ 



x—i 

I 



I I 



x^-i 



a;— 2 JIT— 3 ^—4 ^—5 
I I I I 



jc— a j;— ^ .r— r x—d 



2X^ 



3 5 _ 

:»;— 2 a;+2 :»;"— 4 

4-^+2 ^ + 3 _ 6 



— 2. 



^—3 ^+1 a:"— 2J»:— 3 

2.y~7 S^-^-S _ 4 

^+5 Jc— 2 

ax— 5 cx—d 



+ 3. 



^*+3^— 10 
5 



— I. 



x-^-e x—e x^—^ 



+ a—c. 



(2) Problems producing Simpld Equations. 

168. Arithmetical questions are usually solved by certain rules, 
which direct us to operate upon a given number by the simple 
processes of Addition, Subtraction, Multiplication, and Division, 
separately or in combination. 

Each rule is equivalent to some such form as 

Answer = 530 x 31-4-26 + 6 = 626; 
or, if we employ general symbols, a, b, c, &c. for the data, and 
X for the unknown answer, we have some such form as 

X = a X b-i-c + d, 
where x appears by itself on one side of the sign of equality. 

Here x, not being wrapt up with any of the data, nor itself to 
be operated upon, is said to be given explicitly (unfoldedly). 
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169. We have seen that an unknown quantity ^jnay be deter- 
mined by an equation under which it is wrapt up or folded in with 
the data (or even with itself), as in 

+ ' = 2, 

x—l x—4 

so as tolbe only separable by a series of processes. It is then said 

to be given implicidy. The equation may be put into words, as in 

Exercises, No. 44, and then it appears that such an equation is the 

algebraic expression of an implicit condition, i. e. a condition which 

makes the unknown quantity itself the subject of operation. 

Questions that require the discovery of an unknown quantity 

determined by an implicit condition are called in Algebra Problems. 

170. Some arithmetical questions are occasionally proposed in 
an inverse form (see Scholar^ s Arithmetic, chap. VII), naming the 
result of certain operations upon an unknown number, and de- 
manding what number it is. These questions involve an apparent 
difficulty, viz. that we cannot in Arithmetic operate upon an un- 
known number ; but our knowledge of the operations of Addition 
and Subtraction, or of Multiplication and Division, &c., as mutually 
inverse to each other, enables us to evade the difficulty, by trans- 
forming the questions into others, to which the rules of Arithmetic 
immediately apply. Thus the question, What number is that which 
increased by 5 becomes 11? is transformed into. What is the 
result of subtracting 5 from 11? just as in Algebra we transform 
the equation a:+5 = 11 into jp= ii— g- Or again, What number 
is that which multiplied by 13 becomes 91 ? is transformed into. 
What is the result of dividing 91 by 13 ? just as 13.^:= 91 gives us 
j:=9I-*-i3. 

171. This process can be carried much further. Its principle i» 
that upon which the solution of equations depends ; see Art. 164. 
When more complex operations are involved, recourse should be 
had to Algebra, which by its general symbols greatiy extends our 
power of expressing operations upon an imknown quantity, and 
thus of discovering by organized methods the unknown quantity. 

We confine ourselves at present to problems producing simple 
equations. 
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172. Every problem divides itself into two parts : — 

i. 2rhe algebraic statement^ or expression of the condition in 

the form of an equation, 
ii. The solution of the equation. 
The solution of simple equations has been sufficiently considered 
in the last section. 

We now deal with the algebraic statement. 

173. The first thing is to fix on the unknown quantity, and to 
say plainly what it is, and what is its unit. As a general rule, it is 
the number demanded. 

Consider, What does the question demand ? It says in some 
way or other, How many ? How many what} If the demand is 
for a number, the case is plain. Say, let x be the number required. 
If it is a length, or a magnitude of any kind, turn * How much ' 
into 'How many' by fixing on a unit, so as to be able to say, 
Let X be the number of feet required, or the number of ounces, 
or, if money, the number of shillings, or pence, or pounds, as most 
convenient. Then proceed to express in algebraical language 
the various operations performed on x^ and finally express the 
condition. 

This condition must be expressed as an equation, i.e. there 
must be two things, which we obtain separately and which we 
equate. 

174. The simplest kind of condition is when the result of a 
certain series of operations upon .r, which may be regarded as one 
compound symbolical operation made up of several, is stated to 
result in a given value. 

Here we have, first, a symbolical result, and second, a numerical 
result, and we equate them. 

For example, What is that number, the double of which, in- 
creased by 13, amounts to 57 ? 
Take the clauses separately : — 
What is that number. Call it x, 

the double of which, viz. 2Xy 

increased by 13, i.e. ix-hi^, 

amounts to 57 ? = 57. 
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The result symbolically expressed is 2.r + 13 : but the last clause 
states it to be 57. We express the equivalence of these two forms 
of the result by equating them. 

Another example. What is that number, the half of which, 
together with its third, is equal to 30 ? 

What is that number, Call it x, 

the half of which, viz. — » 

2 

X 

with its third, + — » 

3 

X X 

is equal to 30 ? .•.— + —= 00. 

23^ 

In each case we complete the statement of all the operations 
upon x^ or of the compound S)nnbolical operation upon x^ and 
equate the result thus expressed to the given result. 

The same problem might be stated in many other ways, as — 
A has twice as much money as B^ and three times as much as C, 
and B and C together have 30^". : how much has A ? 

175. More commonly, we have two symbolical results, derived 
from two compound symbolical operations, and these are stated to 
be equal to each other, or to be in some other way related to each 
other. For instance,' 

Example 1. — What is that number, the half of which, together 
with its third, increased by 5, is equal to twice the number, less 30 ? 

What is that number, Call it x. 



the half of which, 


. X 
VIZ. —J 

2 


with its third. 


X 

3 

+ 5. 


increased by 5, 



X X 

jFirst result, expressed symbolically, — H h5* 

2 3 
Twice the number, 2 x, 

less 30,. — 30. 

Second result, expressed symbolically, 2;r—30. 

Equation : — H 1- 5 = 2 j;— 30. 

2 3 *" 
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Example 2. — Two persons, A and B, start on a journey with a 
certain sum of money between them. A takes out 15^. and one- 
sixth of the rest : B then has 12s. and one-fourth of the rest, when 
they are found to have shared equally ; how much was there at first ? 

Let X = the number of shillings at first 

A takes 15^., there remains x— 15, and the sixth part of this is 
I {x— 15), so that A has on the whole 15 + i {x— 15). 

There remains ^—15—^(^—15) = |-(^— 15). 

When B has had 12s., there remains f(;i;— 15)— 12; 

/. i2 + i(^^-i5-i2) = i5 + i(^-i5)- 

We shall find x = 159 = £7 19J. 

Example 8. — ^Divide a garden 40 feet wide so that there may 
be a gravel path on each side 4 feet wide, and a border between 
the path and the walls one-sixth of the width of the central portion. 

We avoid fractions by taking x to be the width, in feet, of the 
border; then 6 a? is the width of the central portion ; and 

2;r+ 2 X4 + 6ji; = 40, 
Sx = 32. 

The border is 4 feet wide, and the central part 24 feet. 

Example 4. — Three persons shared a ship's cargo. One 
person A had one-fourth, B had one-fifth, and C had JS220. 
What were A's and B's shares ? 

Although A*s and B^s shares are the numbers asked for, yet we 
best avoid fractions by taking the value of the whole cargo in £'s, 
which is an unknown quantity = x. 

Thin A's share = — , B*s share = — 

4 5 

X X 

— -I [-220 = x: 

4 5 

X = £400, -4's share = £100, ^'s share = £80. 

There are many similar cases in which it is convenient to take 
X to represent not the number demanded, but some other con- 
nected with it, and from which it may easily be derived. 

Example 6. — A labourer is engaged for 50 days on these 
conditions : for each day he works he is paid three shillings and 
sixpence, but forfeits one shilling for every idle day ; at the end of 
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the 50 days he is found to be entitled, under the agreement, to 
£6 igs,; required the number pf days he worked and the num- 
ber of idle days. 

Let ^ = the number of working days. 

.-. 50— j; = „ „ idle „ 

.-. -^-(6o-^)=i39> 

whence x = 42, ^o—x = 8. 

We shall now propose a question in a general form, i.e. involving 
general symbols only, which will of course apply at once to any 
particular case on the substitution of particular numbers for the 
general symbols. 

Example 6. — A ship sails with a supply of biscuit for a days, 
at a daily allowance of m lbs. per head : after being at sea 5 days 
she encounters a storm, in which n of her crew are lost and 
damage sustained which will cause a delay of c days, and it is 
foimd that each man's share must be reduced to / lbs. a head. 
Find the original number of her crew. 

Let X = the number demanded. 

Then max = the number of lbs. of biscuit on sailing. 

M{a'-d)x =: „ „ „ 6 days later. 

This is the first symbolical result. 

After the storm the crew is x—n, and they have to remain at sea 
a—5+c days, at a daily allowance ofp lbs. per head. 

In that time they will use up /(a—^+f) (jc--»), and this is 
the second symbolical result. But the two are equal, since they 
exactly consume the remainder. 

.*. m{a—d)x^p{a'-6 + c){x—n), 

np(a—b-\-c) 
{p-'fn){a—b)-{'Cp , 

Let J! = 60, « = I, 3 = 20, « = 5, ^ = 24, / = 4> then x = 40. 

176. Any question may be thus generalized by writing in the 
statement general symbols instead of particular numbers. For 
instance, 

Example 7. — To divide the number 75 into two parts, so that 
the one shall be 4 times larger than the other. 
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Let X be the smaller part. 
/. 75— a; is the larger. 
But the larger is also 4X ; 

.'. 75 x =^ 4*^> 
•^= i5> 75—^ = 60. 
Instead of 75 write a, and instead of 4 write fw, and we have the 
general question, 

Example 8. — To divide the number a into two parts, such that 

one shall be m times as great as the other. 

Let X be the smaller part. 

.'. a—x is the larger. 

But this is also mx ; 

.*. a—x = mx ; 

a ma 

x = > a—x = 



m-\-i m+i 

177. We now notice some cases in which the notions of ratio or 
proportion enter. 

By what number must we multiply a to increase it in the ratio 
of 3 : 2 ? 

Let X be the multiplier ; therefore it becomes ax, and 

ax : a : : ^ : 2, 
By the rule of extremes and means, it follows that 

2 oj; = 3 a, 
X — ^, 
the fraction which expresses the ratio 3 : 2. Similarly, the mul- 
tiplier which diminishes a in the ratio 11 : 12 is ^, and gene- 
rally, the multiplier which alters a number in the ratio o^ a : d 

a 
is -z. This last phrase, 'altering a number in a given ratio,' 

must be used wjth caution, being sometimes used differently. (See 
Scholars Arithmetic^ chap. XII. (5), note.) We call the fractions 
thus employed to modify numbers in a given ratio their * Ratio- 
Multipliers,' or, where the same multipliers apply, as in Interest 
or Percentage, to a whole class of cases, ' Fixed Multipliers.' Most 
of these cases are best dealt with by finding at once their Fixed 
Multipliers. 
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Required to divide a number a into two parts, which shall be 

in the ratio of m : n. 

Let X be one part, then a—x is the other, and 

X : a—x :: m : n; 

.'. fix =^ m{a'-x), 

m n ' 

X =^ a, a—x= a. 

m+n m+n 

Thus these parts are found by multiplying the number by ratio- 
multipliers which have the terms of the ratio for numerators and 
their sum for denominators. This rule is very often useful. We 
think of it thus : the numbers which represent the ratio may repre- 
sent the parts themselves, provided their sum represents the whole. 
This rule applies equally if there are several parts. 

Required to divide x shillings between two boys in the ratio 
of their ages, which are 8 and 12. 

Ratio-multipliers = - and = -• 

^ 8 + 12 5 8 + 12 5 

2 X '^X 

.-. the parts are — 5 ^— • 

5 5 

178. When a problem contains two or more unknown numbers 
which are stated to be proportional to given numbers, the un- 
known numbers are best expressed as corresponding multiples 
of Xj which is taken for the prime multiple. 

For instance, if we have to find three numbers, in the proportion 
of 3> 5> 7> which shall together make 315 : we assume ^x, ^x, *jx 
to represent the numbers, and we have the condition, 

3^ + 5.r + 7^= 315, 
whence j; = 21, and the three numbers are 63, 105, 147. 

179. This mode of expression is useful in problems respecting 
movement, where two or more different rates of velocity enter. We 
usually take the number representing the slowest rate of movement, 
whether so many miles per hour, or feet per minute, &c, as the 
value of X, 

But in problems respecting the movements of the hands of a 
watch, it is more convenient to take x to represent the number 
of spaces (signifying minutes) passed over by the minute-hand. 
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Then, since the minute-hand moves over 60 such 'spaces while 
the hour-hand moves over 5, the number moved over by the hour- 
hand in the same time = 

12 

For example, Required the time when the hands are together 
between three and four o'clock. 

At three o'clock the minute-hand pointed to 12, since which 
it has moved through x minute-spaces. Meanwhile the hour-hand 

X 

has moved through — : it had also a start of 15 minutes : when 
they are together, 

jif = ||- X 15 = J 6^ minutes past three. 

180. To state the same question generally, Find the time when 
the hands are together between m and m+i o'clock. 

At m o'clock the minute-hand pointed to 1 2, since which it has 
moved through x, and the hour-hand has moved in the same time 

X 

through — , and it had also a start of 5« minutes, 
12 

X 
.*. X= h 6OT, 

12 
12 60m 

X — — X 5/» = 

ji II 

The interval between the hands being together (or their conjunc- 
tion) between m o'clock and m-{-\ o'clock and in the next hour is 



60-l-ff /Tz-h i-5i^ = 6o-}-fJ = 6o-f-5xV, 

= 65^^ minutes. 

It is therefore a fixed period, viz., the 11*^ part of 12 hours. 

If the time of the hands being opposite to one another had been 

demanded, we should have had 

X 

12 

and in a similar way any like problems may be treated. 

181. A similar method applies also to the revolutions of the 
heavenly bodies about the earth or about the sun. 
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For instance, Given that the sun's apparent revolution about the 
earth is n days, and that of the moon about the earth in its orbit 
m days ; find the length of a lunar month from new moon to new 
moon. 

Think of the moon as the minute-hand, and of the sun as the 
hour-hand of a watch, and both starting from 1 2 o'clock. 

Let X be the number of spaces, each equal to one da/s motion, 
through which the moon has moved from the place of conjunction 

(new moon), then the sun will have moved through — such 

intervals in the same time ; then, since m of such intervals brings 

the moon quite round again to the same place, and it has to go a 

little further, through the space just named, again to overtake 

the sun, ' mx 

.'. jr = m 4. — ; 

n 

mn 
.*. nx—mx = /wn, x = 



n—m 

The real value of n is 365-25 nearly; and m = 27-32 d.; and this 
gives AT = 29-52 d., or 29 J days nearly. 

182. Success in stating problems greatiy depends upon facility 
in the algebraical expression of quantities and their relations. The 
scholar should therefore practise himself in such exercises as the 
following. 

Exercises. No. 62. 

I. If X denote a sum of money in shillings, express — 

(1) Its double, less three shillings. 

(2) Half its value, less half-a-crown. 

(3) The number of £'s in its third part. 

(4) The number of pence left after paying a shilling away. 

(5) One man's share, when three times the amount increased 
by five shillings is divided among nine men. 

(6) A boy's share, when the amount increased by two pounds 
is divided equally between three boys. 

(7) If the amount buys 10 loaves, find the price of a loaf. 

(8) The charge per mile, if a railway ticket for 33 miles cost x, 

(9) The charge for 11 miles at the same rate. 

H 
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II. If X denote the number of years of a man's age, express — 

(1) His age five years ago. 

(2) His age five years hence. 

(3) The present age of his children, who were bom at intervals 
of two years and the youngest seven years ago. 

(4) The age of his wife, who was two-thkds of his age at the 
time of their marriage ten years ago. 

III. If X denote a length, expressed in yards, find 

(1) Its half diminished by an inch. 

(2) The remainder from in feet after deducting three times 
the said length. 

(3) The remainder, after taking from it one-half of its length 
and one inch and one-fifth of the remainder. 

(4) How to divide it into two parts in the ratio of i to 11. 

(5) The time taken to traverse it at the rate of 5 yards a minute. 

(6) The time that a train, 5 yards long, would require to pass 
another at rest, x yards long, at the rate of a miles an hour. 

(7) To pass the same train, if the latter be moving at the rate 
of c miles an hour ; first, in the same direction ; secondly, in the 
opposite direction, 

IV. The rate of movement of a train being x miles per hour, 
find— 

(1) How far it has gone in 20 minutes. 

(2) How far in a hours. 

(3) In the time that a man who walks a miles in an hour takes 
to walk a mile. 

(4) In the time that the same takes to walk 5 miles. 
(6) How long does it take to go a mile ? 

(6) How long does it take to go d miles ? 

(7) How long does it take to go the distance which a man 
who walks a miles in an hour goes in 6 hours ? 

(8) What is its rate per minute in miles ? 

(9) What is its rate per minute in feet ? 

(10) What is the rule to express the rate of any moving body ? 
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(11) What is the rate of a railway train which takes 40 minutes 
to go 30 miles ? 

(12) The train being a yards long, find the time it takes to 
pass, first, a given post ; second, a train 6 yards long at rest ; then 
the same moving at double its rate in the opposite direction. 

V. (1) Express jc per cent, of a, 

(2) Express x per cent, of a if x per cent, of 5 is c. 

(3) What must a tradesman charge for an article which cost 
him c, first, in order to make 5 per cent. ; and secondly, in order 
to make d per cent, profit on it ? 

(4) What must a tradesman add to the price of an article c, 
first, in order to allow for a discount of 5 per cent.; secondly, 
of d per cent. ? 

(5) If X gallons of wine be taken out of a vessel of wine, 
containing a gallons,^ and the vessel be again filled up with water, 
find the quantity of wine in d gallons of the mixture ? 

Exercises. "No. 63. 

(1) A boy was sent to the Post OflSce with half-a-sovereign 
to procure a money-order, and was desired also to buy st|imps 
to half the value of the money-order. He paid id. for the order, 
and brought back 2^. 2d, What was the amount of the order ? 

(2) A was sent on an errand to a neighbouring village ; when 
he had been gone 8 minutes B ran after him with a forgotten 
parcel, and, by going twice as fast as A, overtook him a mile from 
home : what was -4's rate of walking ? 

(3) Make the last question general by putting a minutes instead 
of 8 minutes, d times as fast for twice as fast, and c miles instead of 
I mile. Having found the general solution, find the particular 
answer if a = 10, 3 = 2, ^ = i. 

(4) Find two such numbers that their sum may be 24, one of 
them being twice as great as the other. 

(5) Find two such numbers that the one may be m times as 
great as the other, and that their sum may = a. From the 
general result find the answer if »« = 3, and a = 128. 

(6) Find two such numbers that the one may be four times as 
great as the other, their difference being 36. 
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(7) A sum of £315 is to be so divided between A and B that 
^'s share may be to ^'s share as 2 to 7. How much does each 
receive ? 

(8) How much money have I in my pocket, if the fourth and fifth 
parts of the same together amoimt to i is, 3^. ? 

(9) A person has 264 fourpenny and threepenny pieces, and 
4 J times as many of the former as of the latter. What do they 
amount to ? 

(10) The sum of £650 is to be divided between two brothers, 
but so that the elder receives four times as much as the younger. 
How much does each receive ? 

(11) Two persons on going into partnership find that their 
common stock amounts to £9675, whereof one contributes twice 
as much as the other. What was each man's capital ? 

(12) A party of twenty are travelling by railway. The full fare 
being 6^. 8^., and children travelling half-price, find how many 
children were of the party, supposing £5 to have been paid for 
fares. 

(13) An innkeeper agreed to himish refreshments for a party of 
50 at 2s. a head for men, and is. gd, a head for women : the 
account came to £4 15^.; of how many men and women did the 
party consist ? 

(14) If 2 women can do the work of 3 boys, and if 3 men can 
do the work of 5 women; find a woman's share of £44, which is 
paid to 5 boys, 3 women, and 5 men for doing a piece of work. 

(15) Divide £26 3^. ^d. between three persons, so that their 
shares may be to one another in the proportion of the fractions 

a> TS' 4' 

(16) Four towns whose populations respectively amount to 
1350* 2425, 3200, 5445, contribute according to population to 
make up the sum of £2732 Ss.; how much is paid by each ? 

(17) A boy buys a certain number of oranges at 3 for 2d,, and 
one- third of that number at 2 for id,: at what price must he sell 
them to get 20 per cent, profit ? If his profit be 5^. ^d,, find the 
number bought. 
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(18) At what time will the hands of a watch be together 
between eight and nine o'clock ? 

(19) At what time will the hands of a watch be opposite to 
each other between eight and nine o'clock ? 

(20) From the last question point out what is wanted to make 
the last paragraph of Art. 180 complete for all cases. Take for 
examples the intervals from four to five and from seven to eight 
o'clock. 

(21) The eldest of four children receives from the property 
left by his father £iooo and the fifth part of what remains: after 
this the second receives £2000 and the fifth part of what remains : 
after this, the third receives £3000 and the fifth part of what 
remains, and the fourth receives what is then left. Supposing the 
shares to turn out equal, what was the amount of the property, and 
what did each get ? 

(22) Two persons, A and B, drink beer out of an eighteen 
gallon cask for eighteen days, when B leaves off, and A, by re- 
ducing his consumption by one quarter, finishes the cask in 12 
more days ; find the daily consumption of each, on the supposition 
that ^'s share of the cask is thrice that of B. 

(23) A person invests £1700, part of it in 3 per cent stock 
at 90, and the rest in 3^ per cent stock at 104, and obtains an 
income of £55 per annum : what sum does he invest in each? 

(24) A man's age is three times that of his son ; ten years ago 
it was five times : what is his age ? 

(25) Find a number such that if we add to it its half, the sum 
will be as much above 60 as the number itself is below 65. 

(26) There are two stations, A and B, 1760 yards distant from 
each other. A man starting from A at two o'clock, and walking 
uniformly, reaches B at half-past two. Another man starting from 
B at ten minutes past two reaches A at twenty-five minutes past 
two. At what distance from A did the two men pass each 
other? 

(27) A traveller sets out from A for B, and walks 3 miles per 
hour. Fifteen minutes afterwards another traveller sets out from 
B for ^, and walks 3I miles per hour; and he goes two miles 
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beyond the middle point between B and A before he meets the 
first traveller. Find the distance between B and A. 

(28) In a contested election B has J of the votes polled : and 
the number of votes given for him bears to C's the ratio of 7 : 6. 
A has 2304. How many had B and C? 

(29) An estate of 864 acres was divided amongst A, By and C ; 
A's share is to ^'s as 5 to 11, and that of C is equal to the sum of 
the other shares : find them. 

(30) The sum of two numbers is 13, the difference of their 
squares is 39. What are they ? 

(31) In a half-mile walking match B*s step was 5 inches shorter 
than A*s, but B took 16 steps to 11 of A's and won by 155 yards ; 
find A's step. 

(32) Two men purchase an estate for £9000. A could pay 
the whole, if B gave him half his capital, while B could pay the 
whole, if A gave him one-third of his capital. How much money 
had each of them ? 

(33) Divide the number 208 into two parts, such that the sum of 
one-quarter of the greater part and one-third of the less, when in- 
creased by four, shall equal four times the difference of the two parts. 

(34) A man had a number of pennies, which he wished to 
arrange in the form of a square. At his first attempt he had 
130 over, but when he increased the side of the square by 3 pennies 
he had only 31 over. How many pennies had he? 

(35) Two numbers are in the ratio 4:5. If the one is 
increased and the other diminished by 10, the ratio of the re- 
sulting numbers is inverted. Find the numbers. 

(36) The difference between a certain number and its defect 
from 15 is 11 ; find the number. 

(37) The difference between a certain number and its defect from 
1 7 is equal to three times its defect from 2 1 ; find the number. 

(38) There are two numbers which together make 60. If 5 be 
added to the larger number, and the sum be divided by 3, the 
quotient is half the smaller number. Find the difference of the 
two numbers. 

(39) From a bag of sovereigns are taken out, first, one-tenth of 
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the whole, then 10 sovereigns, then one-seventh of the remainder, 
and after this the bag is found to have in it three-fifths of its 
original contents : how many sovereigns have been taken out ? 

(40) Saltpetre and sulphur in the proportion of 7 : 3 make up 
together a weight of 80 lbs. How much saltpetre must be added, 
or how much sulphur taken away, if the proportion of these two 
substances is to become 11:4. 

(41) A man bought a certain quantity of apples to divide among 
his children. To the eldest he gives half the whole all but 8 
apples ; to the second he gives half the remainder all but 8 apples. 
In the same manner also does he treat the third and fourth 
children. To the fifth he gives 20 apples that remain. How 
many did he buy ? 

(42) From a sum of money I take away £50 more than the 
half, then from the remainder £30 more than the fifth, then from 
the second remainder £20 more than the fourth part: at last only 
£10 remain. What was the original sum ? 

(43) Two partners A and B possessing equal shares of a 
business agree to dissolve partnership. A takes one-tenth of the 
stock in trade, B takes the rest and pays £560 to A, What is the 
stock in trade worth ? 

(44) To find an arithmetical mean between 7 and 17 ? 

(45) To find three arithmetical means between 11 and 17 ? 

(46) A sum of £9 16^. iid, was paid in 34 payments, which 
increased by 3^. a time ; what was the first payment ? 

(47) At what times are the hands of a watch at right angles 
between five and six o'clock ? 

(48) A man starts to run when the hands of his watch are 
together, and stops as soon as they come into the same straight 
line. He finds that he has run 13,200 yards. How many miles 
per hour would he pass over at this speed ? 

(49) The hands of a watch were observed to be together when 
the clock struck twelve, and again at six minutes past one ; what 
time will the watch indicate when the clock strikes three 10 days 
hence ? 

(50) If a man can row from A to B with the stream in 45 
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minutes and takes 75 minutes in coming back, compare the rate 
at which he rows with the rate of the stream. 

(51) A man walking at the rate of 4 miles an hour observes 
that a train 88 yards long passes him in 5 seconds ; at what rate is 
it moving ? 

(52) A train 66 yards long, which had come 50 miles from the 
terminus in jone hour, met another no yards long, which it passed 
in 5 seconds ; at what rate was the latter moving, and where will it 
meet a goods train, moving at the rate of 20 miles an hour, which 
left the terminus half-an-hour after the first ? 

(53) A person has bought goods for £40, he sells a portion of 
them at a gain of 5 per cent, and the remainder at a gain of 35 per 
cent., and gains 30 per cent, on the whole transaction. Determine 
the two portions. 

(54) A person sells goods which cost him £,a in two portions, 
at a gain of m and n per cent, respectively. His gain on the 
whole being p per cent., determine the two portions. 

(55) A buys a cask of no gallons of wine for £120, and sells 
half of it at 245^. a gallon. At what rate must he sell the rest in 
order to make 25 per cent, profit ? 

(56) A buys 1000 quills for 20^. and sells half at 2s. 6d, a 
hundred; what must he charge per 100 for the remainder to make 
50 per cent, by the whole ? 

(57) A person walked to the top of a mountain at the rate of 
2 J miles an hour, and down the same way at 3^ miles an hour, 
and was out 5 hours ; find the distance to the summit. 

(58) A man has a sum of money amounting to £23 15^., con- 
sisting of half-crowns and florins; he has in all 200 pieces of 
money : how many has he of each sort ? 

(59) Two shopkeepers went to the cheese fair with the same 
sum of money. The one spent all his money but 5^. in bu3dng 
cheese, of which he bought 250 lbs. The other bought at the 
same price 350 lbs., but was obliged to borrow 35^. to complete 
the payment. How much had they at first ? 

(60) A person invests £1024 at a certain rate of interest, and 
invests the dividend in the same way. At the end of two years he 
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receives back for his capital and compound interest on it the sum 
of £ 1 1 56 : what was the rate of interest ? 

(61) A cistern can be filled by two pipes together in i j^ hour. 
The larger pipe by itself will fill it in one third of the time 
required by the smaller. What time will each pipe separately 
take to fill it? 

(62) By his win a man leaves a sum of £2520 to be divided 
among his four sons, Ay B, C, Z>, as follows : C is to have £360, 
B as much as C and D together, and A £1000 less than twice as 
much as B, How was the money divided ? 

(63) From the 8th to the 19th of June last year the thermometer 
was observed to ascend a degree and a half each day, and the 
mean of all the observations was 74°. What was the height of the 
thermometer on the 8th of June ? 

(64) With equal volumes of two fluids, one of which is three 
times as heavy as the other, form two mixtures of equal volume, 
one of which shall be twice as heavy as the other. 

(65) If apples sold at four pecks for 3J. yield i6f per cent. 
profit, what will be the rate of profit per cent, when three pecks 
are sold for 4^. ? 

(66) A man bought a house which cost him 5 per cent, upon 
the purchase money to put it in repair. It then stood empty for a 
year, during which time he reckoned he was losing 4 per cent, 
upon his total ouday. He then sold it again for £1192, by which 
means he gained 10 per cent, upon the original purchase money. 
What did he give for the house ? 

(67) A person starts fi-om Ely to walk to Cambridge (which is 
distant 16 miles) at the rate of 4^ miles an hour, at the same time 
that another person leaves Cambridge for Ely walking at the rate 
of a mile in 18 minutes ; where will they iheet ? 

(68) A tradesman buys some stuff at the rate of 7 shillings for 
5 yards; he sells it again at 11 yards for 16 shillings, and gains 
24 shillings by the sale : how many yards were there ? 

(69) Three vessels. Ay B, C, whose capacities are in the pro- 
portions of 2 : 3 : 4, each contain a' quantity of spirits equal to half 
the content oi A, C and B are filled with water A is filled from C, 



I06 THE SCHOLAR^ S ALGEBRA. 

• 

and then C is partly filled with unknown equal quantities from 
A and B. The spirits and water in C are found to be in the 
ratio of 2 : 5. Find the quantities taken from A and B, 

(70) In an examination three-fifths of full marks are represented 
by a number, with two consecutive digits, the former digit being 
the greater. The number which is formed by inverting the digits 
of this number represents half the full marks. What are they ? 

(71) The distance from London to Cambridge (vii Hitchin) is 
58 miles, and from Cambridge to Hitchin 26 miles. An express 
train fi-om London to Cambridge (for which ten minutes is usually 
allowed at Hitchin) is detained there by an accident twenty minutes 
over the time, and afterwards proceeding only at three-fifths of its 
former speed arrives at Cambridge forty-five minutes late. Find 
the speed at first. 

(72) In a gallons of water (each gallon weighing 10 lbs.) 3 lbs. 
of salt were dissolved ; how much water must be added in order 
that there may be only g per cent, of salt, by weight ? 

(73) A farmer calculated that he had sufficient food to support 
/ cows through the winter. After feeding them 9 days, the catde 
plague broke out and carried off r of them daily for 10 days. In 
consequence also of a long continuance of fi*ost he was obliged 
to feed the remaining stock three days longer than he had ex- 
pected, when the food was exhausted. How many days would the 
food have lasted had no deaths occurred ? 

(74) A steamboat, leaving Dover with a favourable wind, arrives 
at Calais in two hours. On its return, the wind being contrary, 
it made 6 miles an hour, less than during the former voyage. When 
it was halfway across, the wind changed and increased its speed by 
2 miles an hour, in consequence of which the whole time, of the 
passage was diminished, compared with what it would other- 
wise have been, in the ratio of 6 to 7. Find the distance from 
Dover to Calais, and the two rates of speed on the second 
voyage. 

(75) Required the contents of three casks, which are such, that 
when the first is filled from the second there still remains two- 
ninths in the latter ; whilst if the second be filled from the third. 
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there remains in the last one-fourth ; finally, the first being emptied 
into the third, 50 gallons are still wanted to fill it. 

(76) Supposing the periods of the planet Venus and of the 
Earth in their orbits to be 224 days and 365 days respectively, 
find how often Venus is between the Earth and the Sun (in 
conjunction). 

{77) The period of the planet Mercury in its orbit being 88 
days, find the period between two conjunctions of the Earth and 
Mercury. 

(78) The specific gravity of milk is i^V' Twenty gallons of 
milk, being supposed to be adulterated with water, were weighed 
and found to weigh 205 lbs. Supposing a gallon of water to weigh 
I o lbs., find the quantities of water and milk. 

(79) The specific gravity of lead is 11-324, that of cork -24, and 
that of deal -45 ; it is required to form of lead and cork a mass 
weighing 80 kilograms, to weigh as much as an equal volume 
of deal. Find the quantities of lead and cork. 

(80) A certain wine, at m shillings per gallon, is to be mixed 
with another, at n shillings per gallon ; what will be the proportions, 
so as to sell the mixture at/ shillings per gallon ? 

(81) If the work done \>y x—i men in jc+i days is to the 
work done hy x-^z men in jc— i days in the ratio of 9 : 10, 
find the number of men and the niunber of days in each case. 

(82) If m women can do the work of n boys, and if/ men can 
do the work of q women, find a woman's share of £«ioo, which 
is paid to c boys, b women, and a men for doing a piece of work. 

(83) In a race over a course of / yards A can give B a yards 
start, and B can give C b yards start. ' How many can A 
give C? and if ^ is placed a yards and C {a + b) yards in advance 
of Ay find how far A will have to run to overtake C. 

(84) P and Q are two places 12 miles apart: A travelling 
uniformly leaves P at the same moment that B and C leave Q 
travelling in opposite directions, Cs rate being 5 miles per hour ; 
when A meets -ff, C is 9 miles distant fi-om both. What must be 
A's rate of travelling that he may overtake C at the same instant 
that B enters P ? 
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(3) Equations oontaixdng Two tTnknown Qtiantities. 

183. If we have an equation of the form 2X + zy ^ ^S* c^^' 
taining two unknown quantities, x and^, we can satisfy it by an 
infinite number of pairs of values of x and j^, supposing that they 
may be perfectly general, i. e. that they are not restricted to be 
integral or fractional, positive or negative. For on these sup- 
positions every simple equation has a root. If then we were to 
assign toj/ any particular value, as 2, we should have a simple 
equation of one unknown quantity, viz. 2X'\-6 = 13, which will 
necessarily have a solution, and so yield a value of x to satisfy it. 
But the number of values that may thus be assigned to y is 
unlimited, and whatever y may be, there is a corresponding value 
immediately to be determined for x. So, on the other hand, 
X may be anything whatever, and we shall, as before, be able 
to determine a corresponding value foT_y. 

For example, if j; = 2, then j; = 3 J ; 

if jc = 2, then j; = 3 ; 

and these two pairs of values satisfy the equation. Again, 

if ^ = I, then j; = 5 ; 

if .r = I, then j/ = 3I ; 

and we might find as many more pairs of values as we please. 

But now, suppose that we have a second equation, as 

^x + 2y=: 12, 
which is also to be satisfied. Although this latter equation, taken 
by itself, might also be satisfied by an infinite number of pairs 
of values of x and y, yet it will be found that only one pair of 
these values will satisfy both equations simultaneously, 

I. This pair of values may be determined by the following 
method, called the Method of Elimination. It consists in elimi- 
nating between the two equations (that is, getting rid of) one of 
the unknown quantities, so that there remains a simple equation 
containing the other unknown quantity together with known 
quantities. ' 
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If necessary, clear the equations of fractions, and arrange them 
under each other, like terms under like, as 

3Ar + 2>/= 12, 

Multiply the first equation by the coeflScient of ^ in the second, 
and the second by the coeflScient of ^ in the first ; then 

4x-\-6y =. 26. 

The terms containing y are now equal, and by subtracting we 
obtain an equation which contains x only, viz. 

We may substitute this value of .r in either of the original 
equations to findj^. Thus, 

3^+2^= 12 becomes 
6 + 2^ = 12, 
2^= 6, 

y^ 3; 

AT = 2, _>/ = 3 are the required pair of values. 

184. This is the simplest way of treating the equations^ so as 

to have no fractions : but the readiest way of seeing the reason 

of the rule is perhaps to divide first by the coefficients of _y, so 

as to have J/ alone in each equation, which will of course disappear 

on subtraction, as 

- ax c 



clx 



and tiien to divide each equation by the coefficient of x^ so that x 
may appear alone in each, as 

^hy_c 

X + ^ — » 

a a 
b'y _ / 



no THE SCHOLAR* S ALGEBRA. 

.ad. c / cb'^/b 

giving (-_-)x = ^-^„ ^ = ^,z^; 

.b 3' __ f / ^^cJ—c'a 

giving the same rule as before. The method is universally ap- 
plicable, if we pay the proper attention to the signs. 

II. Another method frequently employed is that of subsHiuHon. 
This consists in finding the value of one of the unknown quantities 
in terms of the other from one equation, and substituting the ex- 
pression so found for the first quantity in the other equation. 

Example. 3ar + 2^=i2i,) 

Substituting the value 3j/ for x in the first equation, we have 

3X3>'+2>^= 121, 

or 9^+2^= 121, 

II>/=I2I, 

Generalizing, flor + i5y = r , 



mx 






Here jr = — j /. — j/+^^ = f, 

m ffi 

na+mb 

J' = ^; 

m 

mc 



.'. y- 
and .r = 



na-^-mb 
nc 



na-^-mb 

III. A third method is frequently given, that of comparison^ which 
consists in determining the value of one of the unknown quan- 
tities in terms of the other from each equation, and equating them. 
This is only a form of substitution, and need not be considered 
separately. 
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Exercises. No. 64. 

(1) 3-^+7^=8, (9) iiar-ioj/= 14, 
4-^+9^=11. 5;*:+ 7^^ = 41- 

(2) 3-^=5J', (10) 2ar + 3j/=i7, 
•*^+>'=7- 6-^— 3J'=ii. 

(3) a:+J/=i3, (11) 4ar + 3J' = 24, 
^—^=2. 5^:— 2j/ = 7. 

(4) 3^+2^=118, (12) 2Ar + 5j/=2o, 

•^+5J'=i9i- 3Jf-4j/ = 7. 

(5) 2a:-5j/=4, (13) 6o;*:-i7^= 146, 
5-^ + 3-^ = 41. 48Jtr+i3^= 170. 



Jtr 



>:_. (14) .„. 5J' 



:?-:>'= I 39.^-i4>' = -935A. 

4 3 

(7) 8^-16^ = ^, (^^) 5.^-8i = 7^^-44, 

a^+j' = 15- 

(8) 3>'-7'^ = 4, (16) 7j;= 2A:-a;/, 
2y+sx = 22. i9Jtr = 6oj/+62ii 

(17) 5f^-".^ = 4J'+ii7i, 

8^+175 = 2> 

(18) 3^+5J' = ^>. 

4 

189 

49-^ — +48^^ = 9-^ + 273. 

5 

(19) i3^+7>'-34i = 7i^+43i^, 

y 

2X'h - = I. 

(20) 6^=3j,-4, 

. 7x^9 16 

4y+ ' — ^ = — + 27 AT. 
2x3 3 

(21) ii3i^-27f^= io^+6488|, 

9^-347 = 5'^-420. 
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(22) -^-^-^, 

3jf+8>/= II. 

(23) Jf+^= 18.73, 

0-560;+ 13-421^ = 763-4, to 3 places. 

(24) (^ + 6)0'+7) = (.^+i)(^-9)+"2, 

2jr+io = 3>'+i. 

(25) Ar+^ = 30, 

lOAT— IIJ' 2= 486. 

♦ Bemark. — Equations sometimes contain, instead of x, y, the 
reciprocals of these quantities, in such a manner that they may 
be solved with respect to these quantities (the reciprocals) as they 
stand, and the values of x and j^ derived from them afterwards. 

(26) i+j; = -^. (29) J+i=.i. 

Jr J' 15 x^y 

(27) ^-^ = i, (30) --^ = -^- 
^ ' X y t ^ ' X y 1% 

3 4_ i8.r+ioj^c=: 7^. 

AT y 

(28) -+-=«, (31) = a, 



- + - 



~"~ *^ ~"~ ^-» ^a 



(4) Problems produoing Simultaneous Equations. 

185. When two unknown quantities are sought, in order to 
determine them we must have two conditions, and these, expressed 
in Algebraic language, give two equations, to be satisfied simul- 
taneously. 

In several of the problems solved by means of simple equations 
two unknown quantities were demanded. They were, however, so 
connected that one of them could be immediately expressed in 
terms of the other. These problems may, of course, be solved 
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also by means of two simultaneous equations, and the statements 
are often made with more facility by the employment of two 
unknown quantities. For example^ — 

Example 1. — Required to find two numbers, the sum of which 
is 29, and which are such tkat three times the less exceeds twice 
the greater by 2. 

Can the greater number x, the lesser^, 
then x+ j; = 29, 

3>'— 2jir= 2. 
Dotxbling the first and adding, we have 

3J'+2J'= 58 + 2, 
or 5^ = 60, 

J/ = 12, X = 17. 

Example 2. A number consisting df two digits, when in- 
creased by 27, has the same digits, but in different order; and one 
digit is two-thirds of the other. Find the number. 
Let X be the tens' digit, y the units' digit of the number ; 
,\ tox+y represents the number, and 
iox-\'y+2*j = 10J/+J1;; 
.-. PJ'-P-^ = 27, 
>- ^=3* 
Thus y > X ', and we have x = ^y, 

j; = 9, a; = 6. 

The number is 69. 

This problem might have been easily solved tentatively, without 
the second condition, owing to the fact that the values of jt &ndy 
are lunited to the 9 digits. 

Example 3. — To find a fraction such that when i is added to 
its numerator its value becomes |, and when i is added to the 
denominator it becomes j;. 

Let X denote the numerator, y the denominator : then — is the 
fraction. 
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Also 



f» 



y 


I Ji: I 

3 ^+^ 4 


» ■ 


3-^+3 =>'> 




4x=y+i; 


4^ = 


= 3^+3 + 1, 


X = 


= 4, y=i5; 


4 


the fraction required. 

< 



AT 

• ^^ 

y 

Example 4. — If three lbs. of tea and two of coffee cost iis., 
whereas two lbs. of coflfee and three of tea cost pj. lod^., find the 
price of tea and cofifee per lb. 

Let X be the price of i lb. of tea, in shillings ;. 
Let y be the price of i lb. of coffee, in shillings. 
Then 3a; + 2j/=ii, 

which gives jc = 2f = 2S. Sd., 

j; = I J = IS, 6d. 

186. The above example is a specimen of an important class of 
problems, of wide application in physical subjects, in which we are 
required to separate two ingredients of a compound body, by 
means of their specific pr6perties, such as their different specific 
gravities. Two experiments, as it were, are necessary, giving 
two facts respecting the body, for instance, (i) its voharu, (ii) 
its weight. These will furnish two equations. 

Example 6. — Nine gallons of a mixture of fresh and sea water 
are found to weigh 91 lbs. 40Z. ; assuming that a gallon of fresh 
water weighs 10 lbs., and that the specific gravity of sea water 
is 1-025, find the quantity of each in the mixture. 

Let X be the number of gallons of fresh water. 

Let y be the number of gallons of sea water. 

x-^y-^ 
\QX^ ^ = oil, whence 

AT = 4, ^ = 6- 
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Example 6. — Hiero's crown is said to have weighed 20 lbs., 
which was 16 times the weight of an equal volume of water: on 
the supposition that it consisted only of gold (sp. gravity = 19^) 
and silver (sp, gravity = xo\) ; find the quantities of each metal. 

Let X = the number of lbs. of gold. 

Let ^^ = the number of lbs. of silver. 

.'. x+y=: 20; 

since, if we convert separately the gold and the silver into the 
corresponding volumes of water, we diminish the weight '(20 lbs.) 
in the ratio of i : 16. 

Besult. X = 15 lbs. 2 oz., j' = 4 lbs. 14 oz. 

Exercises. Ko, 66. 

(1) To find two numbers whose sum is 120 and diflference 18* 

(2) To find two numbers whose sum is a and difference h. 

(3) A and B had an equal unknown number of marbles ; C had 
10, which he shared at random between A and B\ A then found 
that he had 19, and B had 23. What number had they at firsts 
and what did each receive ? 

(4y A traveller in France had to receive 745 francs ; he was 
paid entirely in 5 franc and 2 franc pieces, 185 in all. How many 
were there of each ? 

(5) Three men and two boys working together one day were 
found to have dug 39 feet of a garden border; on another day 
two 'men and three boys had dug 36 feet : compare the work of a 
boy and of a man. ' 

(6) Two travellers, -4 and B^ start on a journey together, A with 
£100, and B with £48. A spends twice as much as B^ and at 
the end of the journey A has three times as much as B\ how 
much has each spent I 

(7) Find such a fraction thkt when 2 is added to its numerator 
its value becomes \^ and when g is added to the denominator the 
value is f* 

12 
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*(8) Find such a fraction that when half the nnmeratcx* is taken 
from the denominator its value becomes i, and that six times the 
numerator is to the denominates: as 4 : 3. 

(9) A servant, who was sent to purchase 5 lbs. of tea of one 
kind, and 2 lbs. of another, which were to cost i8j. lod., mistook 
between the two kinds, and had to pay zs-, more ; bow much did 
each cost a lb. ? 

(10) A number consists of two digits : if it be multiplied by 2, 
and the product diminished by 4, the digits are inverted; and if 
10 be subtracted from it, the remainder is equal to three times th^ 
sum of the digits. Find the number. 

(11) There are two towns, the joint popmlation of which has 
increased 2 per cent, between the last two censuses. If each had 
increased at the same rate per cent, as the other Has, the increase 
on the joint population would have been 5 per cent. Also the 
population of one of these towns is known to have been at the 
last census four times that of the other. Find the rates per cent, 
of increase of each of the towns. 

(12) There are two chests of mixed tea, in one the green is 
mixed with the black in the ratio of 3 : 5, in the other in the rati^ 
of 5 : II. What number of pounds must be taken from each chest 
so as to form another mixture which shall contain exactly 19 lbs. 
of green tea and 37 lbs. of black ? 

(13) A man has two boxes, one containing £27 and the other 
£4 los., and also two bags of money. He puts one bag into each 
box, and then each box contains the same amount, but when 
he reverses the bags one box contains three times as much as 
the other : find the amount in each bag. 

(14) Two sums of money are together equal to £54 12s., and 
there are as many pounds in the one as shillings in the other : 
what are the sums ? 

(15) A person invests £1712, part of it in Three per Cent. 
Stock at 90, and the rest in Three and a Quarter per Cent. Stock 
at 104, and obtains an income of £55 per annum ; what sum does 
he invest in each ? 

(16) Water is a compound of oxygen and hydrogen in the pro- 
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portion of eight parts of oxygen to one of hydrogen, estimated by 
weight ; it is required to take from two closed vessels, containing 
respectively 19 lbs. weight of hydrogen and 117 lbs. weight of 
oxygen, such (Quantities as might be combined to form water and 
to leave in the vessels equal weights of oxygen and of hydrogen. 

(17) Water is a compound of oxygen and hydrogen in the pro- 
portion of one part of oxygen to two parts of hydrogen, estimated 
by volumes at the same temperature and pressure, oxygen being 
16 times as heavy as hydrogen. Supposing common air to 
contain twenty-one parts of oxygen to seventy-nine of nitrogen, 
by volume; find how the oxygen, hydrogen, and nitrogen con- 
tained at equal temperatures and pressures in closed vessels 
containing respectively 873, 11 00, and 11 27 cubic feet may be 
divided so as to furnish the constituents necessary to form water 
and air and to leave equal volumes in the three vessels. 

(18) Two vessels contain each a mixture of wine and water. 
In the first vessel the quantity of wine : quantity of water : : i : 3, 
and in the second : : 3 : 5. What quantity must be taken from 
each in order to form a third mixture which shall contain 5 gallons 
of wine and 9 of water ? 

(19) A, By C are three clocks. A gains 5 times as many 
seconds and C six times as many seconds in an hour as B loses 
minutes. Supposing all tiie clocks to be set right at noon, and 
that when C marks two minutes past 6 p.m., ^ is as many 
seconds behind C^ 2ls B wants minutes to 6 ; find the irregularities 
of A and B, 

(20) A and B start at noon on March i to meet each other. 
A would travel over the distance between them in a year of 365 
days; but A travels 6^ hours per day, and B 7 hours, and B goes 
as far in 6^ hours as ^^ in 7 hours. Supposing each to travel 
uniformly, after how many days will they meet ? 

(21) Given that two-thirds of a mass of iron weighs 96 lbs. more 
than three-fourths of a certain block of stone, and that five-eighths 
of the latter weighs precisely as much as four-ninths of the former : 
what do the two masses weigh ? 

(22) Three countries A, B, C make use of three different 
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measures for cloth ; 15 measures of A together with 33 of J? arc 
equivalent to 39^ of C; again, 24 of A and 55 of B are together 
equal to 65 of C : required the ratios of A and B to that of C, 
and find by how much per cent. A and B differ. 

(23) The units' digit in a number less than 100 is three time^ 
the tens' digit. If a second number be formed having for its digit 
in the units place the sum of the digits of the first number, and ibr 
its digit in the tens place their difference^ it is found that the second 
number exceeds the first by 22 : find both numbers. 

(24) Find a fraction such that, if i be taken from its numerator 
and added to its denominator, it becomes \ ; but if i be taken 
from its denominator and added to its numerator, the result is ^. 

(25) A and B enter into partnership with unequal sums of 
money. They agree that each shall receive interest on his capital 
at the rate of 4 per cent, per annum, and that all subsequent profits 
shall be equally divided. At the end of the first year they receive 
£428 and £508 respectively ; and it is found that A thus receives 
£77 more than he would have had if they had shared in proportion 
to the capital invested by each. Find each man's capital. 

(26) The sum of the first three terms of an arithmetic progres- 
sion is 9, and the sum of the three subsequent terms is 27 ; find 
the series. 

(27) A merchant at Bordeaux has wine of two qualities; he finds 
he can sell a mixture of 3 hectolitres of the better kind with g 
of the inferior at 20 fr. 50 c. the hectolitre; and if he mixed 3f of 
the better with 7i of the inferior, he could sell the hectolitre at 
20 francs ; what did each kind cost him ? 

(28) A mass of silver alloyed with copper, weighing 1480 lbs., 
has the same volume as i4f gallons of water : how much is there 
of each metal, taking the specific gravity of silver as 10-5, and that 
of copper as 9 ? 

(6) Quadratio Equations. 

187. An equation which, when reduced to its simplest form, 
contains the second power of the unknown quantity and no 
higher power, is called a Quadratic Equation. 



QUADRATIC EQITATIONS. tig 

188. There are two cases. 

I. When X* is present, but not a?, as in 3 jf*— 27 = 0, such an 
equation is called a Pure Quadratic Equation. 

II. When x^ is present, and also x, as in 3^— 5^^4.2 = 0, 
such an equation is cailled an Adfected Quadratic Equation, or 
simply a Quadratic Equation, the terms pure and adfected seldom 
coming into use. 

189. The general priuciples and processes explained in Arts. 
160-164 for the solution of simple equations apply also to 
quadratic equations, Axiom vi of Art. 160 coming into use for 
the first time, which in relation to Quadratics may run. The square 
roots (of like sign) of equals are equal. 

190. For the present we have to ^o only with the main 
principle of the solution of quadratics. We therefore suppose 
all prior operations, which are necessary for the reduction of the 
equations to their simplest form, as integral expressions equated 
to zero, to have been performed. 

Pure Quadratics. 

191. To solve a Pure Quadratic, as 3 at*— 27 = 0. 
Transpose, so that the known and un- 30:' = 27. 

known quantities may be on opposite sides. 
Secondly, divide by the coefficient of jc®, a?' = 9. 

Thirdly, take the square root of both 

sides, getting ji; = + 3' 

192. It is our object in the case of an equiation to find all 
possible values of x which will satisfy the equation. And both 
+ 3 and —3, when multiplied into themselves, yield +9. We 
must therefore give them both, which is done by the double sign. 

Quadratic equations have all two roots, or values which satisfy 
them, whereas simple equations have but one. No greater 
generality would be gained by writing ±a: = ±3, and there- 
fore the double sig^ is confined to the second number. 

193. We do not assert that every square root of a number 
is equal to every square root of its equal, since this would involve 
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sucB a proposition as +3=— 3. Wc have endeavoured to 
exclude this by saying in Axiom vi, Zt'Ae roots of equals are 
equal. In the solution of an equation vfe do not assert that every 
value of X which offers a solution is equal to every other, but 
sim{^y that each cme (s^arately) satisfies the equation. 

Exercises. JSfo. 66. 

(1) 6-«*-"6 = a 

(2) (jr-5)<^-3) = «^-«-^- 

(a) (2:ir-7)(3^-4) = 244-.a9Jc. 

(4) 3o(j»:«-3) + 6 = 6j;«+ia. 

(5) 6x^-^-9 = 5^' 



(6) 



2.r*— 3 4^—5 



3-^—4 6^^7 
^ ^ " 3 4 3 



12 



(«) 



5 _ 



2^-M 5^(^—9 



^4 3 3 9 

Adfected Quadratios. 

194. Every adfected quadratic can be immediate^ converted 
into a pure quadratic by the process called 'completing the 
square/ which we have already noticed in Art 89. 

We th^re saw that a trinomial of the form x^'k'26x+{^ can be 
put in the form jf» 4. 2 ^^ + ^— (^— ^), 

or (:ir+^)»-.(^-^*). 

Consequently jr*+2^ar+^=:o becomes 

or (jr + ^)« = i>-t*, 
and, extracting the square root, 

X = -«± ^¥^. (i) 
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195. Similarlf, if we take the more general form of an ex- 
pression ax'^ + 3ji; + r = o, 

we may write it Jt^H — x = — r 

' a a 

o.^ /^\2 /^\3 c h^ — AOC 

a ^2 a' ^2 a' a 4<r 

Extracting the square root, 

x^ = ± — \/^^±ac: 

za 2a 

•'• x = ^{-6±V^^^}. (ii) 

196. To complete the square in any particular case we have 
then this rule : — Having collected the terms containing unknown 
quantities in the first member, and transferred the other terms to 
the second member ; divide both sides by the coefficient of x^, 
and add to both sides the square of the half of the coefiicient of x. 
Extract the square root, lowing the double sign pf the root on 
the second side, and transfer the known quantity which appears on 
the first side as the second term of the binomial root to the 
second side. 

Example. 3,^^—6-^+2 == o» 

Transposing^ ^x^ — ^x= — 2^. 

Dividing, a:'— -x = — • 

o o 

Adding the square, x'-^x+i^' = {|)''-§» 



Extracting the root. 



■ ^6' ^6' 


4 

3 




~ 6» 


24 


I 








* 6 


^ 


2 

I or - 
3 



2' 

197. The two roots of the equation are i and -, and it may 

perhaps be satisfactory to show that the two values thus obtained 
for X do equally satisfy the equation. 
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First, let jr= i, 3.X1'— 5x1 + 2 = 3—5 + 2, 

= o. 

Next, let JP = -, 3 X(-) -5 X-+2 = ^ +2, 

3 3 3 3 3 

= 0. 

198. Instead of going through the process of completing the 

square in any particular case, we may make use of the general 

formula (u) j 

X = — {— ^+ v^— 40^}, 

adapting it to die particular instance by substituting the values 
of a, b, c, X 

Here <J = 3, ^ = — 5» ^ = 2 ; 

/. :r = ^{5±\/25 — 24,} 

= ^{5±i}, 

= 1 or -, as before. 
3^ 

199. li l^=i\ac the term ^/l^—^ac = o, and the two roots 
become equal. 

This is the condition that the expression ao^^rhx->rc maybe 
a complete square. 

200. If we take the form of a quadratic 

j;*+23jcr + ^= o, 
we learn from Art. 89 that 

x^+2dx-\'C^ = {ar+^+ ^/¥^} . {x + d" \/^«-^} ; 
it appears that the expression is the product of two binomials, 
the last terms of which are the two roots widi their signs changed. 
It follows that the coefficient of x with its sign changed is the sum 
of the roots, and the last term is their product Hence, if we can 
discover by inspection the two factors of the expression on the 
left-hand side, we discover at the same time the roots, which are 
the numerical parts of the factors with their signs changed. 

201. In some cases we shall find that the solution of a pure 
quadratic equation leads to results such as the following, x^ = 17 ; 
where we are required to find the square root of a number which 
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is not a complete square. In this case we are satisfied to write 
x-=z ± V^y without finding the approximate root (unless required 
to do so) by the arithmetical process. Such a quantity as V17 
is called a Surd. 

If the equation be expressed in general symbols we may arrive 
in like manner at a result, such as x^ = a, giving jc = Ht \/fl. 

202. Again/ the quadratic equation 

j;'— 4^+1 = o, gives 

and whenever the value of a, 3, r in the quadratic 

a:>^-\'bx+c = o 

is such that l^—^ac is not a complete square, we have in like 
manner 

X = — — , in the form 

a quantity which contains a surd, or which is otherwise said to 
be partly rational and partly irrational. 

Exercises. Ko. 67. 

1) ^'— 8.r+i6 = o. (10) \x^-\'6^x-\'\1 = 32. 

2) ji;«+i2ar + 35 = 0. (11) 3^-7;!;=: 6. 

3) o^—x—d = o. (12) 4^;"— 40JC + 99 = o. 

4) A:*+2.r— 35 = o. ^_*^ — J^_i 

5) .Ji;*+2ar— 24 = a ^ ' d 3 ~ 10 5 

6) x^^^x—ii = o. . . x^ 3'^ — :^_ 

7) ex'-x-i = 32. ^ ' 10 5"" 2""^' 

8) ex^^-i^x— ioji; + 56. (16) 9^ jr— 2i|| = Ji;2. 

9) i4Ji;2-37;*:+5 = o. (16) 9i-^-9oi'^+ 195 = o- 

(17) l^+^;.+ 4738 = o. 

(18) ^_3£ + 5^il^_£+l. 

^ ' o A 12 2 q 



IZ4 
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(19; 

(20; 

{21; 
(22; 

(23; 

(24] 

(25; 

(26] 
(27; 

(28; 
(29; 
(3o; 

(3i; 
(32; 

(33; 

(34; 

(35; 

(36; 

(37; 
(38; 
(39; 



2X Jf— I 



22 



X 



= — '— . 



^+60 SAT — 5 

(jT— i)(:i;— 2) + 2(^— 2)(jr— 3) = a 
j::*+2a:— 12 = (^— 2)(ar— 3)(j;— 4)^ 

2i + i(^ + 2) 33 

—7-^ = ^-3 + • 

Ar + 3 ** X 



= Ow 



Ji;— 2 or— 3 ^+1 

a: + ^=iS(i-^). 
o; ^ x' 

(at— i)(jf— 2) + 2(ar— 2)(a:— 3) = 7<x 
(Ar-9)(ar-io) + 3(;»r-7)(j;-8) = 678. 

(j;-2)(jr-3) + (j:-3)(^-4) = a»- 

(^+i)(2j;+3) = 4:**— 22. 

x^a x+a 3 

ar + tf jr— a 2 

{x-i){^-l) + {x-i){x-i) = {x-i){x-\). 

2Ar+3 __ 2X 

10— AT 



25-3^ 



-6i. 



48 



+5 = ^^. 



x—i a:— 5 _ 
AT— 2 JC— 6~ 

j;— I :*:+i 



or— 2 AT— 5 

1 -. 

x—^ x—o 

I 



X*+X X^—X 4 — 2X 

h-(^ «)H — -a = 2fl— AT. 

a— j; 22^ 2 ' 4 

(at— a)(j»;— ^) = a{2a^b), 

25:c+i8o _ 40X 3 

lojtr— 81 ""s^T'-S 5 
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(40) ^^ + -^ ^ 2oar+9 I3_. 

6(3—^) 19—8^ 3—-^* 

(41) '^■*'' •^■^"^ - ^"^ 



(43) ajr(;c + r) = {aa + c)x+ac, 

(45\ -^ + 4 2>y--3 _^3 

^ ^ ^-3 ^+4 8* 

(47) (j;»+i)(jr+2)=2. 

(48) ^;c» + 3^=^^±#::i^-^. 

(49) ^ + J-(a-.^)(2r + ^)J=(a + 3)J-(a»-3V. 



(6) Problems leading to Quadratios. 

203. Any quadratic equation put into words, and addressed to 
any person as a demand, becomes a problem ; and, inversely, many 
problems, expressed in algebraic language, take the form of quad- 
ratic equations. 

Exercises. No. 68. 

(1) Find a mean proportional between 3 and 27. 

(2) What is that number, whose half, multiplied by its third, 
gives for product 864 ? 

(3) What number is that whose square exceeds the number 
by 420? 

(4) What number is that whose square exceeds ten times the 
excess of the number above 2 by 95 ? 

(5) A rectangle whose length is 4 inches longer and breadth is 
6 inches longer than the side of a certain square, contains twice as 
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many square inches as this square. Find the length of the side of 
the square. 

(6) A horse-dealer buys a horse and sells it again for £144, 
and gains just as many pounds per cent, as the horse had cost 
him. What did he give for the horse ? 

(7) I thought of a number ; I multiplied it by 2 J ; I added 7 to 
the product; multiplied the result by 8 times the number thought 
of; I then divided by 14, and subtracted from the quotient four 
times the original number; the remainder was 2352: find the 
number thought of. 

(8) Find a number such that its square exceeds it by 306. 

(9) If a man can row from A to B with the stream in 45 
minutes and takes 75 minutes in coming back, how long would 
he have taken if there had been no stream ? 

(10) A cistern can be filled by two pipes together in i\ hour. 
The larger pipe by itself will fill it sooner than the smaller by 
2 hours. What time will each pipe separately take to fill it ? 

(11) Two numbers diflfer by 9 and their reciprocals by J; what 
are they ? 

(12) What number ia that which exceeds its square root 
by 992 ? 

(13) Two travellers, one walking a mile more in the hour than 
the other, start together to walk twenty miles ; the first reaches his 
destination an hour before the other; what were the rates of 
walking? 

(14) A number of square tiles were employed in paving two 
square courts, one of which had ten feet more in the side than 
the other : the courts having been arranged so as to form a single 
square, having ten feet more in the side than the larger of the 
former, it was found that the tiles just served to pave it. Find 
the size of each court. 

(15) An express train started from London an hour later than 
a goods train, which it overtook and passed on another line of 
rails* 30 miles from London : after 80 minutes longer they were 36 
miles apart ; find their rates of travelling. 



StMULTAl^EOUS EQUATIONS. IZJ 

(16) To divide the number 30 into two such parts, that their 
product shall be equal to 200. 

(17) To divide the number 2 m into two such parts, that their 
product shall be equal to m^^n\ 

(18) A hollow square was formed of men, standing four deep; 
but having suffered a loss of one-eighth as many men as would 
have completed the solid square, it was re-forjned, three deep, 
and with three fewer in each side : and then there were forty men 
to spare : how many were there at first ? 

(19) Divide the number 15 into two parts such that the sum 
of their cubes shaft be 945. 

(7) Simtiltaneoiis Equations of the Second Degree. 

204. The object to be aimed at in solving simultaneous 

equations of the second degree is the same as in the treatment 

of such equations of the first degree : viz. to get rid of, or as it is 

called, eliminate one of the unknown quantities, when there remain 

an equation of one unknown quantity for solution. We can 

seldom however follow exactly the same order of proceeding. 

Such equations as 

f 2.j»;* + 3y = 35 

(3-^+2^ = 30 

may be treated exactly on the same principles, for in fact x^ ancj 

j/^ only come in the place of x and^. 

We get ^^ 4, y= 9, 

and there are four pairs of values which satisfy the equation, viz. 
(AT = 2, (ar= 2, C^ = -2, Cat =-2, 

205. A common form is the following : 

xy = 6 y xy = 6) 

In either of these cases we square the first equation and multiply 
the second by 4, add the result in the first case, subtract it in the 
second, then take the square coot, proceeding as follows : — 
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4xy = 24 4xy = 24 



Jf— -T = ± I JP+ J^ «= ± 5 



{ 



2x = 6 or 4 2x = 6 or —4 

2^ = 4 or 6 2/' = 4 or — 6 

jT = 3 or 2« X = 3 or — 2, 

J' =2 or 3; jf=aor— 3. 

The first pair of equations has the two pair of solutions, 

Cx==3, and (x=:2, 

and the other has also two, viz. 

j X = 3, and C jf = — 2, 
ly=^2y J_y=-3. 

206. In equations of the form 

x"-3y=6, 
2x-3y = 3, 

where one of the equations contains terms of the second order 
and the other only terms of the first, one of the unknown quan- 
tities should be expressed in terms of the other from the second 
equation and then substituted in the first. Here 

which is a quadratic. Each value of ^^ determined from this equa- 
tion must be substituted for j/ in the second, from which a value of 
X will result 

207. Sometimes an equation which is of a degree higher than 
the second may be reduced to the second degree by dividing by 
an expression the value of which is known from the second 
equation. For example — 

x+j/ = 3. 
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Dividing the first equation by the second, that is to say, the 
first member of the first equation by the first member of the 
second, and the second member of the first by the second member 
of the second, we have 

AT^ — ^+y =r 3. 

Also x^-\-2xy +y = 9, by squaring x +y ; 

/. 3^ = 6, xy=2; 

.*. X^—2Xy+y=:l, 

x—y=^ +1, 

•^+>'= 3» 
X = 2 or I, 

J/ = I or 2. 

In a similar manner we might have proceeded if the equations 

had been ^ ^ i/S ^^ p 

x^—xy+y^ = 3. 
208. Another case of frequent occurrence is such as 

x^ + xy=^ 35, 
xy—y = 6, 
where the' left-hand members of the two equations are homo- 
geneous and of the same dimensions. We may divide one 
equation by the other, member by member : thus, 

xy—y^ 6 
Hence (iX^-\-6xy = 36^—35^*, 

2 29 ,29.2 o ,29.2 « 70 9 841—840 ^ 

6 "^ ^12'-^ ^12' 12 144 

Taking the square root, 

29 I 

ar = ^j/ or ^j/. 
3 

Substituting, first, one of these values of x in terms of j/, and 
afterwards the other, in either of these original equations, we shall 
have a pure quadratic, giving 

K 



130 



THE scholar's ALGEBRA. 



The rule commonly given for such homogeneous equations is 

to assume a symbol, as v, to» express the ratio — , so that x = vy. 

Then, dividing one equation by the other, member by member, we 
obtain a quadratic in v^ which leads to the same result as before. 
In simple cases there is no necessity for the introduction of a new 
symbol for the ratio. 



1 



8 



(10 
(11 



.r+>/= 28, 
xy = 187. 

x-\-y = 26, 

xy = 169. 
x-y = 8, 

xy— 273. 
x—y = 10, 

xy = 299. 

^*+y = 650, 
xy = 323. 

Ar2+y=i258, 
x-y = 4. 

^+y = 613, 

a:^— y = 35. 
x^—j^ = 248, 
x^y^ = 915849- 

•^*-y = 315, 
^ = 494. 

.r^-y = 144, 



Exercises. No. 69. 
12 



13 



14 



15 



16 



17 



18 



19 



20 



21 



22 



^2_y — g20, 
x^y = 10. 
x^ ■\- xy''\-y^ = 607, 
xy = 69. 

xy = 297. 

.r*— .ry+y = 1263, 

Sxy = 2706. 

:r« + .ry+y=508, 
ji;+>/ = 26. 

^H^+y = 777> 
.^— J/ = 6. 

or'+y = 71 10, 

^^J' = 30- 

.r^-y = 1647, 
x-y- 3. 

^H^+y =577, 
^— y = 6347. 

x^—xy+y^zr: 97, 
.r'+y = 1843. 

4ar«+y = 872, 
xy = 182. 
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(23) 4^^+9^ = 985, 

(24) 4-^'+ 10^ + 25^ = 5836, 

xy = 156. 
(25) 2x-h^y = 12, (26) sx-^y = 24, 

5^'-7y = 17- 2^2_2oy _, 68 

209. No further remark will be necessary in reference to 
problems producing simultaneous equations of the second order. 

Exercises. No. 60. 

(1) The sum of two numbers is 12, and their product is 20: 
find them. 

(2) The sum of two numbers is 31, and their product is 228 : 
find them. 

(3) The sum of the squares of two numbers is 125, and their 
sum is 13 : find them. 

(4) The sum of the squares of two numbers is 410, and their 
sum is 28 : find them. 

(5) The difference of two numbers is 2, and the sum of their 
squares 394 : find them. 

(6) To find two numbers the product of which is 750 and the 
ratio sh 

(7) To find two numbers such that the sum of their squares is 
1 3001, and the difference of the same 1449. 

(8) To- find two numbers in the ratio of 3 to 4, such that the 
sum of their squares is 324900. 

(9) To find two numbers in the ratio of m to «, such that the 
sum of their squares is 3. 

(10) To find two numbers such that their sum is 9, and the 
sum of their cubes 243. 

(11) To find two numbers such that their diflference is 2 and the 
difference of their cubes 602. 

(12) To divide the number 16 into two parts, such that if to 
their product we add the sum of their squares, the result^ shall 
be 208. 

K 2 
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(13) To divide the number 39 into two parts, such that the sum 
of their cubes shall be equal to 17 199. 

(14) Find two numbers such that their sum may be 20, and 
the mean proportional between them 8. 



CHAPTER X. 
IinnBSTIGATION OP METHODS. 

(1) Involution and Evolution. 

210. The third application of Algebra is to the investigation of 
new methods and theorems, and particularly to the discovery of 
inverse methods. The mutually inverse methods of Involution 
and Evolution will furnish our illustration. 

Involution is the general name for the multiplication of an 
expression into itself, so as to form its second, third, fourth, or 
any other pOwer. We are already familiar with the simple cases 
of the square and cube of a binomial. Thus, we know that 

{a + dy = a^-\-2ad'\-d\ 

And here we may see what makes Algebra of value for our 
present purpose, viz. that whereas in Arithmetic a number, such 
as 5329, bears no marks of the processes by which it was formed, 
we trace in the algebraical expressions the original parts of the 
expression, and also the law of formation of the result. 

For the first term is the first part a of the binomial raised to the 
same power as the binomial; the second term has the index of 
the binomial for coefficient, whilst in each successive term the 
index of a is diminished, and that for d increased by i. Such 
observations lead, as we shall see later, to a general method for 
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writing down any power of a binomial, called the Binomial 
Theorem. 

211. Evolution is the process inverse to Involution, and answers 
the question, What expression is that which, being raised to a 
given power, produces a given expression? The simplest cases 
are the methods of finding the Square Root and the Cube' Root of 
an expression. 

(2) Square Boot. 

212. We assume that the square root and cube root of a single 

term . can be found ; thus, ^/a^ = a, \/ d^ = d. It should be 
noticed, however, that since 

(+«)x( + a)= +fl', and (-fl)x(-tf)= +a^ 

>v/a* has strictly two values, and it will be found hereafter that 
there are, in a sense to be then explained, three cube roots, four 
fourth roots, and so on. But in all these cases there is one 
principal root, which we shall call the primary root, from which 
the root may be derived. This answers to the arithmetical root of 
a number, and it is this root which we seek in the present investi- 
gations. In square root the root in question is the positive root, 
from which the negative root is derived by taking the same value 
with the negative sign. 

213. By actual multiplication. 

Inversely, ^/c^ + 2fl^ + 3^ = a + ^. 

We observe that if the quadratic expression and the simple 
expression, or root, be similarly arranged according to powers of 
the same letter, 

(i) The first term of the root, a, is the square root of the first 
term of the quadratic expression. 

Hence the rule:— Having arranged the expression by the 
powers of some letter, place the square root of the first term in 
the quotient's place, and its. square imder the first term of the 
expression; subtract and bring down the remainder, as in Ex- 
ample 1 below. 
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(ii) The second term, 3, of the root may be derived from the 
first term of the remainder, 2 a5, by dividing it by 2 a. 

Hence the rule : — Write the double of the root already found as 
a divisor to the remainder, leaving space for another term. 
Dividing by it write the quotient as a second term of the root in 
the quotient's place. (See Example 1.) 

(iii ) The full remainder = 2 ad + 6'^ = {2a •{- d) x d. 

Hence the rule : — ^Write the new quotient as a second term in 
the divisor's place; multiply the divisor thus formed by the 
quotient and subtract the product from the remainder. If there be 
no remainder, as supposed above, the exact root is found ; should 
there be other terms, the complete square {a+dy, which has been 
withdrawn at two subtractions, answers to a^, in the expression 
from which we started, and the same process may be continued as 
before. (See Example 1.) 

Example 1. 

a^-\-2ad-\-lf^ (a + 5 
a^ 

2a + 6 ) 2ad + i!^ 
2ad + d^ 



Example 2. 
o a*+2tf3 + 3* (a + ^ 



a c^ 



2a 2ah-\'I^ 

2a + d 2ab-\-P 



2a+2d 



214. Any process by which we can form the divisors 2 a and 
2a-{-df and from this last the product (2a + 3)^, will serve the 
purpose. We recommend the use of Homer's process, already 
partially explained in Art. 98, since it applies to all cases of 
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evolution, arithmetical and algebraical, and to the numerical 
solution of equations of all orders. 

Arrange the expression as before, placing before it in the same 
line, at convenient intervals, as in Example 2, the figure r, called 
the initial unit, and a cipher. Find the square root of the first 
term, a; place it in the quotient's place, and employ it as a 
multiplier, thus : — Beginning at the initial unit, multiply it by a, 
carry the product and add it to the next column. Multiply this 
result again by the same multiplier, and carry the product, a\ to 
the last column. In this last column subtract instead of adding 
(the object being now to withdraw the square a% and bring down 
the remainder. Repeat the process a second time with a^ stop- 
ping short one column sooner. That is to say, multiply i by a, 
and add the result a to a already found in the second column, 
giving 2 a. The work is now complete as regards the quotient a. 
If we call the work once along the line Horner's single process, 
we may call this Homer's complete process. We have given the 
rule in detail, because we have nothing further to do than to repeat 
it continually, with any new quotients. 

For the next quotient, divide the first term of the remainder by 
the expression (or rather its first term) in the previous column ; 
this gives the quotient b. Place it in the quotient's place and 
work with it as before with a. The second result 2a'\-2b in the 
second column is only wanted if there should be further opera- 
tions to follow. 

Example 3. 

I o flV+2a3r* + (^*+2ar)r' + 23rr + ^ (ar» + ^ + c 

ar^ c?r^ 



2ar^ 2abT^-\-{l^-{-2ac)r^ 

2ar^ + br zabr'^-b'^r^ 



2ar^+2br 2acr^ + 2bcr'\-c^ 

2ar^-\'2br + c 2 acr* + 2 bcr + c^ 
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Example 4. 

1 I 

2 4Ji;4"io;i;' 
2 + 2;i; 4X+ 4x^ 



2-\-4x 6x^ + i2X^ + gx* 

2'\-4x-\-^x^ 6x^-j'i2x^-{'gx* 



The process may be somewhat compressed in the second 
column, by placing the result from the new quotient in the same 
line as the previous result. But we have preferred for the sake of 
the beginner to show' the work in detail. 

The chief points to be remembered are ; — always to begin each 
line of work from the initial unit and to repeat the work in the 
second cc^umn a second time for every quotient 

We now give a case in which the root takes the form of an 
infinite series. 

Example 6. Find */i+x. 

/ , X x^ x^ 
O x+^(x + ---+--&C. 

2 X 

• . X , ^» 

2 4 



2'\-X 



X^ 



4 

x^ x^ x^ x^ 

8 4 8 04 

X^ X 



4 



8 64 



215. The method of finding the square root of a number is 
taught in Arithmetic. It is however desirable that the relation of 
the arithmetical rule to the above investigation should be pointed 
out. 
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A number of two digits may be represented by the form 
a • 10 + 3, of three digits hy a- lo^-^d-io+c, and so on, a number 
of n digits being represented by 

iV= a-io"-H3-io"~Hr.io~~^+...+/-io + ^, 
where 5, c, ...p, g may have any values from o to 9, and a any 
value from i to 9. 

Thus iV ranges from io*~* (inclusive) to 10" (exclusive), the 
last being the first number which has («+i) figures. Therefore 
N^ ranges from 10^ *~^ (inclusive) to 10** (exclusive), i.e. it com- 
prises all numbers which have 2«— i or 2« figures. Hence the 
rule for pointing : — Mark off pairs of figures, beginning from the 
right-hand. . The number of periods marked off will show the 
number of figures in the root. 

Again, iV« = «» • io2"-*+ 2a3 • io»— «H- ... ; 
but it does not follow that c^ represents the period on the left- 
hand or the leading period, since 2 db may be > 10. Still, 
N < (fl+ 1) • io"~^ even if ^, r, ... are all 9's ; 
.-. iV« < (d!-H)*io2~-l 

(i) Thus the square root of the greatest square contained in the 
first period is a» 

(ii) ^. io*~* is found by using 2a. k^"^ as a trial divisor, as 
before. This trial, however, no longer gives the quotient exactly, 
but only approximately, and regard must be had to the condition 
that the full remainder formed with it cannot exceed the actual 
remainder. The process is continued as before. In practice, 
unnecessary ciphers are dispensed with by keeping the figures 
under their own grades and bringing down a period at a time, 
as wanted. The details may be seen in Scholar's Arithmetic, 
Chap. XV. 

Exercises. No. 61. 

Find the square roots of 

(1) 9^«-i2jcy+-4y. (3) ^-'2a^y + ^. 

4 9 

(2) x^-irx^-' (4) ^a«3»-^a5^+if*. 
V ' 4 ^ ' 4 3 9 
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fl* 



(5) 9^^— 30tf;r — 3a'^ + 25tf'+ sa^H 

4 

(6) 4a'— 12^3 + 9^*+ 20^^—30^^+25^*. 

(8) 9^«-i2 + -t. 

(9) -^-2^+^- 

(10) ^*-4^Hi2-^ + ^. 

(11) 9^-30^+31 -y + ~. 

(12) ^^-6^3 + 932-22^^+66^^+ 121^2. 

(14) I — 4;i;+io;i;'— 20j;'+25.r*— 24^*^+16^;'. 
Find to 4 terms : — 

(15) ^\-x\ (16) \/i-ar-A;^ 

(17) Vl- AT + JT^- A^+ ... 

216. We now come to Cube Root. 

Since (a + 3)' = a' + 3a'3 + 3a3' + 3', we may obtain a at once 
as the cube root of the first term ; and we may find h fi-om the 
second term by using 3 a' as a divisor : the next operation is to 
form the fiill divisor 3a"+3a3 + 3^ which multiplied by h gives 
the full remainder. 

We shall show that Homer's process does this, and it is the 
most convenient method. 

Arrange the cubic expression according to powers of some 
letter, and before it in the same line an initial unit and two ciphers 
at convenient intervals : find the cube root a and place it in the 
quotient's place ; then employ it as a multiplier in Homer's single 
process along the Une, giving in the successive columns a, a^, a'. 
Subtract this last result and bring down the remainder. Repeat 
the process from the initial unit, but stopping one column short ; 
and repeat it once more, still stopping one column short of the 
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last result. This is the complete process for a. Use 3^^ as the 
divisor of the first term of the remainder, viz. ^a^d, to find 5. 
Write 3 as a second term of the root in the quotient's place, and 
work with 5 exactly as before with a, and so on, until there is 
no remainder; or until a sufiicient number of terms have been 
found. 
The arrangement is shown below. 

Example 1. 

10 o o^-f 3a'3 + 3a3* + ^' ( «+3 



3^ sa^ + ^ad + i!^ ^a^^^^aH^^i^ 

3^2 + 3 3a^ + 6a(5 + 33^ * ♦ * 

3^+23 ===== 

3<^+3^ 
It will be seen that 3^^ and 3a^ + 3«^-|-3^ are formed succes- 
sively in the second column, as required. The process has been 
carried further than was necessary, so as to be ready for a further 
operation, if required. 

Example 2. Find s/i-\'X. 
10 o i-\-x{^i+^x-'\x^-{--iT^x^ 

II I 



23 X 

3 3 + -^ + i-^' x+\x''^-i'^x^ 



3 + 1^ S + a^-i^ + BV*^ -i^'- l^ + Ar-^'-TiiT.^ 
3 + AT ■ — : 

217. The adaptation to Arithmetic is similar to that in Square 
Root. 

N^ ranges from lo^'*"^ (inclusive) to lo'^** (exclusive), i.e. it 
comprises all numbers which have 3«— 2, 3«— i, or 3» figures, 
and by pointing oflf periods of 3 figures each from the right-hand 
we shall have the number of figures in the root. 



6 
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Also, if the leading digit be a, the lowest value of the first 
period is a^, and it cannot amount to {a+ 1)', since 

N< (a+ i)io'^S and therefore N^ < {a+ i)»io»""-«. 
Hence a may be found and 3^^+3^3+3' formed, as above, by 
Horner's process. 

Exerdses. Ho. 62. 

Find the cube roots of: — 

(1) 8^— 6oa:'+i5o^— 125. 

(2) 8a'--84a'^ + 294j^— 343^;*. 
/«\ « ^ 12 8 

(3)y-6j^+y-^. 

(4) 27s*--54<z2;* + 63fl's*— 44^*2;'+ 21 a*2^—6a'2f + fl®. 

(5) 8y-36y + 54j/ + 6oys-27-i8oj/2r+i35s 

+ 150^/2*— 22502+1250'. 
Find to four terms : — 

(6) ^r^T^. (8) 4/?^=^. 

(7) ^i^x-x'. (9) ^i-^^x+2x^. 
Find the cube roots of 

(10) i252!'-525a2fH735«*«"-343^- 

(11) i + 9jr+i8^*—27Ar^— 54.^1;*+ 81^'^— 27;i;«. 

/,«x , o 18 12 8 

(12) ^-3^H9^-^i3 + — -;;^ + ^- 

(13) 270^— 54a«3 + 36fl3H54fl^V— 83'-72<2^+243V 

+ 36^— 24^<^ + 8r'. 

(14) I — 9Ar+27j;'— 27^H-6j/— 36;cy + 54Ji;\>' 

+ i2y-36^+8y. 

Bemark. — The same process applies to the fourth, fifth, or 
any root ; the number of columns, exclusive of the initial unit, and 
also the number of repetitions, stopping a column short each time, 
corresponding to the number of the root. 
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CHAPTER XI. 
SUFFLEMENTABY. 

This place is chosen for a few supplementary remarks and 
additions. 

(1) TJnknown Qtiontities. 

218. We have already remarked that miknown quantities need 
not necessarily be denoted by the later letters of the alphabet, 
x,j/, z, this being simply a matter of convenience. Any formula, 
giving a result in terms of certain data, may be employed to find, 
inversely, the values of one (or more) of the data, which will 
lead to a given result. The symbols representing these data 
then become unknown quantities, whatever letters may have been 
employed. 

219. For example, if we take the formula for the sum of an 
A. P., viz. s = ^n {2a-{-{n—i)d}, n is an unknown quantity, if 
a, d, and s be given and the number of terms be demanded. 

Example. a=6, ^=3, ^ = 42; required n. 

Here J« {i24-3(»— i)} = 42* 

3«2+9» = 84, 
«^-|-3« = 28, a quadratic; 
which gives « = 4 or ;j = — 7. 

The first of these values gives a direct answer to the demand, 
the four terms being 6, 9, 12, 15 : the other value, « = — 7, does 
not directly answer the demand, since a negative number of terms 
is inconceivable. Here however, as often happens, there is an 
allied problem to which the solution directly belongs. The formula 

may be arranged 

f z= J(_«){ — 2a— «(/+</}, 

= i(-«){2(^-«) + (-«-i)^}; 
which is a similar form to the other, —n coming in the place of rij 
and d—a in the place of a. Thus it appears the negative value of 
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n answers to the number of terms of a series, the first term of 
which is d—Gy and the sum s. In the example given above we 
have the series —3, o, 3, 6, 9, 12, 15, the sum of which is 42, as 
before. 

The second value of n is often fractional, and in this case no 
exact number of terms is indicated by it as a solution, but we 
learji that a fewer number of terms would be in defect, and a 
larger number in excess, of the assigned sum. 

(2) Inequalities. 

220. An inequality is an assertion that the relation of equality 
does not exist between two quantities. 
The sign ^ is sometimes used to signify 'is not equal to,' 

as Y + - > 2, provided a=f=.h. But, much more frequently, the 
a 

signs > and < are employed in the statement of inequalities. 

We have already had occasion to notice one or two inequalities : 

but we desire to direct attention to their general relation to 

equalities. In general, the methods of transforming equalities 

from one form to another, step by step, which we have exhibited 

in Chapter IX, are applicable to inequalities, all the axioms in 

Art. 160 having corresponding forms for inequalities, as 

i. If equals be added to unequals, the results are unequal. 

ii. If equals be multiplied by 'unequals, the results are unequal, 

and so on : and the same signs, whether > or < , continue to 

apply. Remark, however, the following differepces in applying 

the operations I, II, &c. of Art. 162. If the two sides of an 

inequality be interchanged, the sign > must be replaced by < 

and vice versi. Thus, a>h implies h<a. So also if the members 

of an inequality be subtracted from equals ; thus, a> h implies 

c^a < c^b. As one case of this, a > h implies —a < —3, 

algebraically. The same must be done if equals be divided by 

c c 
the members of an inequality. Thus, a> h implies - < r > and 

as one case, a> b implies - < t* 

'^ a b 
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221. The applications of Axioms v, iii, ii are seen in the fol- 
lowing demonstration: — The arithmetic mean of two quantities 
is greater than the geometric mean. 

Let a and d be the two quantities : then the arithmetic mean 
is i (a + 5), and the geometric mean is \/a3. And 

l{a + d)>V^d, if 

X{a + 5y>a5, if 

a^+2a5-\-ff^> 4ad, if 

a^—2ad-\-li^ > o, 
which is true, since a and d are different quantities. 

Example. — The arithmetic mean of i and 9 is 5, whilst the 
geometric mean is 3. 

(3) Fractional and Negative Indices. 

222. It is now time to mention a very convenient extension of 
the index notation which is extremely characteristic of the method 
of interpreting symbols in Algebra. 

The first definition of an index, Art. 37, that it represents the 
number of like factors in a product, evidently supposes that the 
product is a whole number, and the general properties 

fl** X a" = fl"*"*"** (i) 

fl!"»-^j" = ««»-" (ii) 

and («'»)'• = a«« (iii) 

were obtained in Arts. 38 and 39 on the supposition that m and n 
were integers. But in Algebra secondary properties of this kind 
attain such an importance and are employed with such fi-eedom 
that it is inconvenient to have their universality restricted by any 
conditions of this kind, and the question arises, — Can any inter- 
pretation be put upon those cases, which seem, anomalous, and 
which were not contemplated in the original definition, which will 
be consistent with the properties now under consideration? It will 
be seen that this can be done. 

223. Since a*^" = a«» -5- a", if we put ot = «+ 1, we shall have 

a^ = a"+^ -J- fl" = a. 
Again, if in the same equality we put w = «, we have 

a^~^ = a" -t- fl", or a^ = i. 
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224. Again, if in a*"* = a"* h- a* we put w = o, which we 
may now do, in accordance with the interpretation just given to a^f 
we have «-» z= a® -s- a", 

= I -r- a", 



I 
a"' 



Example. fl^ = -, «"* = —» a"'' = -5rj a~* = --. 
225. Again, if we suppose that m may be a fractional quan- 
tity =-, we shall have, in accordance with (iii), (a»)* = a^, since 

mn then = i ; therefore (a»)" = a, and, taking the «**i root of 
both sides, fl'» = \/a. 

Example, a* = \/a, a* = /^a, 

and a* X «* = a^* = fl^ = a, 
a* X a^ X a* = fl^^*"*^ = a^ = a. 

So also, putting min (iii) = -, and n=iq^ we have 

(a^y = a^ =fl^; 
and, taking the.^*^ root of both sides. 

Also a^={a^Y={^Y. 

Example, a* = 4/^ = {s/^Y- 

Questions and Exercises. No. 63. 

Find the number of terms in the following series in A. P. : — 

(1) a = I, </ = 5, J = 87. 

(2) fl=— 6, ^=2, ^=7. 

(3) a =—6, ^=3, J = 72. 

(4) a =-4, <^=|, J = f 

(5) Prove that J(tf + 3+r) >\/abc^ unless a, ^, r are all 
equal. 
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(6) State in words the process of solving a quadratic equation, 
consisting of a trinomial in its simplest form equated to zero. 

(7) State in words the process of solving two simultaneous 
equations, one of which gives the value of the sum of two un- 
known quantities, and the other the value of their product. 

(8) State the process, when the sum of the squares is given, 
and also the product of the unknown quantities|. 

Find the value of the following :— 

(9) (a* d^Y and of (a* +33*)". 

(10) {a^d^y and of (a* 3*)*. 

(11) (a«~3a*3*+3»)^ 

(12) (2a-33*)». 

Find the first four terms of the following, using the fractional 
index notation : — 

(13) ^{a-2x). 

(14) (a-2Ar)-*. 

(16) (i-3^-5^«)-^. 

(16) (2-5Ar + 74;»)i. 

(17) Find the condition that a quadratic equation may have 
equal roots. 

Multiply oijt the following i'— 

(15) (2:v»-3J»;*)(3.ar*+5^*). 

(19) (3.r"^+2Ar~* + S^~*)(2A:* + 3Ji;J+ar*). 

(20) {2X-'^'^4x--^ + x'-^){x-^ + 2x'^-ix'^), 

(21) {x^''X'){x''-hx'*). 

t n 

(22) FIttd {x^'-x'Y. 



PART III. 
Applications of Algebra {continued^. 

* 

226. In Part III we further explain and illustrate the appli- 
cations of Algebra (i) to the expression of general results in 
formulae, (ii) to the discovery of unknown numbers, (iii) to 
the investigation of methods, as in Part II. 



CHAPTER XIL 
ON ALQEBBAICAL FOStMUlAfi. 

(1) Femiutations and Combinations. 

227. If we have n letters and form out of them all the possible 
groups of r letters each, irrespective of the order in which they 
are arranged, these are called their combinations. Thus the com- 
binations of three letters * a, 3, c, two together, are ah^ be, ca. 

Combinations are turned into permutations, when we distinguish 
the orders in which the letters stand. 

We may have either permutations in which the letters are taken 
r together (r < «), or in which they are taken n together, all 
entering into every group. These last are usually called simply 
Permutations. They are supposed to be taken all together, unless 
it is otherwise specified. 



^ The letters are not hete symbols of numbers : they stand as designations 
of things or persons. 
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The permutations of a, d, c, taken two together, are ad, da, 
ac, ca, be, cb. 

The permutations of a, b, c, taken all together, are abc, acb, 
bca, bac, cab, cba. 

Permutations of n Things. 

228. To find a formula for the number of permutations of n 
things. 

If we had one thing, a, alone, it could be placed only in one 
way ; we should have only i permutation. Two things, a, b, give 
the permutations ab, ba, 2 in number. If there are three things, 
a, b, c, we may place a first, and then the other letters may be 
arranged in two ways, be or eb. Similarly, we may have two ways 
in which b stands first, and two in which e stands first, that is, 
2 X 3 or 6 permutations in all. 

Tiie permutations of four things, a, b, e, d, are those in which a 
stands first (and this is the same as the number of permutations of 
the three things remaining, or i . 2 . 3), and then those in which b, e, d 
stand first. The full number is 1.2. 3.. 4, or 24. The manner in 
which we pass from two things to three, by introducing the factor 3, 
from three things to four, by introducing the factor 4, shows us 
clearly that, continuing in the same way, we shall introduce at 
every step a new higher factor, corresponding to the number of 
things to be permuted, so that the number of permutations of 
n things = 1.2.3 ... «. This expression is written for brevity \n, 
and is called * Factorial n! 

Example. — The number of permutations of 5 things = 1.2.3.4.5, 
or 120. • 

229. The above is a good illustration of one of the methods 
of obtaining a general formula, viz. (i) by Generalization. Other 
methods are (ii) by Induction, (iii) by Chain Rule. 

We see that at each step a new number enters in a manner, 
the law of which is so obvious, that there is no risk in passing 
from a few instances to the general law. 

230. It is only in very simple cases that this is accepted as 

L 2 
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suflScient, and it is a universal rule, that the correctness of every 
generalization should be verified by giving to the general sjrmbol 
particular values, and comparing the results deduced from the 
formula with those obtained by trial in these particular cases. 

Permutations taken r together. 

231. To find the number of permutations of n things taken 
r together. 

Let the n things be a, 5, c, d, ... , 

Suppose a placed before each of them, except itself; this will 
give n—i permutations taken 2 together, in which a stands first. 
The same for each of the n letters, when standing first. There 
are therefore in all «(«— i) permutations taken 2 together. 

Next^ suppose a to be placed before all the permutations, taken 

2 together, of the remaining nr^i letters, 5, c, d, &c. 

To discover the number of these we must change n in the last 
formula into «— i, giving («— i) («— 2). This is therefore the 
number of permutations taken 3 together, in which a stands first, 
and as there will be just as many for each of the n letters, standing 
first, we have, on the whole, «(«— i) («— '2) permutations taken 

3 together. These two cases suggest the law, That the number 
of permutations of n things taken r together will be the product of 
r consecutive numbers descending from n, which we may caU a 
descending factorial from « of r factors ; 

= n{n—i) («— 2) ... {n^r+i). 

232. This is, like the last, a simple generalization, and might 
be accepted, as suflficiently proved, after being verified^in particular 
instances. But a suspicion is supposed to rest upon generaliza- 
tions, which are not of extreme simplicity, as if they were dictated 
by a previous acquaintance with the result. To avoid this, the 
formula is .trea,ted as hypothetical, to be othCTwise rigidly estab- 
lished, as follows : 

233. Suppose that **jP„ signifies the number" of pamutations of 
n things taken r together, and let us assume that the hypothetical 
formula is true for n things taken r— i together, n being quite 
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general, but r for the present limited to a particular value. Ac- 
cordingly, 

^-^P^ = «(«-i) ... («^r+2), 

and '■"*^P^i = («— 1)«— 2) ... («— r+i). 

If now we have n things, a, by c, ... and we leave a out for 
a moment, and if we then form all the permutations of the re- 
maining «— I things, taken r— i together, and, finally, prefix a to 
each, we shall have, 

'■~^/'„_i permutations in which a stands first, 
*^^-P«_i permutations in which b stands first, 
and so on through all the n things : therefore^ on the whole, 
rp^^nx^'^P^,, (i) 
or '■p„ = «(«— i)(«— 2) ... («— r-hi), (ii). 

Thus, if the formula (ii) holds for any one integral value of r, 
it holds for the next higher integer. But we saw in the last 
Article that it holds for r = 2, and for r ^ 3 : hence it holds for 
r = 4, and hence for r = 5, and so on, step by step, for all 
integral values, both of n and r. 

234. This method of proof is called Mathematical Induction. 
It must not be confounded with the process of thought by which 
in science we rise from particular instances to a general law. 

Mathematical Induction is a demonstration of the truth of a formula, 
conditionally on its holding for a lower value of some S}Tnbol, 
enabling us from the proof of its truth in some particular instances 
to establish its universality. The method is of wide application in 
Mathematics. 

235. Another method, which is frequently convenient in regard 
to formulae which involve only a single term, is analogous to 
Chain Rule in Arithmetic. 

Chain Rule supposes that we have a succession of equations, 
such that a factor of the right-hand member of any one equation 
appears in the left-hand member of the next. Multiplying all the 
right-hand members together, and also all the left-hand, all these 
factors, except the first and the last cancel, give at once a relation 
between A and Z. (See Scholar^ s Arithmetic, Chapter XIV.) 
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Thus, if 


aA = mBj 




bB — nC, 




cC=pD, 

• 




• 




. tnnp ... J 



abc ... k 

236. To apply this. 

As before, leaving out a from the n things a, 5, c, ... let '^^Pn-i 
denote the number of permutations of the remaining n—i things 
d, c,... . Placing a before each of them, ''~*P»_i is the number 
of permutations of n things taken r together in which a stands 
first. There will be just as many for 6, c, ... standing first: hence 

'A = «x'-'P^», (i) 

and this is perfectly general : we may therefore replace » by »— i 
and r by r— i, again and again, 

.'• "-'/»,-. = (»-i)x '-/»,_. 

• 

down to '-^ii-r+8 = (» — r + 2) X ^/'w-r+i ; 

for we cannot have permutations less than i together : and, since 
the sufl5x always exceeds the prefix by «— r, its corresponding 
value is «— r+ 1. Also ^Pn-r+i = «— ^+ 1. 
Hence, by Chain Rule, 

^P, = «(«-i) («^2) ... («-r+2) ^P^+j, 

= »(«— i) («— 2) ... («— r+ 2) («— r+ i). (ii) 

Example. — The number of permutations of 5 things taken 3 
together = 5.4.3 =60. 

237. The formula (ii) may also be written 

\^ 



«— r 



or, again, if we put n—r = m, n=^ m+r; 

\m + r 
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238. If we put r = ;j, and use P^ as the symbol for the number 
of permutations of n things taken n together, we have, as before, 

/*« = «(«— 1)(«—2)... 3.2.1, 



Fermutations where some letters are the same. 

239. If certain letters,/ in number, become the same, there can 
no longer be any distinction of order anjongst them, and the \p 

permutations they yielded before become reduced to i. If 
another group of q letters become the same, their | q permutations 

become reduced to i, and so on, for a,ny number of such groups. 
Hence, to find the number of permutations of n things when p of 
them are alike and also ^, we must divide P^hy\p x\q * 



"P \^ 

Required number = -. — r-^ — = - — == — . (v) 

1/1^... |/ 1^../ ^ ^ 

Example. — The nmnber of permutations which can be made 

|8 
out of the letters of the word pedigree = -==:8.7.6.5.4. 



Combinations^ 

240. Combinations are derived from permutations of n things, 
taken r together, by remarking that every such group of r things 
yield | r permutations ; so if **C„ be the symbol for the niimber 

of combination? of n things taken r together, 

""P \n 

••(7« = -p = p^-y-. (vi) 



This may also be written, 

I.2.3... r 
and, putting n^r^^m, 

rc^,:=L=-. (viii) 



(vii) 



Example. — ^The number of combinations of 6 things, a, by c, d, 

^ 1 1 6.5.4-3 ^•.'5 

^/, taken 4 together = — ^-— ^ = 7^ = ^5- 

1.2.3.4 1.2 
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241. Since m trad r enter into formula (viii) in a precisely 
similar manner, it appears that we may interchange them without 
producing any alteration x>{ value ; 






or -C« = ^C,. 

These are called complementary combinations. 

CoR. Since there must always be an integral number of com- 
binations of n things taken r together, it follows that 



n.n—i ... «— r+i , 

always = an mteger. 

i.2.3...r "^ ° 

Thus the product of any r consecutive numbers is exactly 
divisible by factorial r. 

Combinations formed f^om difibrent Classes/ 

242. In the formulae to be now proved we shall make use of 
the following principle : — If any event can happen in m \^ays, and 
another independent event in n ways, the two events combined can 
happen in mn ways. 

For any one of the ways of happening of the first event can 
be combined with the n ways of happening of the second, and 
since there are m such ways, we obtain on the whole mn ways. 

If three events can happen independently in m ways, n ways, 
and p ways respectively, they can happen together in mnf ways. 
And so on. This principle is of very wide application. 

243. There are m consonants, and n vowels: in how many 
ways can a consonant and a vowel be combined ? 

A consonant can be taken in m ways : a vowel in n ways : by 
the principle a consonant and a vowel in mn ways. 

244. The ordinary formula of permutations may be thus proved. 
Given n letters, we may take a letter for the first place in n 

ways : when that is done, since that letter may not be repeated, 
we can then take a letter in «— i ways only; after that we can 
take one in « — 2 ways, then in « — 3 ways, and so on. 
Thus we can take them for all the places in 

«.«— I .«-^2 ... 3.2. 1 ways. 
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245. If there were no restriction on the repetition of the same 
letter, we might take the first letter « times, and the second n 
times, and the third n times, and so on. And all together 

«x«x«x...x« = »* times. 

246. The number of permutations, out of n things, taken r 
together, if the same letter might be repeated/ would similarly 
be n^, 

247. To find the number of combinations, p together out of a 
class of m^ and q together out of a class of n. 

Out of the first class we take the combination in ^C^ ways : 
and out of the second class in *C» ways; we can take them 
together in ^C^ x ^C„ ways. 

248. To find in how many ways a number ;w + « can be 
divided into two sets, one of m and the other of n things. 

A set of OT can be formed in ^C^^^ ways; after that there 
remain n out of which to form n things, which can be done once 
only. Hence the number required is 

\m-\-n 

mp I 



249, To find in how many ways a number (;« + «+/) can be 
divided into three sets, of /«, «, and p things respectively. 

The m things can be formed in '"C,»+n+p ways: then the n 
things in "^C^^ ways : then the p things in ^C^ ways, or i way 
only. 

The number required is 

\m->rn-\'p \n-\-p \m + n-\-p 
mp \^^n ' =- V — — — ^ 



\m \n-^p \n \p \m\n \p_ 



and a similar formula for more sets. 

Examples. 

(1) In how many ways can an election of three members for a 
county turn out, the number of candidates being five ? 

The answer is the number of combinations of five things taken 

three together = =10. 

1.2.3 
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(2) If the order of the successfiil candidates be taken into 
account, the answer would be, the number of permutations of five 
things taken three together = 5.4.3 = 60. 

(3) Required the number of ways of placing on a shelf three 
works, of two, three, and four volumes, respectively, so that the 
volumes belonging to the same work may be found together, but 
irrespective of order. 

In the. first place the order of the works themselves may be 
permuted in 3x2x1 =6 ways. 

Then the volumes of the first may be permuted in 2 ways, 
those of the second in 3x2x1 = 6 ways, and those of the third 
in 4x3x2x1 =24 ways. 

The required answer will be the product of these numbers 
= 6x2x6x24=1728. 

(4) In how many ways can 7 pennies be arranged on a table, 
as to showing heads or tails. 

The first can be arranged in 2 ways : so can the second : so 
can all the seven. By principle in Art. 242 the answer is 2^=128. 

(5) In how many ways can we make a word of three letters out 
of an alphabet of 26 letters, (i) if the same letters are permitted to 
recur, (ii) if they must be all difierent. 

(i) There are 26 ways of taking a letter for the first place, and 
26 for the second, and 26 for the third: therefore there are 
26 X 26 X 26 = 17,576 ways. 

(ii) In this case there are 26 ways of taking a letter for the 
first place: but for the second we have only 25 ways, as one 
letter must be excluded, and for the third there are only 24 ways : 
hence the number of ways = 26 x 25 x 24 = 15600. 

(6) At a railway station there are 10 persons waiting to take 
tickets. Tickets are issued for 20 different stations and of three 
classes : in how many ways can they take tickets ? 

The 10 persons, 20 stations, and 3 classes may all be regarded 
as independent events, hence the answer is 3 x 10 x 20 = 600. 
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Exeroises. No. 64. 

(1) Find the number of permutations which can be made with 
6 things. 

(2) Find the number of permutations of the letters abed, and 
write down those which have d standing first. 

(3) Find the number of permutations of 10 things. 

(4) How many changes can be rang with 5 bells ? 

(5) In how many ways can the letters adcdet be arranged, taken 
all together, so that the word ca^ shall appear as part of the 
arrangement ? 

(6) Find the number of permutations which can be made with 
the letters of the word * possession.' 

(7) Find the number of permutations which can be made with 
the letters of the word * constitution.' 

(8) How many words consisting of two consonants and one 
vowel (in the middle) can be made with the letters of the word 
* importance ' ? 

(9) How many numbers of 5 digits each can be made with 5 
counters, marked with 5 different digits ? 

(10) How many numbers of one, two, or more digits can be 
made with the above counters ? 

(11) How many of the last set of numbers will begin with the 
same figure ? 

(12) In how many ways can a party of 7 persons be divided 
into sets of 3 and 4 each ? 

(13) Of a party of 7 persons making an excursion, one is to 
ride on horseback and the rest to be divided between a chaise 
holding four, and a gig holding two : in how many ways can this 
be done ? 

(14) In how many ways can signals be made by showing four 
flags, separately or in various combinations ? 

(15) In how many ways can signals be made with the same 
flags when the order of arrangement of one flag above another is 
taken into account ? 
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(16) How many words containing 4 consonants and two vowels 
can be formed out of 6 consonants and three vowels ? 

(17) How many different algebraical quantities can be formed 
by combining a, 5, c taken all together, by addition or subtraction, 
using + and — ? 

(18) Out of a cricket-club of 20 men eleven have to be chosen 
to play a match. In how many ways can this be done so as to 
include the five best players ? 

(19) Find the whole number of ways in which 10 things can be 
distributed amongst 5 persons. 

(20) Find the who^e number of ways in which m things can be 
distributed amongst n persons. 

(21) In how many ways can 6 persons form a ring, so that 
2 persons may be together ? 

(22) A postman hands in six letters at a house, where the 
household consists of five persons: in how many ways can the 
letters be distributed ? 

(23) In how many ways can three black balls and two white 
be drawn out of a bag containing ten of each colour ? 

(24) In how many ways can we divide 14 balls, all diflferent, 
into three sets containing respectively 2, 3, and 9 balls. 

(26) In how many ways can a product of 4 factors be decom- 
posed into products of two factors? 

(26) In how many ways can a product of mn factors be de- 
composed into products of m factors ? 

(2) Binomial Theorem. 

250. The Binomial Theorem, first published by Sir Isaac 
Newton, gives the general law of the expansion of a Binomial 
raised to any given power. 

If we multiply together any number of binomial factors, as 
{jx + a) (jr + ^) and (x + fl) (j; + h) (x + r), and examine the process, 
we shall find that at any stage we have a homogeneous expression, 
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the degree of which is the same as the number of factors, and 
which is arranged by descending powers of Xy the first coefficient 
being i, the next coefficient the sum of the last terms of the 

X ^-a 
X +^ 



x^-\-ax 

bx-\-ab 

x^'\'{a-\-b)x-^ab 

X +f 

x^-\'{a-{'b)x^-\-abx 

cx^-k- {a ■{•b)cx-{' abc 

x^-k-^a-^tb ■>(■€) x^-\-(4ib-\'aC'\-bc)x-\- abc 



binomials, the nest the sum of the combinations of these quantities 
taken two and two together, the last term being the product of all 
these quantities. And it is obvious that as a, 3, c enter in an 
exactly similar manner, wherever any one combination of them 
enters, taken two together, &c.,' all other combinations of the 
same kind must enter also. 

At every introduction of a new factor the expression rises by 
one dimension and all the powers of x appear in descending 



order. If the dimension be «, the r+ 1 1*^ term will contain x^ 
and its coefficient will be the sum of all the combinations of 
GybyCy.,. of the r^ dimension. 

If we now make byCy ,,, all equal to a, each of these combina- 
tions will become <fy and their number will be ''C„, whilst the 
product of the binomials becomes {x + a)" ; 

.-. (a: + a)* = a;" + 'C„fl:r"-* ^-^Ca^x^ -*.... 

or (.r+a)'* = .r" + «fl!;tr*"^+... 

n\n — I) ... (;{ — r+i) r «— r . . « i*'\ 
+ .-^^ ^ — ^^ -'a'^ar'*^+...+a". (u) 

1.2.3 ••• '' 
Thus the expansion of (jx-k-aY contains («+ 1) terms, the first 



158 THE scholar's ALGEBRA. 

being jtr", the second nax^^^, the indices of x descending and 
those of a ascending by i at each term, so that the sum of their 
indices always = «, and the coefficient of jf*^ in the (r+i)*^ 
term being a^ multiplied by the number of combinations of n 
things taken r together. This is the Binomial Theorem. 

251. The above needs no further demonstration. 

We may however apply the method of induction, and show that 
(ii) being true for any index «, it will be true also for («+ 1). 

Let (x + af = a;" + iwor*"^ + . . . + ♦•-iC^ x"^'"^ + ^C^a^x"^ + . . . 
from (ii). 

Multiplying by {x + a), we have 
(j»; + a)"+^ = a;"+' + «tfa:"+ ... +'-iC„a:"-»-+ ""C^a^ x^'^'^^^- ... 

Now -c,+--c,= "<7'>-(;--+'> j.^^^ +4 

1.2.3 ... (r— I) ( ^ 3 

_ n(n-i),„{n-rJf2) «+jt __ ^ 

" 1.2.3... (r-i) r ■" ^"+^' 

so that all the terms are derived from (ii) by changing n into «+ i. 

But the law holds for 

{x + aY = x^-\'2ax-\-a^, 

and for {x-^af = ar^ + 3«:v" + 3a'.^ + «'. 

Hence it holds for « = 4, 5, ... , and therefore generally for all 

positive integral values of n. 

Example 1. Expand {x + of. 
First term = .r*. 
Second term = 4 ao^. 

Third term = ^^ a^x'' = (ia^x\ 

1x2 

Fourth term = c^x = 4fl';r. 

1.2.3 

Fifth term = ^^^^^^ a^x"^ = tf*. 

1.2.3.4 

.-. (.r + fl)* = ar* + 4tfa;^+6a^.;»;* + 4a'.;«r + j*. 
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pie 2. Expand (Jt:'+a)^ 
First term = x^. 
Second term = ^ax\ 

Third term = ^^a^x^ = loc^x". 

1x2 

Fourth term = ^-^^fl»ar* = loc^x^, 

1.2.3 

Fifth term = ^dllif ^^ = ^a^x, 

1.2.3.4 

Sixth term = ^'^'^'^'^ a».^ = a«. 

1.2.3.4.5 

.*. {x-^aY = j«:'^ + 5aA:*-fioa^ar'+io<r'a:* + Sa*Jt: + «''. 

It will be observed that in both the above examples the nu- 
merical coefficients are the same taken from either end. This 
follows from the property given in Art. 241, *'C„ = "^^C^. 

This remark will, however, be inapplicable if other numerical 
quantities enter, as in the following example. 

Examples. Expand (2j; + 3«)^ ' 

We have only to change x into 2 a, a into 3 a, in the last result. 
.', (2Jt: + 3a)*= {2xY-\'^X'^ax(^2xy-{-io{'^df{2xy 

+ io(3a)'(2;r)« + 6(3a)*(2a:) + (3«)', 
= 2^x^-\' ig X 2*a.y*+ 10 X 3' X 2^a^:x^-\- 10 

X 3' X 2'^(^x^'\- 10 X 3*^Jf + 3*^*, 
= 32a:*'+240ajt:* + 72oa*.r'+io8oa'ji;* + 8ioa*j; + 243<2*. 

Example 4. Find the fourth term of {x+ay. 
It will be found more convenient to take the (r+ i)**^ term as 
the general term rather than the r^, since the former contains a*". 

. The (r + I )**^ term -^^ '- ^ -^— ^ a"" .:r«-^ 

^ ' 1*2. 3. ..r 

Here n^ *i^ and r+ 1 = 4; .*. r = 3. 

Required term = — — —c^x^^ . 
^ 1.2.3 

= 35^.^*. 

The best way, aftet determining r, is to write down the r factors 
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(in this case the three factors), in the denominator, and then 
commencing with n (here 7) to put in the corresponding factors 

n 

in the numerator: but if r is manifestly > -, we may use «— r, 

instead of r, in forming the coefficient 

Example 5. Find the seventh term of (3 a: +5^)'. 

Here » = 9, r+ 1 = 7 ; ,\ r = 6, It will be better to use 
«— r = 3, instead of 6, in forming the coefficient. But 3 must be 
used for r in regard to the indices. 

Required term = 9:^(5^)6(3^)8^ 

1.2.3 

= 84X5*X3'a'^', 

= 35437500 a»<5«. 

Example 6, Expand {x^aY. 

The general term is ^C^{—aYx^'~^y the sign of which is + 
when r is even, and — when r is odd. Consequendy the signs 
are alternately + and — , the first term being +, the second — , 
and so on. In other respects the series is unaltered from that of 
{x + aY ; therefore 

(.r-a)» = ar'*--«war"-*+'^-^^^a»a;«^-...+''C«(-a)*-;ir"--*" ... 

Example 7. Expand (1+^)" and (i— .r)", and find their 
sum and difference. 
/ . \« «(«— i) „ »(«— 1)(«— 2) , 

I. a 1.2.3 

•/ \» . «(«— i) « «(«--i)(»— 2) , . • 

^ ' 1.2 1.2.3 

the sign of the last term being + if » is even, and — if « is odd. 

(i+.r)"+(i-a:)" 

, nin—i) _ »(«— 1)(«— 2)(«— 3) . . 

1.2 1.2.3.4 ' 

(l+^)n,(,^^)n^3(^^ ^(«-^)(«-2) ^ 

1.3.3 
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Example 8. Find the values of these qu^intities \yhen ^ = i. 

nin—i) n(n^i)(n—2) 



1.2 1.2. 



2"-^ 



2* 



= I — «+ -^ ' ^^ ^-^ 1 +.. • 

1.2 1.2.3 

_ , , n{n^i) n(n-i)(n-2){n-i) . , 

— I -| 1--: . r "• } 

1.2 1.2.3.4 

1.2.3 



252; The (r+ i)tli term b^ing 



;g(«>^i)(n^2)... («■-/• rfl) ^^^„_, 



^,-.^n-^+l 



1.2.3 ••• ^ 

and the r^ term being 

n{n^i) ... (»^r+2 ) ^^_j 
1.2.3 ... (r— i) 

the (r+ i)tli term may be derived from the r^ by multiplying the 

latter by • 

r X 

The new coefficient by itself may be derived from the preceding 
by using the multiplier , which is such that the deno- 
minator is r and the sum of the numerator and denominator 
always («+i). 

These remarks are frequently practically useful in writing down 
successive coefficients, and they will enable us to answer the 
question frequently asked, — Which is the greatest term or the 
greatest coefficient in a given expansion ? As long as the multi- 
plier is >i, these quantities are increasing; as soon as the 
multiplier becomes < i, the maximum is passed. We therefore 
equate the multiplier to i, and find r from the equation so formed. 

If r be integral, we get two equal terms, the r^ and the 
(r-hi)*^; if fractional, the term required will be the r*^ or the 
(r+i)tli, according as we take for r the next greater integer, or 
the next less, x is supposed to be known. 

M 
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Example. — Find the greatest numerical coefficient of 

multiplier of the r^ term is 

«— r+i 3 6— r+i 3 

•—i or •— • 

r .2 r 2 

T. . 3(6— r+i) 

Putting ^^ ^^ ^ = I, 

18— 3r+3 = 2r, 
5^=21, 

r = 4 gives the multiplier f , which causes increase, whilst r = 5 
gives f , which causes decrease. 

The fifth term has therefore the greatest coefficient 

= 6x2x3'= 2916. 

Exercises. No. 66. 

Expand by the Binomial Theorem — 

(1) (2-xy. (6) {i-xy. 

(2) (^-7)*. (6) (2-i)«. 

(3) {2a-6y. (7) (i-^)'. 

(4) {2a-1cy. (8) isa-jiy. 
Find the terms named in the following expansions : — 

(9) The fifth term in (3J'-4«)». 

(10) The fourth tenn in (i — ^)» 

2 S 

(11) The eighth term in (5 - -y\ 

5 

(12) The ninth term in (^ - ^Y'. 

jf 4 

253. The Binomial Theorem may also be used for the involution 
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of trinomials and multinomials, by taking two terms together, 
as follows : — 

= (i+j»;)*4-4^'(i+^)' + 6a:*(i+^)2+4;t;8(i4-jv) + ^* 
= 1 + 4^-1- 6;tr3 4- 4^H ^* 

'40;^+ 12^'+ 12^*+ J^X^ 

6x^-\-X2X^-\-6x^ 
% 4^^4-4^' 

= 1 + 40:+ lox^ '\- i6x^ -\- i^x^ ■\- i6x^ -{■ lox^ -{- 4x'^ -^ x^. 

Exercises. No. 66. 

Obtain the expansions of — 

(1) (3^-5+i)2. (3) (^^3^-|.ii;.)8. 

(2) (i-2W + 3»22-4ot')2. (4) (H-2:*r-3a;2)3. 

Find the terms containing ^ in each of the following ex- 
pansions : — 

(5) (2-3^ + S^')*. (6) (i-20+i)l 

z 

254. We have now to show that the Binomial Theorem applies 

to negative and fractional values of the index : that is to say, that 

(whatever may be the value of n) 

(i-\-xY= I+ftX+-^ i-X^^ ... 

^ ' 1.2 

^ n{n'-i){n-2)...{n-r-{-i) ^ 

» • • |~ —————— ^^—^———— ^—^-——^—— ^—" J^ -y- , , , , 

1.2.3 ••• ^ 

the term last given being the general term or (r+i)*K The 
series will be interminable, except only when « is a positive 
integer. 

We remark, in the first place, that the interpretation of negative 
and fractional indices was obtained (Arts. 222-225) by putting the 
question, — What meaning must we give to these indices in order 
that they may satisfy the laws of combination which obtain between 
positive integral indices ? Conversely, any general formula depending 

M 2, 
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on positive indices ought to hold for other values of the indices. 
We have remarked in Art. 62 that the general forms which result 
from the rules of Algebra are independent of all questions of value. 
The extension of the Binomial Theorem to negative and fractional 
values of the index will be seen to be a result of this principle, 
when fully understood. For a full expositioit of this principle, 
under the name of ' The principle of the permanence of equivalent 
forms/ we must refer to Peacock's Algebra. 

255. The reasoning which we now give is Euler's. 

Let /{m) be used as a short method of expressing the series 

1.2 
whatever may be the value of m. Then 

' 1.2 

' 1.2 

If we multiply these together we shall have a series of ascending 

powers of x^ the coefficients of which will depend upon m and «, 

the first terms of which will be 

j-i \ ^i \ I V {mim—iS n(n—i)) , . 

f{m)x/{n)=:i+{m + n)x^<-^ - + mn+ -^ ^-\x^+... 

(, 1*2 1.23 

= i + im + n^x-i {m^'\-2mn-\-n^-'im'\-n)}x^ + ... 

^ ^ 1.2 '• 

= i'\-{m-\-n)x-\- — x^'\- .... 

^ ' 1.2 

Now, since these terms can all be found as far as any desired 
term by the simple process of multiplication, irrespectively of the 
values of OT and «, their form will undergo no change when m and n 
are restricted to be positive integers. Consequently, if we know the 
form of the general term when m and n are positive integers, we 
know it always : but on this last supposition 

/{m) x/{n) = (i +x)^ X (i +xY = (i +^^+^ 

. / \ (m + n)(m + n—i) , , 
= i+(m'{-n)x+ ^ -r /v T- _/^i+ ... 

^ ' 1.2 
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and the general term, the r + 1 1*^, 

_(»2-|-«)(ot + «— i)...(?w-f-«— r+i) y 

1.2.3 •' ^ 
Consequently this is always the general term, and the series is 
that which we have denoted hy /{ni-{-fi)\ 

.-. /{m-\-n) =/{m) x/(«). 
Similarly, /{m + n +/) =/{m) x /{n +/), 

=/W x/(«) x/ip), 
as before ; and to any number of terms 

/{mi-n-\-P'\- ...) =/(w) x/{«) x/(/) X ... . 

Now, let m, n, p, ... he k in number, and all = -r-; then their 

2. ^ 

sum = n ; 

h h 

.: f{h) =/(;j) x/(;j) X - (-^ factors); 

.-. (i+4;)»={/(f)}», 
whence it follows that 

k 1-2 

according to the ordinary law of the Binomial Theorem. 
Again, if we multiply together 

^1 V tnim — i) - 
f\nC) = i-\'inx-\ ^ -x^-{- ,,. ; 



I»2 



•^ ^ ^ 1-2 

= I +(/»— w)j;+ •< — ^ + — ^ m'y x*-t ... : 

^ ' ( 1-2 1-2 ^ 

= i+0'Jtr + 0'.«r^+... = I. 
This result agrees with the formula already established for all 
values of w, «, viz. f(p^ x/W =/(^ + ^) > 

=/(o) ; 



= I. 
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I 



Consequently, /( - »^) = -^ , 

which establishes the binomial theorem for negative values of m. 

256. There is one point in this reasoning which offers some 
difficulty. With reference to the words in italics, it may be 
doubted whether a change of form has not taken place in regard 
to all terms beyond the {m + n-^-i)^ in /{m + n), where m and n 
are integers, since the coefficients of all such terms = o. In 
such a case, however, the form of an expression is to be sought, 
not where it becomes evanescent by the vanishing of a factor, but 
elsewhere. 

We shall further meet this difficulty, by showing in one or two 
particular cases (Examples 1, 2) that the general law which the 
above reasoning professes to establish is really observed. 

Example 1. — By actual evolution 



/ I I „ JT* 5^;* 



8 i6 128 



"^^ . • • • 



But the geileral term — ^^ — ^ x^ gives, if r = - , 

2 8 16 128 

In a similar manner we may compare \fi-\-x, obtained by 
actual evolution (Art. 216) with the result given by the Binomial 
Theorem. 

Example 2. By actual division 

ii—x)"^ = = i-^-x-^-x^-^ ... +0:'"+ .... 

Dividing again by i—x^ by Horner's single process, employing 
X as operator, 

(i-a;)-^=— i-- = i + 2a:H-3.r2+4^+ ... j^(r^i)x^+ ..., 

(i—Jf)~* = 7 TT = I +4a:+io.;t;'^ + 2o;r*+ ... : 

\i—xY 
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all which are in agreement with the result of the general term 

«(«+i)...(« + r— i) r ^ ' A c '^ c J 

— ^ — ^ ' or , denved from wntmg — « for n and —or 

i.2.3...r ° 

for X in the ordinary formula. 

2 X i 

Example 3. Expand (i H ) to 4 terms. 

3 3 1-2 3 1-2.3 3 

_ 2:1: 40:* 40 , 
9 81 2187 

Example 4. Expand (jr — ^^) to 4 terms. 

^ 2 ' 2^2' 

2 2 _l/3yx 2^2 '^2 ' -.a/S^x 

1.2 ^ 2 ' 1-2.3 2 ' 

4 32 ;t;* 128 ^f 

( ^x ^2X^ 128 jr 3 

This will be found to be in general the most convenient arrange- 
ment of such expansions, as we have thus only one fractional 
index to write down, and the indices of _y and x are the same. 
Example 5. Expand (i— Jtr+Jt:^)* to 4 terms. 

(i—x-^x^)^ = I {x—x^) 

-( — i) -( 1)( — 2) 

22 , 22 2 , 

+ — — (x-^x^-— — (x'-xy+... 

1.2 ^ ^ 1.2.3 

^ , ^ 2 

= I x+-x^ 

2 2 

"^ "^X "t" '~~ X^ '^~ ... ""* "^X^ "T" • • • 

8 4 16 

2 8 16 
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Example e. Expand (i--3j;+2a:*)8 as far as ^. 

ft 2 

(i — 3j;+2Ji?*)t = I (3^;— 2Ji;*) 

o 

2/2 V 2,2 .,2 

= I — 2:r+-^* 
3 

3 

3 

= I — 2a: + -ji;*+.... 
3 

Example 7. To employ the Binomial Theorem to find the 

value of ^/^ and 4/2, &c. 

This will be done by representing 2 or other number under 
consideration in a form which will connect it with the highest 
square, cube, &c. of 100 or 1000, as the case may be. 

Dividing 100 by 2, we have the quotient 50, the nearest square 
to which is 49 ; 

'V 49 V 49 100 
_ 10 / 2 

/- _ 10 C II I I I I ) 

'• ^'" 7 r 2-50 -S'Cso)*"^ 16 (6o)» ■"•••(' 

= { I — -o I — 00005 + '0000005 —...}, 
= -{10— •I---0005 + -000005— ...}, 
= - { 10*000005 — I •0005 } , 

=r- X 9-899505> = 1-414216 • • 

7 

This method may be carried very much further with great 
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facility, and offers the easiest way of carrying the result to a large 
number of decimal places. 

Similarly, dividing 1000 by 2, we have the quotient 500, the 
nearest cube to which is 512. 

4/1 = '/"^ = 3 /^ ^ ^ 

^ V 512 V 512 1000 



=!{ 



8 V 1000 4( 1000) 



I 
1 + -X024 

3 



i(i^x) i(--l)(i-2) 

+-^-^ X .000576+ 5-^ ^ X -000013824 > , 

I*2\. I.2>H J 

= -< I + '008 — .000064 + -000000853 > , 
= 1-25992106. 

Exercises. No. 67. 

Find four terms of the expansions of — 

(1) (a-x)^, (4) {i-2x + 3X^)i. 

(2) (i-2^)f (5) (i-3g-gV- 

(3) (8-3>.)«. (6) {i-iz)-^. 
Find the terms named in the following expansion :• — 

(7) The 4th in (2--5f)V. (9) The 7th in {i-^Sx)-\ 

(8) The 9^ in (23-3^/)-*. (10) The loth in {- + -)-". 

2 3 
Apply the Binomial Theorem to find — 

(11) The square root of 11 to 7 decimal places. 

(12) The cube root of 15 to 7 decimal places. 

(3) Systems of Numeration. 

267. The general formula for a number of n digits in the 
ordinary numeration system is 

iV=^.io"-* + 3.io*^+... + /.io-f^, 
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the highest value being 10"— i when the digits a,h,,,. all = 9, 
and the lowest lo*"^ when a = i and the others = o. We may 
extend the formula to m decimal places as follows : — 

N - a.io"-^+... + /.io + 9+— + -^+...+— j^; 

10 10' 10"* 

and this may be written 

M 

iV= — -^ where ^ = fl.io"*+'*~^+.,.4-/, an integer. 

If we have another number of ni decimal places, such as 



^^Vi'\-Vi' 



and this is a decimal of (fn-\-nr) places; whence we derive the 
common rule for the multiplication of decimals : — Multiply together 
the numbers obtained by omitting the decimal points^ and mark off 
from the right-hand as many decimal places as there are in the two 
decimcds taken together. 

This supposes that any ciphers which may arise on the right- 
hand of the product MM' shall be carefully written down. 

Again, if N\ instead of being a fraction, be an integer closed by 
m' ciphers, or be of the form N' = M\ lo"*', then 

MM' 
NN'r=.^^, or MM\io^'-^, 

according as m or m' be the greater. 
Again, 

N M IO*»' M rnf m 'C r 



N' lo*" M' M' 

M 



M' 

M I 



if /»'= m ; 



if m'< m : 



" M' lo'"-"*' 
whence the rule for the division of decimals : — Remove the decimal 
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pointSy and find the quotient of the one number so obtained divided 
by the other. If the number of decimal places in the divisor and 
dividend be equals this is the quotient required ; but if there be more 
decimal places in the dividend than in the divisor ^ place the decimal 
point so as to diminish the number of digits in the quotient by the 
excess, whilst if, on the other hand, there be more decimal places 
in the divisor than in the dividend, the number of figures in the 
quotient must be increased by the difference, supplying ciphers if 
necessary to that extent, 

1 nus, = = 3, = - - = .3, 

7005 7005 "^ 7005 10 

, 2IOI-5 

^^ '^;;;:;;;7 = 3 x 10 = 30. 
7005 

These are the ordinary rules for the pointing of decimals in 
Multiplication and Division of Decimals. 

268. If we call the index of the highest power of n in the 
formula for n the characteristic (or grade) of the number, we see 
that this will ht n—\ for an integer of n figures, o for a single 
digit, —I for a decimal having a significant figure in the first 
decimal place, and —m for a decimal having its first significant 
figure in the m^ decimal place. 

This method of classifying numbers by their characteristics is of 
great use in Logarithms. Chap. XIV. 

It also furnishes a rule which is often very convenient for 
pointing in multiplication and division of decimals (see Grade Rule, 
PP- 38, 39 in Scholar's Arithmetic^, especially for pointing from 
the left-hand when the decimals are interminable. 

For Multiplication. — To find the grade of any product, add the 
grades of the two factors, and i extra when the leading digits of the 
product have fallen in value. 

For Division. — To find the grade of the quotient, subtract the 
grade of the divisor from that of the dividend, and i extra when the 
leading digits of the divisor exceed those of the dividend, 

259. Questions are sometimes asked respecting numbers, on 
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the supposition that some other number were used instead of lo 
as the base of the numeration system. Such systems are com- 
monly called ' scales of notation/ 

Let r be such a number, called the base or radix: then the 
formula for a number is 

N= d:r"^^ -h 3r"-* + ... +/r + ^, (i) 

or, if extended fractionally, 

N= ar'^^-j- ... +pr + g+ ^+^5+ - • (") 

Since g,p, ... are the successive overs or remainders, when N 
is divided repeatedly by r in (i); any number may be expressed 
in the new system by dividing it in the common numeration 
system by the new base. 

Example. — Express 3150 in a system the base of which is 7 : 



1 


3150 




1 


450-0 




1 


64-2 




1 


9-1 






1-2 


Answer 12 120. 



On the other hand, to return to the common numeration 
system we have only to find the value of the formula (i) when 
r = y. This is best done by Horner's single process. Art. 214, 
as follows, using the operator 7 : 

121 2 o 

9 64 450 3150 = Answer. 

Example. — To express the common decimal '5164 in a system 
of numeration fractions, whose base is 7. See Ex. 1 below. 

It is clear that j, /, ... are the integral values which will arise 
successively in (ii) if the fractional part, taken alone, be repeatedly 
multiplied by r (in this case 7), the integral parts as they arise 
being withdrawn, as in the common method of reducing any 
decimal of £ i to £ j. d. See Ex. 1. 
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Example 1. 



Example 2. 





•5164 

7 


3 


•6148 

7 


4 


.3036 

7 


2 


•1252 




7 





•8764 
7 


6 


•1348 


Answer • 


34206... 



4 
25 



2 

177 



o 
1239 



6 
8679 



7 8679 

7 1239-85714 ■■ 
7 17712244. 

7 25-30320. 

7 361474 ' 
•51639.. 



To return, note that 

s t u sr^ + Zr+u 
_-| h~ = ■ — 



Hence the rule, — Find the value of the numerator y regarded as 
an integer in the same system^ and divide by r as many times as there 
are figures in the first fraction or the numerator. The quotient is 
the answer. See Ex. 2. 

We find the value of -34206 (base 7) to be 8679 (base 10), and 
this we divide 5 times by 7, since there are 5 figures used (3, 4, 2, 
o, 6) in the original fraction. 

Exercises. No. 68. 

(1) Express 7315 in the nonary system of numeration (base 9). 

(2) Express 3277 in the octenary system (base 8). 

(3) If 23543 be a number expressed in the system of numera- 
tion, whose base is 6, find its value in the common system. 

(4) Find the value of the common decimal -613 in the septenary 
system of numeration fractions. 

(6) If -2123 be expressed in the numeration system whose base 
is 5, find its value in the common system. 

260. Let m be the sum of the digits of a given number. 
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Then N — a.io"-^ + 3. io*^+... +/.io+^, 
m = a +6 +...+/ +^, 

iV— OT = a (lo"-^— i) + 3 (lo*-^- 1) + ... + 9A 
Now any quantity lo**— i is divisible by lo— i, or 9, whatever 
may be the value of r. 

.'. N—m is divisible by 9 ; and we may write 
N = gs + m, and any other number 

Consequently iVW when divided by 9 leaves the same remainder 
as mm^ does : which leads to the common test called Casting out 
the nines. 

(4) Harmoiiic Progression. 

261. A series of terms a, ^, Cy d^ ... are said to be in Harmonic 
Progression (H. P.) if a'.cwa—b'.h—c, the same relation holding 
amongst every set of three consecutive quantities. 

Harmonic properties, or those which are connected with this 
progression, are of great importance in Geometry; but of no 
great interest in relation to Algebra. 

The only algebraical property of importance is the following : — 
The reciprocals of quaniiiies in Harmonic Progression are in Arith- 
metic Progression. 

For, since a\ c w a—b : 3— r, 

.*. ab—ac = ac—bc; 

and dividing by abc, 

I I I I 

c b b a' 

that is, - ) T ' - have a common difference. 
c a 

Cor. - + - = y. 

a c 

Cor. b = , which is therefore the value of a harmonic 

a-\-c 

mean between a and c. 
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Cor. Since the n^ term of an A. P. = a-{-{n--i)d, the w*^ 

term of a H. P. (a, 5, c, ...) = , ; 

a ^ ' ^b a' 
ah 



There is no general expression for the sum of n terms. 

To find the present value of an annuity of £a for n years, at 
simple interest, at the rate of £r for £ i for i year. 

The present value will be the sum of the present values of each 
payment : if this be -P, we have, by Art. 144, 

— a a a a 

P-——'>f— +— +... 



i+r i + 2r i + sr '"i + «r' 

and this is a series in H. P. and cannot be summed by a general 
formula. 

If a particular case be required to be summed, it is most easily 
done by a table of reciprocals, such ag is given in Barlow's Tables. 

Exercises. Ko. 69. 

(1) Continue for 4 terms H. P. 6, 3, 2. 

(2) Insert a harmonic mean between \ and \. 

(3) Insert two harmonic means between \ and \, 

(4) Prove that the arithmetic, geometric, and harmonic means 
between two quantities, a and ^, form a G. P., whose common 

. . 2^/ah 
ratio is — -T-' 
a-^-o 

(5) Hence prove that the arithmetic, geometric, and harmonic 
means are in descending order of magnitude. 

(5) Series. 

262. Besides the three progressions aheady considered, there 
are many series of interest which occur in Algebra and its applica- 
tions. A few of the sunpler series only will now be noticed. 

263. To find the sum of a series of n integral terms. 
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Let the general term, the n^, expressed in t«ins of if, contain 
n^ as the highest power of «, and let s^ denote the sum of n 
terms. 

We may assume 

A, B, ..,Py Q being unknown, or, as they are called in this case, 
Indeterminate Coefficients, and we shall be able to obtain sufficient 
conditions to determine them. 

The method will be best understood by an examine. 
We will take the ordinary A. P., i -|- 2 + ... 4- «. 
Here the highest power of n being n^, we need only introduce «' 
into the expression for s^. 
Let Sf^ = An-^Bn^. 
Then j„^i = ^(«— i) + uff(«— i)*, by writing »— i for n, 

,', Jn—'^n-i = -^ + zBn—B, 
But f„— J»-i = the «tt» term = n \ 

.'. A —B-\- 2Bn = n ; 
and this is to be made identically true. Consequently, 

A-B^o, 2^=1 

.-. B=\ 
.-. A = \ 

It is clear that if « = o or the number of terms = 0, j„ = o ; 
which is the reason that it is unnecessary to place a constant term 
or term independent of n at the beginning of the expression 
for s^. 

Again, if we were to add a term containing C?^ or other higher 
term in the expression assumed for j,,, we should have on the left- 
hand side of the equation a term containing C as a multiplier of n^ 
and no corresponding term on the other side, which implies C = o ; 
and this is the reason that it is unnecessary to introduce any 
higher terms than one which contains an index next above the 
highest index in the general term. 

264. To find the sum of i« -h 2H . . . -f^ «^ 
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Let j« = An+Bn^-\-Cn\ 

Then J^i = ^(«-i)+^(«-i)3+C(«~i)«. 

.-. J„--^,^i = A + 2£n^B-^sCn^-3 Cni- C = «*. 
... ^-^H-C=o, 

2^-3C=:0, 

/^ — 1 
o — y, 

__ «(l+«) (H-2«) 
"" 1.2.3 

Example. Let n= i, .-. s, = i^^^ = i ; 

1.2.3 

1.2.3 

« = 3) .'. "fs = ^^^ = 14. 

1.2.3 

265. To find the sum of i' + 2« + . . . + ««. 
Let j„ = Ani-Bn^i-Cn^-{-I)n\ 

.-. Jn-i = ^(«-i)+^(«-i)^+C(«-i)»+i>(«-i)*, 
J„-f„_-i = ^ + 2^«-j5-f 3 C «2-3 C» + C 

.'. A-'B+C'-I)= o, 

2^9-3^+4^ = 0, 

3C~62> = o, 

4i?=i; 

••• ^ = h ^=i; 

N 



178 THE scholar's ALGEBRA. 

266. Many series which contain terms of the form 

I 
{x-\'a){x-\-d) 

may be summed by noticing that 





(^ 


+ a){x 


+ ^)" 


' d'-a 


\x-j-a 


x-^-d 


For 


example 


, to sum the series :- 


— 






•f» 


I 
1.2 


I 

+ 

2.3 


I 

+ 

3-4 


+ ...+ 


I 




«(« + ! 








I 
1.2 


I 
~ I 


I 

— 9 
2 










I 

2-3 


I 
~ 2 

• 


I 
— J 

3 










I 


• 

I 


I 





n{n-\-i) n n+i 

Adding up the two sides, and noticing the terms which destroy 
each other, we have 



n 



s^= I- 



« + 1 «+ 1 
I 



CoR. We may write this result, j„ = 



I 

1+- 
n 



Hence, if n be made infinite, or the series continued to infinity, 
the value of j'„ becomes i. 

Exercises. No. 70. 

Find the sum of the following series (to n terms) and test the 
result by putting « = 3 : — 

(1) 1.2 + 2.3 + 3.4+.... (4) iH3' + 5'+--. 

(2) 1.2 + 3.4 + 5.6+.... (5) i^^4^ + f+..,. 

(3) 1.3 + 3.5 + 5.7 + .... (6) i' + 3' + 5'+-. 

(7) 1.2.3 + 2.3.4 + 3.4.5+.... 
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Find the sum of the following series to n terms and to infinity : — 

^^)7^ + 7^ + A + -- (9)— + — + — + .... 
^•3 3-5 5.7 ^ ^ 1.3^2.4 3.5^ 

(10) -i- + -JL. +_£_ + ._ 
3.7 7. II II. 15 



CHAPTER XIIL 
EQUATIONS. 

In this chapter we propose to notice some points in regard to 
the discovery of unknown quantities that have not yet been 
discussed. 

(1) Simtdtaneous Equations of the First Degree with 
more than two Unknown Quantities. 

267. We have seen that to determine two unknown quantities 
we require two conditions, or in other words, when expressed 
algebraically, two equations. In the same way to determine three 
unknown quantities, it is .necessary to have three equations, four 
equations to determine four unknown quantities, and, generally, 
n equations to determine n unknown quantities. Suppose we 
have three unknown quantities, x, y, z ; and, to determine them, 
the three equations 

x-\'2y— z— 2, (i) 
2x- y+3z= 9, (ii) 
2X+ J/— 20 = — I. (iii) 
By multiplying (i) by 2, and subtracting (ii), we find 

Again, by multiplying (ii) by 3, and (iii) by 2, and sub- 
tracting the former from the latter, we obtain 

5^-13 a = -29, 
N2 
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whence, by subtraction, we have, 

8^ = 24, ,\ 0=3, 
whence j; = 2, x — i. 

We may always thus obtain by the elimination of the same 
unknown quantity between two pairs of equations, two simultaneous 
equations of two unknown quantities, to be solved in the ordinary 
way. 

Exercises. "No. 71. 

Solve the equations : 

(1) 3:r-2j>/-2 = 2, (5) j;-j; = 9, 
5^— y + 3Z = 23, y + 3Si = 3» 

^— 5j/ + 62;=i. sf — 3^=11. 

(2) x+y=i, (6) x-\-y-\'Z = 2Sy 
x + z^S, j;+_y— 0=2, 
^ + 2 =—3. x—y + z = 14. 

(3) j;— 2j/=i, (7) x-^- y-^ = 0, 
3X'\-z :^ 14, x-)r2y + 3Z— 1, 
2y—3Z = 7. ^H-3^ + 4«f = o- 

(4) 3Jr + 5J^=i6i» (8) 7-^+ 9>'+i2S = 6i, 
7^ + 20 = 209, 5^+ 4^+152^ = 58, 
2^ + =89. 3 j;+ 10^+202; = 83. 

(9) Determine three numbers such that their sums, taken two 
and two, are 12, 13, 15. 

(10) Three pipes A, B,C are employed to fill a cistern : A and 
B would fill it in 45 minutes, A and C in 54, B and C in 90 ; how 
long would they require separately ? 

(11) A sum of £13 6s. is paid in half-crowns, florins, and 
shillings : there were 10 more florins than half-crowns and shillings 
together, and the florins were worth 54^". more than the half- 
crowns and shillings together : how many were there of each ? 

(12) A's money, together with twice that of B and C, amounts 
to £5^ los.; B'Sj together with thrice that of A and C, to £70; 
and Cs, together with four times that of A and ^, to £82 loj. : 
required the money of each. 
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(2) Equations that may be solved like Quadratics. 

268. Any equation which admits of being thrown into the form 
a{ Yi'd{ )+^ = o 
may be treated as a quadratic, whatever may be the degree of the 
expression within the bracket. Thus one step at all events can be 
taken, and if the expression be of the first or second degree, the 
equation can be completely solved. 

Example 1. To solve 

^^— S^+V'-^* — 3^— -I = 13- 

It is obvious that by supplying — i after the first two terms we 
make up a quantity corresponding to that under the radical; we 
have therefore, completing the square, 

.*. ^/at^— 3^;— I +1 = ± I, 

^/x*—^x—I = 3 or —4. 

Squaring, x^—^x—i^g or 16, 

x^—^x = 10 or 17, 
whence we obtain, 

3 ± V^77 
jr = 5 or — 2 ; ^^^= — ' 

2 

The latter values are not applicable to the positive sign of the 

radical. 

_ - „ x^-\-x+i ^ x^—x-\-i 10 
Example 2. -z h -z = — . 

X^^X+I A'^ + AT+I 3 

The second fraction is the reciprocal of the first. We obtain 

X^+X+I I 

^':^^T~i = 3 or -• 

The first gives x^-{-x+i = 3 {x^^x + i ), 

2:r*— 4j; + 2 = o, 
X = I, 

The second gives 3 {x^ i-x+i) = x^—x-\-i, 

2X^+4X-\-2 =0, 

.r = — I. 



l82 
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269. In a similar manner all equations may be treated which 
contain a number and its reciprocal. It is frequently convenient 
to use a symbol v to express the number or fraction, so as to 

replace the equation above by v-\- - = — : afterwards replacing 

the expression represented by v. 



So 
(1 

(2 

(3 
(4 

(5 
(6 



Exercises. No. 72. 

ve the following equations : — 

X+ */x = 12. 

j;— I X'\-\ 17 
x-\-\ x—1 6 

A;(jk:+i) + 3>/2Ar'* + 6j; + 5 = 25—20;. 



X^—^-j- VsX^—2'J = 110 — 

^x^4^ x—4 



2X\ 



270. The introduction of a symbol v is often convenient in 
simultaneous equations, where the unknown quantities enter 
symmetrically ; i. e. in a precisely similar manner. 

Example 1. jt:+j/ = c, 

Z + x = d. 
Assume x -j-y+z = v : 

then, adding up, 2V =^ a + d+c, 

x = v—{y + z), 

Similarly, y= iic+a—d), 

z = \{a-{-d—c). 





EQUA TIONS. 


Example 2. 


x^yz = a, 




xy^z = ^, 


Let 


xyz = z' ; 




.•. jiTz; = ez, 




^33 = 3, 


TvT nl+ii^lwTiT^rtp rtll ■f/^oi 
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or, z;* = a^^ ; 

.'. z^ = (fl3r)^, 

•^ = zr = (rP' ■^===<^>' ^ = <a3>- 

Exercises. No* 73. 

(1) xy = 20, (4) x{x'\-y-^z) = <2^ 
j'Sf = 30, y{x-\ry-\-z)^ b\ 
zx = 24. «(;c+>'+«) =^®. 

(2) -U4-.) = 3, ^'^ ^(^ + ,^)(^+j) = 9, 
J'(-^ + «) = 4, 3(2+J)(ar + i)=i6, 

z{x-\-y)=^ 5. /:/ , '\/ . i\ . 

(3) xy = <:(^+j'), (6) <zv+^^ = c, 
xz^b{x-\'Z)y cx-\-az=^b, 
yz = a{y + z). bz + cy = a. 

(3) Equations containing Badicals. 

271. To solve equations which contain radicals we must 
generally so arrange the equation that one of the radicals may 
appear by itself on one side of the equation. Then by squaring 
both sides this radical will disappear. If others remain repeat the 
same steps. 

Equations when thus treated will sometimes turn out in their 
ultimate form simple equations. 
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Example. 

Transposing, 
Squaring, 
Transposing, 
Squaring, 
which reduces to 






x—ig = a; + 5— 2'/(a:-4)(Ar + 5) + Ar— 4. 



2'/:*;^+;i;— 20 = Ar+20. 
4{.r*+Ar— 20) = Ar" + 4o:r + 40o; 
a;*— 120: = 160, 
giving .r = 20 or —8. 

It is necessary, as has already appeared in Exercises No. 72, to 
take into account both signs of the radical, in order that all values 
found by the solution of the equation may be applicable. If the 
positive sign only be taken, we must ascertain by trial which of the 
values found may apply. 



Exeroises. No. 74. 



(1 
(2 
(3 
(4 

(6.; 

(7 



V^+25 — V:^ = I. 

^X +12 = 2 + a/X, 

V'Ar + 3+\/Ar + 6 = 3VA:. 
2>/3Ar + 7 = 9+^/2.^—3. 
Vx-{-2-\-^Z^'\'i = V^.^H- 7 + ^/30: + 3. 
2xVx^ + a^-\-2xVx^^-l^ = a'-3«. 
2Vx-\-2a—2Vy^2a—^V2a = o,. 
2\/j;— 2 a— 2^/^+2 tz + 3^/2 a = o. 

(4) On Surds. 

We now return to the term Surd, briefly noticed in Art. 201. 

272. By a Surd in the most general sense is meant a root of 
any order of a numerical quantity, symbolic^ly indicated, which 
does not admit of having its value expressed by a finite number of 
figures, either as an integer, or as a fraction. Surds are classified as 
quadratic surds, cubic, biquadratic, of the fifth order, &c., according 
as they arise from the extraction of the square root, cube root, &c. 
Surds of different orders may be compared as to magnitude by 
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the reduction of their fractional indices to a common denominator. 
Thus, v^3 = 3* and >^5 = 5* may be compared by reducing 
their indices to the common denominator 6, 

Then VJ = 3* = 3* = (27)*, 

n/5=5*=6* = (26)*. 
Since 27>25, .-. ^3 is > 4/5. 

We shall have chiefly to do with quadratic surds, and these we 
must be understood to mean by the term surd, unless the con- 
trary is stated. 

Examples of quadratic surds are v^3, a/5, -/i?. A surd has 
a definite value, but can only be expressed numerically as an ap- 
proximate (to any required degree of accuracy) in the form of a 
non-terminating decimal, as ^^3 = 1-7320508. 

273. Surds are also called Irrational Quantities, and in contra- 
distinction all numerical quantities (and the symbols which repre- 
sent them) which can have their values exactly expressed by a 
finite number of figures are said to be Rational. 

274. The fundamental property of a surd is thus expressed in 
Algebra : — A surd cannot he equal to a rational quantify. 

The radicals in the last section must not be confounded with 
surds. We by no means assume that V'.r— 4 and Vx--i^ are 
incapable of being expressed as integers, &c., and in fact when we 
substitute for x the value .r = 20, which we obtained by solving 
the equation, we find ^x—\ = V16 = 4, and ^x—\^ = i. 

It is necessary to make this remark, because surds have special 
properties of their own, which we do not assume such radicals to 
possess. 

275. A number is either a prime, or of the form iV=a**^'"r^..., 
where a, ^, r, ... are its prime factors, and n^ m,py,,, theif indices, 
positive or negative. 

In taking V^, every pair of like factors of any kind will yield 
an integral fac'or, so that ^N may be reduced to the form a\/^, 
where a is rational, and ;3 is the product of single prime factors. 
V^ is called an irreducible surd, and surds which have the same 
irreducible sm-d are called like surds. 
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276. Any number of like surds may be added or subtracted. 
Thus 3^3 + 2 ^3 = 5^/3, 

Vz^+ Vi^ = 4^/2 + 3^/2 = 7^/2. 

277. The product of two unlike irreducible surds is a surd. 

Suppose Va, */h to be such surds, a and h being primes. And, 
if possible, let ^ab = /», a rational quantity. Therefore ab = w^ 
which is contrary to the above analysis of the forms of numbers. 

Again, suppose a=^ cd and b = ce, where f , d, e are primes, 
then, if possible, let ./^ = pi^ 

i. e. Vcdxce = cV^e = m^ 

or -/& = -. 

which is the same case as before, and is impossible. 

278. A surd cannot be equal to the algebraical sum of a rational 
quantity and a surd. 

For, if possible, let \/a = «i + ^/^, where \/fl, *^b are surds, 
and m a rational quantity. Then, squaring, 

a = n^-\-2m'/b-\'b\ 

.-. Vb = , 

2m 

a rational quantity, which is impossible. 

CoR. The sum or difference of two surds cannot be a rational 
quantity. 

279. The sum or difference of two surds cannot be equal to a single 
surd. 

For, if possible, let Va + V^ = \/7. 

Squaring, a + 2 Vab + ^ = ^ ; 

.". \/^ = \ {c—a—b), 

which is impossible. 

Thus the special characteristic of surds is that they will not 
coalesce with other quantities, whether rational or surd. 
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280. In any equcdity consisting of rational qtmntities and surds, 
the rational parts on the two sides are equal, and also the irrational 
parts. 

For, let a+ Vb = c+ Vd, and, if possible, let a = c + /w; then 

m + ^b = Vd, 
which is impossible. 

From this property we have the remarkable result that an equa- ' 
tion which contains a mixture of rational and surd quantities, is 
equivalent to two independent equations. But this cannot be 
affirmed, unless we know that the quantities are really surds, and 
not merely radical inform. 

To find the square root of a binomial surd. 

281. Let a-\- */b be a binomial surd, consisting of the rational 
part a and the irrational part b. Let the square root be ^ x-\- V y, 
where one at least of the quantities Vx, Vy must be a surd. 

Then, Vx + Vy = \/a + Vb. 

Squaring, x + 2 Vxy +y=za+ Vb. 

Then x^ry is rational, and Vxy is surd: since x,y are unlike ; 

,'. X -{-y = a, 
2V^y = Vb, 
Squaring both, x^-\-2xy +y^ = a^, 

4xy = b; 
,', x*—2xy +y^ = a^^b, 
x—y = Va^—b, 

and, from above, x-\-y = a; 

whence x and j/ are known. 

Example 1. To find the square root of 5 + 2 V6. 

Let V^+ V'3/ = >v/5 + 2\/6, 

x+2 Vxy-^-y = 5 + 2 >/6, 

2 V xy = 2 \/6, 

^«+2.ry+y = 25, 
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x^—2xy+j^= I, 
x-j^ = I, 

•^ = 3> J' = 2, and Vx^- ^y = ^2 + ^3. 
Example 2. To find the square root of 7 + 4 -/s- 

Let V^+ V'J = Ay7 + 4V3> 

^ + 2^^+^= 7 + 4v^3> 

2V^ = 4^3» 

Ar^ + 2;ry+y = 49> 
4^ = 48, 

a:^— 2jry+5= I, 

^+i' = 7» 

Vx-\-Vy^ 2 + ^3. 

282. The restriction furnished by the natiu-e of the case that 
one (at least) of the unknown quantities is to be a surd, may be 
considered as furnishing a condition, in addition to that expressed 
by the equation, so preserving the validity of the rule that two 
conditions are required for the determination of two unknown 
quantities. We shall see how in the case of indeterminate 
equations, a limitation upon the roots, that they are to be integers, 
enables us to find solutions of two unknown quantities by means 
of one equation only. 

283. From the above investigation and the two equations 

x-\-yz=a^ ^xy:=^Vbi 
we may form the following rule for finding the square root of a 
binomial surd. Look out amongst the factors of b for two 
factors whose sum is a. If two such factors can be found, they 
are x and j/. This method, of inspection, is far the easiest method 
of discovering the required square root. It is necessary, before 
using this method, to arrange the binomial surd in the required 
form, viz. a + 2 Vb^ the coeflScient of Vb being 2. 
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Some simple examples of the method of dealing with surds 
follow. 

Example 1. — To reduce v^iS, ^50, y/gS to like surds. 

ViS = '/9X2 = 3\/2, \/50 = >/25 X 2 =: 5\/2, 
^/gS = '/49 X 2 = 7 \/2. 

Example 2. Arrange gV^s, ly-Zs in the form of complete 
surds. 

5^^= V^25X3= vTSi 1?^^= -/289X5 = '/i445- 
Example 3. Add together \^2'j + ^243— a/48. . 
>/27+>/243— ^48 = 3^+9^^— 4V^- 

= 8^/3. 

If tz -f >/^ be a binomial surd, it can always be rationalized by 
multiplying it by a— ^/^; for (« + Vd) {a— ^) = a^—d. 
We shall call a-\- v^and tf— v^ Complementary Surds. 

2+^3 2 — ^3 



Example 4. Simplify 



— V^3 2 + ^/3 



2 "^ 'v Q 

A fraction of the form ^ may always be simplified by 

2— V3 

multiplying numerator and denominator by the complementary 

surd of the denominator. 



2 



2+A/3 2 — \/3 __ (2 4- ^/3y-{2— V3) 
2—^/3 2+>/3 _ 4 — 3 

= 4^3- 
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284. Since x"^ tj'"* = {x ±y) {x"^-^ + at"*"^^ ± ... +>''"~^), 

if we have any binomial surd, such as a^ ±,b% which we may 
represent by x +y, we have only to find an index m such that 
x'^ and J/"* may both be rational, and we shall obtain a factor 
which will make the binomial rational. It is clear that m must be 
the L. C, M. of q, s. 



190 THE scholar's ALGEBRA. 

Example. — To find a factor which will rationalize ^ — \J Z' 
Here ^ = 2, J = 3 ; and the L. C. M. is 6 : therefore w = 6, 

a: = 2*, _>/ = 3*. 

^m-i^^m-2^_|. j^ym-x ^ (2*)«+ (2*)*3i+ (2*)' 3^ 

+ (2*)«3' + (2*V3^+3*' 
= 2^ + 4-3* + 2-2*3^+ 2-3 + 3-2*3« + 3' 3^. 

Exercises. No. 76. 

Find the square roots of the following binomial surds : — 

(1) 4 + 2V3. (3) 9+V^- 

(2) 16-6V7. (4) 3-|^^. 

(5) fl— 2A/fl— I. 

Simplify 

(6) —^ (8) — — +~— — 

V7— I V2— I V2 + I 

(7) ^j+ ^^. (9) ^" 



Prove that 

(10) '+/3 ^-;^ =a/-" 

v^+v 2 + ^/3 V2—^2-^Vz ^ 

Find a factor which will rationalize 

(11) N/3~>y2. (12) ^/3 + n/2. 

(5) Impossible or Imaginary Quantities. . 

285. In the solution of the quadratic equation 

ax^-\'bx'\-c = o 
we have found that 



2a ( ~ 3 



If 3*— 4^:^ = o, the roots are equal. 
If 3*— 4flr = a complete square, the roots are rational. 
If 3*— 4ar = a positive quantity, not a complete square, the 
roots are complementary surds, which always enter as a pair: 



' 
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and again, if ^^— 4«r = a negative quantity, we have a comple- 
mentary pair of roots of the form ^ = a + /3>v/— i, which are 
said to be impossible or imaginary values. They indicate that 
no positive value of x exists which will satisfy the equation. 

As in the case of surds, an impossible quantity cannot be equal 
to the sum of a real and an imaginary quantity; and, consequently, 
in any equality consisting of real and impossible quantities, the 
real quantities on the two sides are equal, and also the impossible 
quantities. 

The method of finding the square root of a binomial surd 
applies to such a quantity as a-f/3>/— i. 

(6) Indeterminate Equations. 

286. We have seen (Art. 183) that an equation containing two 
unknown quantities, such as 2.r-}- 3^^= 25, admits of being satisfied 
by every possible value of x, if we take a corresponding value of 
y, whether positive or negative, integral or fractional, determined 
from the simple equation that arises on the substitution of the 
assumed value of x ; and so also it admits of being satisfied by 
every value of j^, if we give equal freedom for the values of x. 
Thus we cannot say that any particular values of x and y are 
determined by the equation, and such equations are said to be 
indeterminate. But, if we add the restriction, that the values to 
satisfy the equation shall be positive integers, we can then find in 
many cases several pairs of solutions that satisfy the equation and 
which are serviceable for special purposes. It is in this sense 
only that we are said to solve indeterminate equations. 

Example 1. Taking the equation given above, let us suppose 
that X and y are both of them positive integers. 

Then, since 2 .r + 3^ = 25, 

dividing by the least coefficient, viz. 2, 

y I 

^+y+ - = I2H — J 
2 2 

y— I 

.-. x+y-h- = 12. 

2 
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Now, since x and y are integers, it follows that — — , being 
= 12 — AT— ^, is an integer. Call it m : 

J/— I 

.'. = m, 

2 

J/— I = 2m; 
.\ y= 2m+i; (i) 
.'. x+2m+ 1+7/1=: 12, 

x=^ II — 3»i. (ii) 
The two equations, (i) and (ii), show that if m be any integer, 
subject to the condition that x and y be positive, we shall obtain 
solutions of the equation. 
Let m = Oy then ^=11,^ = 1. 

Let »i ^ I, then x= 8, _y = 3. 

Let pi= 2, then ^ = 5, = 5. 

Let w = 3> then x = 2, a = 7. 

A higher value of m would make x negative : consequently 
these are all the solutions attainable. 

It will be observed that the values of x and y form two arith- 
metic progressions, those of x having the common difference — 3, 
i.e. the coefl5cient of j/ with a negative sign, and those of _>^ the 
common difference + 2, the coeflficient of x. 

In a similar manner any other equation may be treated. 

Example 2. 307 + 5^ = 100. 

Dividing by the least coeflScient, viz. 3, 

2V I 

iy—i 
^+^ + — T— = 33- 

Assume — = m : 

3 

.-. 2J/— i = 3»i, 

2y= 3^+1. 

Dividing by th^ least coeflScient, 

. m+i 
y — m-\ • 
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Assume = «, 

2 

.•. m = 2«-— I, 

•^ = 33-(2«— i) — (3«— 0» 
= 35-5«» 
Let « = I, /. AT = 30, J/ = 2, 

« = 2, a: = 25, J/ = 5, 

« = 3» j; = 20, ^ = 8, 

« = 4, a;= 15, >/= II, 

« = 5, jc = 10, J/ = 14, 

« = 6, Ar= 5, j/= 17; 

which are all the possible solutions, unless we admit 

^ = o, J/ = 20. 
As before, the solutions form two progressions in A. P., the 
common differences being the coefficients of x andj/, but with 
opposite signs. This property, which we readily see to be 
necessary, makes it easy to write down all the solutions, when one 
pair has been found tentatively, or to express their general 
formulae. 

287. The same method of solution applies to such an equation 
as 2.y— 3j/ = 7, where the equation contains a different sign : but 
in this case the number of solutions is infinite, and the two 
progressions in A. P. go on increasing together. 

Dividing by 2, x—y—- = 3 + -> 

2 2 






Let < = tn ; 



2 

yz=i 2OT— I, 

x=- 3 + /« + *»i— i; 
ar = 3/W + 2. 



Thus, I ^--6, 8, II,..., 

Ky — ^> 3> 6> •••■• 



o 



194 THE scholar's algebra. 

Exerdses. No. 76. 

Find the integral solutions of the equations 

(1) 2x-\- 3j/= 25. (5) 6^-iij/= 7. 

(2) zx— 6^= 9. (6) Sx-h 9j/=2ii. 

(3) 3a;+iij/= 114. (7) 7-^+ 5> = 94- 

(4) 6^+ 7>'= 8i- (8) 13^- 5>'= 21- 

(9) Show that the problem, ' Find the diflferent ways in which 
25 shillings can be paid by means of half-crowns and shillings/ de- 
pends upon the solution of the indeterminate equation, 5 or -I- 2j/= 50. 
Find the answers. 

(10) Find the number of ways in which an anfount of 13J. 6d. 
can be paid with florins and sixpences. 

(11) How many different ways are there of paying i*js. 6d. 
with half-crowns and shillings ? 

(12) How many different ways are there of paying 22^. 6d. 
with fourpenny and threepenny pieces ? 

(13) Find the different ways of paying a debt of £2 12s. 6d. 
with half-sovereigns and half-crowns. 

(14) Find a number which when divided by 5 leaves a re- 
mainder I, and when divided by 9 leaves a remainder 6. 

(15) Find a number which when divided by 7 leaves a re- 
mainder 5, and when divided by n leaves a remainder 6. 

(16) In how many ways can A who has nothing but fifteen 
shilling pieces in his pocket settle a debt of 3^. 6d. due to B who 
has nothing but four half-crowns ? 

(17) .Show that an equation, such as 3Ar-|-5ij/ = 191, in 
which the coeflficients of x and j/ have a common factor which 
does not divide the absolute term, can have no integral solution. 

(7) On the Boots of Equations. 

288. The values which satisfy an equation are called its roots. 
If we reckon imaginary roots, an equation has always as many 
roots as its degree. 



ROOTS OF EQUATIONS. 1 95 

Let a, /3 be the roots of the quadratic 

ax^ + dx-{-c = Oy (i) 
or, as we may write it, 

a b' C ,..v 

:xr •\--X'V- = 0. (u) 
a a ' 

Then (Art. 195), 

2a 
by addition, and 

whence we learn that, if the expression be written in form (ii), 

I. The sum of the roots is equal to the coefficient of x with 
its sign changed ; 

II. The product of the roots is equal to the last term. This 
terra, which is independent of x, is often called the absolute term. 

Again, (:r— a)(ar— /3) = a:^— (a + )3)jr + a/3 

= X^ •\'-X ■\--'i 

a a 
and ax^'\-hx-\-c=.a(^X'-a){x—^, 

289. Let us suppose a large positive value to be given to x, 
and in succession smaller values, passing gradually to negative 
values through o. When or is + and large, the expression is +, 
since (.r—a), i^x—f^ are both + : we shall come at some time, 
if a and /3 are real (/3>a), first to /3, and then to a. In each case 
the expression vanishes ; when x> a and < j3, the expression is 
negative, one factor being positive and one negative ; when x <a^ 
the expression is positive, both factors being negative. 

Similarly, if we proceed upwards from a large negative quantity 
to positive quantities, the passage through a root is always 
indicated by a change of sign : and conversely, whenever there is 

O 2 
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a change of sign, there is a root. When a and fi are impossible, 
the expression can never change its sign. 

Thus, by giving ^ a succession of values o, i, 2, &c., and — i, 
— 2, &c., we can discover the position of the roots. The same 
rule applies to equations of the third and of any degree. 

Suppose for instance that a is a root of the cubic 

x^ -\- bj(^ -\' ex -\- d =^ o, 
then, a' + ^a^ + fa + fl? = o. 

Subtracting, 

(A:«-a«) + 3(Ar«-a^) + f(^-a) = o. 

Hence the equation is divisible by x—a, and by dividing out 
the factor ;r— a, we have a quadratic, 

:)c^-\-ax-^a^-\-b{x-\-a)-{-c = o, 

which may again be resolved into the form 

(^-^)(.r-y) = o. 

Thus, the cubic is equivalent to 

{x-a){x--fi){x-y) = 0. 

And the expression {x—a){x''^){x—y) changes sign when- 
ever X passes through a root 

CoR. If the absolute term of any equation (having a positive 
coefficient for the highest power of x) be negative, it has a 
positive root. For if ^ = o, the expression is negative ; and if x 
be large, the expression is positive. 

If the equation be a quadratic, it has also a negative root, for 
a/3= -. 

If the absolute term be + , both roots (if real) afe + , or both 
— , and their sign is the opposite of that of the coefficient of x. 

(8) Approximation to the Boots of Equations. 

290. The roots of quadratics, when non-terminable decimals, 
may always be derived from the general formula for the roots, 

X = — (—3+ VP—Aac\^ 
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by extracting the square root of d'^-^4ac to the degree of accuracy 
required. 

291. We might also use Horner^s process, which is applicable 
to find the roots of equations of all degrees. 

Let ax^-\-dx-\-c = (i) be the given equation, m the greatest 
integer in the root. Write down a, d, c as the heads of columns 
and use m as an operator in Horner's complete process. 

ah h 

ma-^-h ma^-\-m5 + c 

2ma-\-b, 

The result in the last column is the value of the left-hand 
expression when x is put = m, and if we put x = m +j/, where y 
is a quantity less than i, in the equation (i), it becomes 

a{m+yf + h{m-\-y) + c = o, 

or, qy^-^{2ma + d)y -^-ma^-^-md-^c^o {ii), 

the coeflficients of which are the quantities foimd in the several 
columns (as above) after Horner's complete process. 

If now, since y is a fraction, we assume it equal to — , the 

equation becomes 



-h(2/wtf+3) \'mc^'>rmh-\-c'=- o, 



10* " '10 



or, a^-\-\o(2ma'\-I))z-\'\oo(jnc^'\-mh'\-c) = 0, 

and if we can find the greatest integer in a, we may repeat the 
process as before, and so on, finding successive decimal figures, 
to any required degree of approximation. 

Since the methods for square root and cube root are simply 
methods for the solution of the equations 

the method has been already taught, under those headings (Chap. X, 
and Scholar's Arithmetic, Chap. XV) ; and the above transforma- 
tion shows the reason for the introduction of ciphers in each 
column after each complete process, viz. one in the first working 
column, two in the second, three in4he third, and so on. As in 
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those cases, it is more convenient to write down the absolute 
term c, with its sign changed, as it appears when transferred to the 
other side of the equation, and therefore to subtract on reaching 
that column, instead of adding. We thus avoid the necessity of 
continually repeating the negative sign. The numerical process 
is most conveniently arranged as in the following example. 

292. To approximate to the roots ofji;*— 2X— i = 0. 

There is a positive root, and a negative root : and since 
X = —I, Ar = o, .r = 2, X ^ ^f respectively, make the ex- 
pression -h, — , — , -f , the negative root lies between — i and o, 
and the positive root between + 2 and -f 3. 

To avoid negative quantities suppose the equation written in 
the form x^—'2x= i, which leads to our subtracting in the last 
column, instead of adding. 

Proceed, except in the first statement of the heads of columns, 
exactly as in the determination of square roots by Horner's 
process, introducing, to avoid decimals, two ciphers in the last 
column and one cipher in the preceding, to close each period. 
We first approximate to the positive root : — 

I —2 I ( 2-41421356 

o 100 

2 o 400 

24 1 1900 

280 60400 

281 3836 
2820 1008 
2824 160 
28280 20 

|l 2|8|2|8|2 

The other root is immediately derived from the property I, 
Art. 288. If we call the root already found a, we have 

a + ^ = + 2, 

/3 = 2-a, 

= —•41421356. 

293. We now give the application to a cubic, viz. 

x^-\-^x^—4X'-io = o. 
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We find, by trial, that there is a root between i and 2. 

—4 10 ( 1*895106516 . . 

o lOOOO 



3 
4 

5 

60 

68 
76 

840 

849 
858 

8670 

8675 

8680 

|86|85 



500 
1044 
165200 
17 2 84 I 
180563 00 
18099675 

i8i43o7|5 

i8|i|4|3|9|4 



1648000 

92431000 

1932625 

118231 

9368 

297 

116 



The method of solving a cubic equation will be found in works 
on the Theory of Equations, but the above approximate method 
is of more practical use. It should be noted that the head of 
the first column is not in the solution of equations necessarily i, 
but may be 2, 3, or any other number which stands as the first 
coefficient. 

Exercises. "No. 77. 

State what are the signs of the roots of the following quad- 
ratics, and find, by trial, the position of their roots : — 

(1) x^-h 5jr--5 = o. (3) ^x^- 6Ar-i9 = o. 

(2) Ar*-hi6:r + 3 — o. (4) 2a:^— 2iJi;-h 5 = o. 
Approximate by Homer's process to a positive root of each of 

the following equations (to seven decimal places) : — 



(6 
(6 

(7 
(8 

(9 
(10 

(11 
(12 



x'+Sx—s = o. 

Sx'—sx—ig = o. 

jc*— 2J?— 5 = o. 

zx'+gx'+Sx—igg — o. 

3a;'+iia:*— 5j;— 87 = o. 

x'+zjc'+x—i^o = o. 

:»^ + 6x'+i2x—ii = o. 

64X* + 32ji^ + 24x^ + Sx—i6S = o. 
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CHAPTER XIV. 

CONTINUED FRACTIONS. 

In this and the following chapter we exemplify the application 
of Algebra to the discovery of methods^ by means of the im- 
portant subjects of Continued Fractions and Logarithms. We 
briefly investigate some of their properties and point out their 
use in calculation. 

294. A continued fraction is a fraction of the form 

c 
Continued fractions are more conveniently written 

I I I I 

a + -z ; .... 

6+ f+ d+ <? + 
Continued fractions were first used by Lord Brounker, and have 
several important properties. They will only be briefly noticed 
here. 

295. If iV, ^ be two numbers {N > M) and we perform upon 
them the operation for the discovery of their greatest common 
measure, j^i,j/2> ^8 •••J'fi heing the successive quotients, 

N 1 8* remainder i 

>ir=^i+ }tr =>'! + 



M ^^ ' M -^^ ' M 



i8t remainder 
M ^ 2^d remainder _ i 

i»t remainder "" i^t remainder "" * i** remainder ' 

2'»d remainder 

N II .Mill 

=-Vi H ; ••• ^^d "71? = 



Example 1, To put — ^ and — in the forms of continued 
fractions. 
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The successive quotients are i, 7, 2 ; 

17 ,11 ,15 III 

.-. — ^=iH and -^ = • 

15 7+ 2 17 1+ 7+ 2 

Example 2. To put — - in the form of a continued fraction. 

73 

The successive quotients are i, i, i, i, 2, 2, i, 2 ; 

no I I I I I I I 

= I + 



73 1+1+1+2+2+1+2 

296. The fractions which are obtained by stopping short at 
the ist, 2^d 3rd ... quotients and reducing are called converging 

fractiims. 

They are alternately less and greater than the true value of the 
fraction they represent. 

For^^^i is part of the quotient and not the whole. Again, to stop 

at y^ makes the denominator too small, and consequently the 

I N 

fraction — too great, and -tr^ too great. Again, y^ makes the 
y^ jm 

2°^ denominator too small, and consequently the first too great 

and the whole result too small, and so on alternately. 

297. We now show how to form these fractions. 

P P P 
Let — > —)... — represent the successive converging fractions. 

^1=1; 

"~ ^=^y^ H — = =• ' 

i> 1> J. 

— is formed from — by writing j/g H — for y^ ; 
^3 fa yz 

• • 

^3 



-^"+7 




y^ 




_ AJ>'2^3+A+J^'8 


_^3(A>'2+l)+A 


^2^^3+1 


^2^3+ I 


__^3A+A 




^8^2 + ^1 





202 THE scholar's ALGEBRA. 



AU + 4)+A 



Similarly, ^ = ^ , 

-V4(^2>'8 + ^l) + ^a -^4^8 + ^2 

Let us examine whether the law here suggested can be the 
general law, by assuming that 

— ^-^ ^^ -.^— ^^^— _^_^_^_^_— - • 

We shall ,get the next convergent by changing y^_^ into 



Hence, 



jrn J^n 

_ J^n-iJ^nPft-^ + A-2 + J^n^i»-8 ^ 
J'l.-l^n $^«-2 + ^n-2 +yn ^i-s^ 

_ ^n (>^n-i^i.-2 +/»»-8) +/i*-2 ^ 
J'n ( J'l.-l ^*-2 + ^^-s) + ^«-2 ' 

_ J^n/n-i+A-^ ^ which is the same law. 

Hence, if the law holds for any two successive convergents, it 
holds for the next, and so on for the next, and so on universally. 
But it does hold for the 3^^ and 4^; hence universally. The 
first step is brought under the rule by supposing an initial 

fraction -, followed by — • 

o ^ I 

We may now write p^ = J^nP f^i +/»»-2i 

By means of this property we are enabled rapidly to form the 
converging fractions by the following simple process : — 
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For a new numerator multiply the last numerator by the new 
quotient and add the preceding numerator : and for a new 
denominator multiply the last denominator by the new quotient 
and add the preceding denominator. 

298. Multiply the first of the above equations by ^,^1, the 
second by ^»_i, and subtract : then, 

.'. A^«-.i-/^«-i^n = (-i)% by Chain Rule. 

CoR. 1. All converging fractions are in their lowest terms. 

For, if /», ^n 1^2id a common factor, it must divide the left-hand 
member of the above equation: but this is impossible, since the 
right-hand member can have no such factor. 

Cor. 2. In the same way we see that successive numerators 
are prime to each other, and likewise successive denominators. 

If we divide the last result by ^,^_i ^„, we have 

Pn Pn-i_ {-lY 

Hence the difference of any two convergents is the reciprocal of 
the product of their two denominators. As these denominators 
continually increase, this difference continually diminishes. 

299. We shall now prove that every convergent differs less 
than the preceding convergent from the primary fraction. 

Suppose that instead of^„, the last quotient, we write j' to 
express the complete value of the fractional quotient needed to 
close the division. Then we have 

^ J^^*-l + ^n-2' 

_ /n-a ^n-1 ~/n-i ^»- 2 _. ( ~ ' )* 

f n-l {yq^i + ^n-2) ?«-l {yq^l + ^»-2) ' 
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and this difference is > the former, since y in the numerator is 
>i, and q^^ in the denominator < q^^^i. Hence every con- 
vergent is nearer than all preceding convergents. 

300. If we wrote _y„ for^ in the above denominators, we should 
diminish the denominators and increase the fraction. Hence 

^^P^^_L 

M ^„_i 17^1 q^ 

If we wrote_y^+i for j/ we should increase the denominators 
and diminish the fraction : hence 

N^p^,^ 1 

M q^^ q^^ {q^ + q^^) ' 

and these are limits of the error in the use of any convergent 
instead of the original fraction. 

p N 

301. The convergent ~ is nearer to -=rz. than any fraction 

having a denominator not greater than q^. 

N 
For the fraction -=rz. is intermediate in value to any two suc- 
cessive fractions, one being greater than the true value and the 

other less. 

p N 

If possible let - be a fraction nearer to ^ than one of these, 

and therefore lying within the interval from 

£±=1 to^, (^not >^,); 

qnn-i qn 

q qn-i qn qn-i 
. pqf^i'^Pn-iq ^ I 



qqn^i' ^n-i qn 

pqn-i^Pn^iq<-^"y 

qn 
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which is impossible, since — = unity, or a proper fraction. 

p N 

Hence - is further from -^ than the convergent nearest to it. 

If this be —y the proposition is proved ; and if it be ^^?^, h fortiori 

^n ^n— 1 

p N p 

- is further from -^r> than — , which is a nearer convergent. 

(1) Application to the Solution of Indeterminate 

Equations. 

302. Let ax+fy^ che zxi indeterminate equation ; find by the 

u 
method of continued fractions the fractions converging to 7- , and 

let that which precedes ^ be ^-^^ : then — = ^ , and 

'*• ^^i^i — ^Pv^i = ± I> 
± acq^^ + ^^Pn-1 = ^• 

Hence, the equation is satisfied by 
and, since a{x + ^^«_i) + ^ (^ ± f/«-i) = ©» 

are general formulae for the general solutions, the upper or lower 
sign being taken according as the value of «^«_i is + or — . 
Example. 11^^ + 19^/ = 52. 

Here the convergent preceding — is - , and 

7 X II— 4 X 19 = I, 
/. X = 5x27 — 19/, 

y = 11/— 208. 
The formulae are not necessarily the same as those found by the 
method in section (6), but they lead to the same numerical 
results. 
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(2) Application to And Approximate Fractions. 

303. The method of continued fractions frequently enables us 
to find vulgar fractions which approximately represent fractions 
with large denominators or non-terminating decimals, and which 
are more convenient to remember or to use. Such fractions are 
sometimes wanted, if we desire to construct a train of wheel work, 
which shall represent the movements of the heavenly bodies, &c. 

Example 1. — To find a fraction which shall conveniently ex- 
press the ratio of the circumference of a circle to its diameter, 
viz. 314159.. 

Performing the process for finding the G. CM. of 3-i4i59 and 
1 00000, we shall obtain the quotients 3, 7, 15, i, . . , and the cor- 

respondmg convergents are -j -> — > ^^^j ^^^^> ... 
^ ^ ^ o I 7 106 113 

2 2' 

The fraction — may be used for ordinary purposes : but the 

fraction - — is a very good approximation to the real value. The 

inverted ratio may be remembered by writing down in a row two 
I's, two 3's, and two 5's, and dividing them in the middle by a 
fraction line, thus, 113/355. 

Example 2. — To find a fraction which shall conveniently re- 
present \/2. 

V^ = 1-4142136 ... 

Supplying the denominator, and applying the process for finding 
the G. C. M., we shall obtain the following quotients, i, 2, 2, ... and 
2 perpetually. 

The convergents are -» -j -5 -> — , — ,—>... 

o I 2 5 12 29 70 

For ordinary purposes - will often be useful, but the last fraction 

5 
is far closer. 

304. The most rapid method however of putting the roots of 
an equation in the form of a continued fraction is the following. 
Suppose that instead of substituting for x in equation (i). Art. 291, 
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or = w + v, where V < i, we substituted ^ = »z+ -, where z > i; 

z 

we should have 

a-z ■\-i2ma'\-b) — \- ma^ + mb + c =i o. 
z^ ^ ^ z 

or a -\-{2ma + b)z +{ma^-\-mb-\-c)z^ = o; 

that is to say, we should have a new equation, the coefficients of 
which, in reversed order, would be those formed by Horner's 
complete process on taking for operator the greatest integer in 
the root. Repeating the process, and finding the greatest integer 
in 2, and so on, we in fact form the required continued fraction. 
We do not in this case transpose the absolute term. 

Example, a:* — 3 = o. 

The quotients are the numbers which just fail to change the sign 
of the last term. 

(i) I o -3(1 

I —2 

2 

(ii) 2 —2 —1(1 

o —I 

2 

(iii) I —2 —2(2 

o —2 

2 

(iv) 2 —2 "~^ ( ^ 

(iv) being the same as (ii), it is clear that we have reached a 
recurring period ; 

— I I I I 

• . X — 1 *i ^"^""^ ~~~~~" ^~~~~' . • • • 1 

1+ 2+ 1+ 2 + 

10 26 
.-. ^ = ^ or — • 

11 15 

Example. If the length of the (tropical) year be 365-24224^ 
and the moon's synodic period 29-5305887 ^ find a convenient 
fraction to represent the ratio of these numbers. 

The quotients are 12, 2, i, 2, i, i, 17, — 
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The convergents are 

I 12 25 37 99 136 235 413I 
— J J J ) — J 5 J • 

o I 2 3 8 II 19 334 

The fraction ^ has had some celebrity under the name of the 

o 

Octa-fe'teris; but the fraction -^ far greater, as the foimdation of 

the Metonic Cycle; 235 lunations being very nearly equal to 19 
years. 

305. The following example will show how the method of 
continued fractions may be employed to obtain approximate solu- 
tions of equations of the form a^ = d. Such equations are called 
Exponential Equations. 

Example. To solve 10* = 5. 

By trial x = o makes 10*— 5 = —4, 

x=i „ = 6 ; 

therefore the value of the root is between o and i. Let x = — ; 

m 

/. 10^ = 6, 
10 = s**. 
»2 = I makes 5"* = 5, 
= 2 „ = 25. 



I 

Let m = 1 + -', 

n 




• 
• • 


r^^ = 10, 




X 

6~=2, 




6 = 2"; 


n 


= I makes 2* = 2, 




= 2 „ =4, 




= 3 « = 8- 


Let w = 3 + -; 
P 
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,-. 5 = 2*. 2', 

4 = ''' 

(7) = '■ 
4 



It will be found that (-) < 2, and (-) > 2. 

4 4 



Hence x = 



1+ 2+ 3+ 9 + 

rj,. ^ O I 2 7 65 

The convergents are -> -> -> -^> -^> — 

I I 3 10 93 

65 
And — = -60892 .... which is correct to 4 places. 
93 

The value of x which satisfies the equation 10* = 5 is said to be 
the logarithm of 5. 

Exercises. No. 78. 

Express the following fractions in the form of continued frac- 
tions, and find a series of fractions converging to them : — 

(1) -^. (2) ^ (3) ^^^^— . (4) .6123. 

^ ^ 91 ^ ' 2131 ^ ' 7129 ^ ' 

(5) Solve 5^+ 13^^ = 49 in integers. 

(6) Solve 8 a:— 3_y=i in integers. 

(7) If I metre = 39-3709 inches nearly, find a series of 
fractions representing the ratio of a metre to a yard. 

(8) Find a convenient fraction representing the ratio of a 
kilometre to a mile. 

(9) Find a convenient fraction to represent V5. 

(10) Find a convenient fraction to represent /y/7. 
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CHAPTER XV. 



LOGABITHMS. 



306. So soon as we have given a meaning to fractional indices, 
we perceive not only that it is possible to give values to x which 
may satisfy such an equation as a* = iV in particular cases, as for 

instance, lo* = 31622777, or 10* = 2-1544347, which values we 
may have obtained by extracting the square and cube roots of 10 : 
but that fractional values may be interpolated between \ and ^j &c., 
which will answer to values intermediate to those on the right- 
hand side of these equalities. We can (in fact) to the degree of 
accuracy to which we carry our approximations, find the value 
of X answering to any particular value of N in the equation 
10* = iV. We have shown in the last section how this may be 
done in a particular case. The value of x answering to A'' in the 
equation a'* = iVis said to be the logarithm of N to base a, and the 
value of X answering to Nvcv the equation 10* = iV" is called the 
logarithm of N to base 10; or simply, the logarithm of N, or log 
iV, 10 being the base of the only system of logarithms in common 
use. Logarithms are always written, not as vulgar, but as decimal 
fractions. Consequently, we say that log 3*1622777 = -5, not J, 
and that log 2-1544347 = -SSSSSSS- 

Lord Napier of Merchiston was the inventor of Logarithms, but 
the common system of Logarithms to base 10 was introduced by 
Briggs. 

307. Tables of logarithms are of great use in calculations, owing 
to the following properties. 

I. Addition of logarithms answers to the multiplication of 
numbers. 

For if 10* = OT, (i) or ;*: = log m^ 

and 10" = «, ( ii ) or j/ = log «, 

multiplying (i) and (ii) together, 
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/. x-\-y = log {mn), 
or log m + log n = log {mn), 

II. Subtraction of logarithms answers to division of numbers. 
Again, dividing (i) by (ii), 

lo*-^' = -; .-. x—y = log(-); 
n n 

or log /w — log n = log (— ) • 

III. Multiplication of a logarithm answers to the involution of a 
number, lo* = ;w. 

Raising both sides to the «*^ power, 

io*** = z;2'*; .-. «j; = log (w"), 

or n log m = log {m^), 

IV. Division of a logarithm answers to the evolution of a 
number, lo* = »z. 

Taking the n^ root of both sides 

= log ^m, 

or - log m = log Z/m. 

n 

From these principles we deduce the following rules. 

(i) To multiply two numbers together, look out their logarithms, 
and having added them together, look for their sum in the table 
of logarithms : the number which stands opposite to it will be 
the product of the numbers. 

(ii) To divide one number by another subtract the logarithm of 
the divisor from that of the dividend: look for the difference 
amongst the logarithms in the table; the corresponding number 
will be the quotient sought. 

(iii) To square or cube a number, &c. multiply its logarithm by 
2, 3, or appropriate index; the result will be the logarithm of the 
number required. 

P 2 



X 

n 
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(iv) To find the square root, cube root, or other root of a 
number, divide its logarithm by 2, 3, or other index of the power; 
the result will be the logarithm of the number required. 

308. Since 10^ = 10, i is the logarithm of 10, 

10^ = 100, 2 „ „ 100, 

10^ = 1000, 3 „ „ 1000, 

10* = 1 0000, 4 „ „ loooo; 

and, generally, n is the logarithm of the number denoted by i in 
the n^ grade-place, followed by n ciphers. 

Again, since 10""* = 'i, — i is the logarithm of -i, 

10"^ =01, —2 „ „ 01, 

io-»=ooi, —3 „ „ 001; 

and, generally, — « is the logarithm of a decimal, having 1 in the 
n^^ decimal place, preceded by («— i) ciphers. 

The numibers named above, viz. 10, 100, 1000, lOooo, &c., are 
only the leas/ numbers which have i, 2, 3, 4, &c. as the integral 
parts of their logarithms : but all numbers from 10 to 99 have i, 
those from 100 to 999 have 2, those from 1000 to 9999 have 3, 
as the integral parts of their logarithms : thus 

log 15 =117609, log 150 =217609, 
log 1500 = 3' 1 7 609, log 15000 = 4-17609 ; 
and every logarithm consists of two parts, the integral part, called 
the characteristic (which is the number of digits, less one) and the 
mantissa, or fractional, part, and this last is the same for all numbers 
having the same digits. Consequently, in a table of logarithms 
the mantissa only is printed, without the characteristic, and the 
characteristic is supplied on inspection. 

We must add, with regard to negative characteristics : 

log 1-5 = -17609, 
log -15 = T.17609, 
log -015 = 7-17609. 

Observe that the mantissa is kepf post/tve, even for negative 
logarithms, the negative sign being concentrated on the character- 
istic, and written over it to show that it is so. 



Nos. Lojfs. 

OO 
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309. In the small table here given of the loga- 
rithms of the nine digits /o two places ; we see that '^ ^ 

log 6 = log 2 + log 3, 2 .30 

= -30 + .48 = -78; 3 -48 

log 5 = log 10 -log 2, \ '^^ 

= ^—30, 6 .78 

= •70; 7 -85 

log 4 = 2, log 2 = •60; 8 90 

I 9 95 

log 2 = - , log 8 = -30. 

On the other hand, 

log 3 = log 9 -log 3 = .47 
does not quite agree with the table. This arises from the fact that 
two-figure logarithms cannot be accurate; 

310. We should have 

log (^) = -log 2, 
= -•30, 

= T-70. 

A negative logarithm is converted into a positive mantissa with 
negative characteristic, by taking the nought-complement of the 
negative mantissa. 

To find log (-^) = log (-) multiply the above logarithm by 2. 
2 4 

We carry thus: twice 7 is 14, carry +1 ; twice t-7o 

— I is —2, and adding in + i we still have — i, the ^ 

minus sign to be marked above. T.40 

311. Tofindlog(^)=-ilog(i). 

V 2 2 2 

We must divide by 2. It is done as follows: 
Make — I'up to —2 which is divisible by 2, con- 
sidering T-70 as —2 + 1-70, and divide accordingly. 



)t-7o 
T-85 



I I I log(i)=-.48. 

To find log — 7= = -log-- ^ 

%^3 3 ^3 =T-52. 

Here we treat t-52 as — 3 + 252. Iw (1) = t-84. 

3 3 
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Exercises. "No. 79. 

Write down the characteristics of the logarithms of — 

(1) 13. (3) 3000. (5) 7-OI2. (7) 3I35-2- 

(2) 211. (4) -15. (6) 003. (8) -000052. 
Write down from the Table of two-figure logarithms, Art. 309, 

the complete logarithms (so far as the Table will give them) of — 
(9) 800. (12) ■^. (15) 25. 

(10) 004. (13) -0007. (16) 4.9. 

(11) 5,000,000. (14) 00003. (1^) 2- 16. 
What numbers (so far as the Table will give them) correspond 

to the following logarithms ? — 

(18) 5-30. (21) T-90. (23) 3.48. 

(19) 278. (22) T.95. (24) Tf78. 

(20) T-85. 

312. We now direct attention to the accompanying Table of 
four- figure logarithms (see pp. 216, 217). 

This table will give the logarithm of any number to four places, 
and inversely, the numbers to four figures that correspond to any 
logarithms of four figures : but the last figure in each case may 
possibly be wrong by a unit. 

Example 1. To find from the table the logarithm of -2137. 
The characteristic will be t. Next, the mantissa. 
Look for 21 in the No. column : then run along the line till 
you come into the column headed 3, which is the third figure : 
take out log 2130 = t-3284 

^ 

T-3297 

The last figure is given by a proportion. Under the head of 
Diff. is given the difference between two successive logarithms in 
the table, that is, the quantity by the addition of which we pass 
firom the logarithm of a number having three figures to another 
having an additional unit. For i in the fourth place of a number 
we must add the tenth part of this, viz. here, 1-9. For 2 we must 
add twice as much, for 3 three times as much, and so on. Thus, 
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for 7 we add 13-3 or 13. We should augment the final digit, if 
we had five or more in the next place. Hence T:3297 is the 
logarithm required. 

Example 2. To find the number whose logarithm is -3142. 

We find that this lies in the table between -3139 and '3160. 

We take the one which precedes it in value, viz. -3139, and 
looking to the No. column, and also to the figure at the head of 
the column in which -3139 stands, we take out log 2-06 = -3139. 

By subtracting -3139 from -3142, we find a DifF. 3. The Diff. 
for 1 in the 3^^ place given at the end of the line is 21. Therefore 
the Diff. for i in the 4*^ place is 2-1. 

Hence, log 2*061 = '3 141, log 2*062 = -3143, which are equi- 
distant from our value '3142. The former seems slightly nearer. 
Hence we take 2-061 as the number required. 

Example 3. Find the product of -3715 x -8913. 

log 3710 = T-5694 log -8910 = T-9499 

56 32 



log -3715 = T-5700 log -8913 T-950I 

T-520I 

log -331 = T-5i98 
2 



log -3312 '3312 = Answer. 



Example 4. Find the product of 8235 x -6154 x-3i27 x(-82i)*« 
log -8230 = T-9I54 log -6150 = T-7889 log -3121 = T-4942 

5 3 4 3 1 10 

log -3127 = 1-4952 



log 


•8235 = 


= T-9i57 
T-7892 

T-4952 

T-9I43 
T-9I43 


log-i 
log 


5154 = 

•821 = 


= T-7892 
= r-9i43 


log 


•1690 
3 


T-2287 
T-2279 

8 









log -1693 '1693 = Answer. 



2l6 
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A Table of Logarithms complete for four places. 



No. 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

26 
26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

46 
46 
47 
48 
49 

60 
61 
62 
63 
64 




OOOO 

0414 

0792 

"39 
1461 

1761 
2041 

2304 

2553 

2788 

3010 
3222 

3424 
3617 
3802 

3979 
4150 

4314 
4472 
4624 


1 

0043 

0453 

0828 

"73 
1492 

1790 

2068 

2330 

2577 
2810 

3032 
3243 
3444 
3636 
3820 

3997 
4166 

4330 

4487 

4639 

4786 
4928 
5065 
5198 
5328 

5453 

5575 

5694 
5809 

5922 

6031 

6138 

6243 

6345 
6444 

6542 
6637 

6730 
6821 
691 1 

6998 
7084 
7168 

7251 
7332 


2 

0086 
0492 
0864 
1206 

1523 

1818 
2095 

2355 
2601 

2833 

3054 
3263 

3464 
3655 
3838 

4014 
4183 
4346 
4502 

4654 

4800 
4942 

5079 
52i>i 
5340 

5465 

5587 

5705 
5821 

5933 


3 

0128 

0531 
0899 

1239 
1553 

1847 
2122 
2380 
2625 
2856 

3075 
3284 

3483 
3674 
3856 

4031 
4200 

4362 

4518 

4669 

4814 

4955 
5092 

5224 
5353 

5478 

5599 
5717 
5832 

5944 

6053 
6160 

6263 

6365 
6464 

6561 
6656 
6749 
6839 
6928 

7016 
7101 

7185 
7267 

7348 
3 


4 

0170 
0569 

0934 
1271 

1584 

1875 
2148 

2405 
2648 

2878 


6 

0212 
0607 
0969 

1303 
1614 

1903 

2175 
2430 

2672 

2900 


6 

0253 
0645 

1004 

1335 
1644 

1931 
2201 

2455 
26q5 

2923 

3139 
3345 
3541 
3729 
3909 

4082 

4249 
4409 

4564 
4713 

4857 
4997 
5132 
5263 

5391 


7 

0294 
0682 
1038 
1367 
1673 

1959 
2227 

2480 

2718 

2945 

3160 

3365 
3560 

3747 
3927 

4099 
4265 
4425 

4579 

4728 

4871 
5011 

5145 
5276 

5403 

5527 
5647 
5763 

5877 
5988 

6096 
6201 
6304 
6405 

6503 

6599 
6693 

6785 

6875 
6964 

7050 

7135 
7218 

7300 

7380 


8 

0334 
0719 

1072 

1399 
1703 

1987 
2253 
2504 
2742 
2967 

3181 

3385 

3579 
3766 

3945 

4116 
4281 
4440 

4594 
4742 

4886 
5024 

5^59 
5289 
5416 

5539 

5658 

5775 
5888 

5999 

6107 
6212 

6314 
6415 
6513 

6609 
6702 
6794 
6884 
6972 

7059 
7143 
7226 

7308 
7388 

8 


9 

0374 

0755 
1 106 

1430 
1732 

2014 

2279 
2529 
2765 
2989 

3201 

3404 
3598 

3784 
3962 

4133 
4298 

4456 
4609 

4757 

4900 
5038 
5172 
5302 
5428 

5551 
5670 

5786 

5899 
6010 

6117 
6222 

6325 

6425 
6522 

6618 
6712 
6803 
6893 
6981 

7067 

7152 

7235 
7316 

7396 
9 


Diflf. 

41 
38 
36 
32 
30 

28 
26 
26 
24 
22 

21 
20 
19 
19 
18 

17 
16 
16 
16 
16 

14 
14 
13 
13 
13 

12 
12 
12 
11 

n 

U 
U 
10 
10 
10 

10 

9 

9 

9 

9 

9 
9 
8 
8 
8 


3096 

3304 
3502 
3692 

3874 

4048 

4216 

4378 

4533 
4683 

4829 
4969 

5105 

5237 
5366 

5490 
561 1 

5729 
5843 

5955 


3"8 

3324 
3522 

37" 
3892 

40O5 
4232 
4393 
4548 
4698 

4843 
4983 

5"9 

5250 

5378 

5502 

5623 

5740 

5855 
5966 


4771 
4914 

5051 
5185 

5315 

5441 

5563 
5682 

5798 
59" 

6021 
6128 
6232 

6335 
6435 

6532 
6628 
6721 
6812 
6902 

6990 
7076 
7160 

7243 
7324 




5515 
5635 
5752 
5866 

5977 

6085 
6191 
6294 

6395 
6493 

6590 
6684 
6776 
6866 

6955 

7042 
7126 
7210 
7292 
7372 


6042 
6149 

6253 
6355 
6454 

6551 
6646 

6739 
6830 

6920 

7007 

7093 
7177 
7259 
7340 

2 


6064 
6170 
6274 

6375 
6474 

6571 
6665 

6758 
6848 

6937 

7024 
7110 

7193 

7275 
7356 

4 


6075 
6180 

6284 

6385 
6484 

6580 
6675 
6767 

6857 
6946 

7033 
7118 

7202 

7284 

7364 
5 


1 


6 


7 
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A Table of Logarithms comjplete for four places. 



No. 

55 
56 

57 
58 
59 

60 
61 
62 
63 
64 

65 

ee 

67 
68 
69 

70 
71 
72 
73 

74 

75 
76 

77 
78 
79 

80 
81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 
98 
99 




7404 
7482 

7559 

7634 
7709 

7782 

7853 
7924 

7993 
8062 

8129 

8195 
8261 

8325 
8388 

8451 

8513 

8573 

8633 
8692 

8751 
8808 

8865 

8921 

8976 

9031 
9085 

9138 
9191 

9243 

9294 
9345 
9395 
9445 
9494 

9542 

9590 
9638 
9685 
9731 

9777 
9823 
9868 
9912 
9956 




1 

7412 
7490 
7566 
7642 
7716 

7789 
7860 

7931 
8000 

8069 

8136 
8202 
8267 
8331 
8395 

8457 

8519 

8579 

8639 
8698 

8756 
8814 
8871 

8927 
8982 

9036 
9090 

9143 
9196 

9248 

9299 

9350 
9400 

9450 
9499 

9547 

9595 

9643 
9689 

9736 

9782 

9827 
9872 
9917 
9961 

1 


2 

7419 
7497 
7574 
7649 
7723 

7796 

7868 

7938 

8007 

8075 

8142 
8209 

8274 
8338 
8401 

8463 

8525 

8585 

8645 
8704 

8762 
8820 
8876 
8932 
8987 

9042 
9096 
9149 
9201 

9253 

9304 
9355 
9405 
9455 
9504 

9552 
9600 
9647 

9694 
9741 

9786 
9832 

9877 
9921 

9965 
2 


3 

7427 

7505 
7582 

7657 
7731 

7803 

7875 

7945 
8014 

8082 

8149 
8215 
8280 

8344 
8407 

8470 
8531 

8591 
8651 

8710 

8768 
8825 
8882 
8938 
8993 

9047 
9101 

9154 
9206 

9258 

9309 
9360 
9410 
9460 

9509 

9557 
9605 

9652 

9699 
9745 

9791 

9836 
9881 
9926 

9969 
3 


4 


5 


6 

7451 
7528 

7604 

7679 

7752 

7825 
7896 
7966 

8035 
8102 

8169 

8235 
8299 
8363 
8426 

8488 

8549 
8609 

8669 

8727 

8785 
8842 

8899 

8954 
9009 

9063 
9117 
9170 
9222 

9274 

9325 
9375 
9425 
9474 
9523 

9571 
9619 

9666 

9713 
9759 

9805 
9850 

9894 
9939 
9983 

6 


7 

7459 
7536 
7612 

7686 
7760 

7832 
7903 

7973 
8041 

8109 

8176 
8241 
8306 
8370 
8432 

8494 

8555 
8616 

8675 
8733 

8791 
8848 
8904 
8960 

9015 

9069 
9122 

9175 
9227 

9279 

9330 
9380 

9430 

9479 
9528 

9576 
9624 

9671 

9717 
9763 

9809 

9854 
9899 
9943 
9987 

7 


8 

7466 

7543 
7619 

7694 

7767 

7839 
7910 

7980 

8048 

8116 

8182 
8248 
8312 
8376 
8439 

8500 
8561 
8621 
8681 

8739 

8797 

8854 
8910 

8965 
9020 

9074 
9128 
9180 
9232 
9284 

9335 

9385 

9435 
9484 

9533 

9581 
9628 

9675 
9722 

9768 

9814 

9859 
9903 
9948 
9991 

8 


9 

7474 

7551 
7627 

7701 
7774 

7846 

7917 
7987 

8055 
8122 

8189 

8254 

8319 
8382 

8445 

8506 

8567 
8627 

8686 
8745 

8802 

8859 

8915 
8971 

9025 

9079 

9133 
9186 

9238 
9289 

9340 

9390 
9440 

9489 
9538 

9586 

9633 
9680 

9727 
9773 

9818 

9863 
9908 

9952 
9996 

9 


Diflf. 

8 
8 
8 
8 

7 

7 
7 
7 
7 
7 

7 
7 
7 
6 
6 

6 
6 
6 
6 
6 

6 
6 
6 
6 
6 

5 
5 
5 
5 
5 

5 
6 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 

4 


7435 

7513 

7589 
7664 

7738 

7810 
7882 

7952 
8021 
8089 


7443 

7520 

7597 
7672 

7745 

7818 
7889 

7959 

8028 

8096 


8156 
8222 
8287 

8351 
8414 


8162 

8228 

8293 

8357 
8420 


8476 

8537 

8597 

8657 
8716 


8482 

8543 
8603 

8663 

8722 


8774 
8831 
8887 

8943 
8998 


8779 

8837 
8893 

8949 
9004 


9053 
9106 

9159 
9212 

9263 


9058 
9112 

9165 
9217 
9269 


9315 
9365 
9415 
9465 
9513 

9562 
9609 

9657 
9703 
9750 


9320 

9370 
9420 

9469 
9518 

9566 
9614 
9661 

9708 

9754 

9800 

9845 
9890 

9934 
9978 

5 


9795 
9841 

9886 
9930 
9974 

4 
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Example 6. Find the quotient of -7132 -r- 8-162. 

log -7130 = T-853I log 8- 1 60 = -9117 

21 21 



log .7132 = 


T-8532 


Subtracting, 


'9118 




^•9414 


log -6873 = 
8 

log 08738 


; ^•9410 
4 



log 8162 = -9118 



'08738 = Answer. 

313. A table to four places will not suffice for any important 
calculations : but many small calculations may be usefully made 
by means of such a table : it affords a useful check on calculations 
otherwise made. 

Use of Logarithmic Tables in Calculatiiig Compound 

Interest. 

314. Many questions in Compound Interest may be readily 
solved by the use of logarithms, in the absence of a Compound 
Interest Table. 

Example 1. Find the amount of £321 after 5 years at 3 per 
cent, compound interest. 

From Art. 146 we have the formula M=. PR^ ; 
.*. log M = log P + « log R, 

= log32i+5log(io3)- 
By the four-figure Table 

log 1-03 = .0128 

4 X log 103= 0512 

log 321 = 25065 

25705 
By the Table log 372 = 2-5705 ; 

.-. ilf=£372. 
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Example 2. Find the present worth of £7132 due 11 years 
"hence, reckoning 4 % compound interest. 

Here P answers to the present worth, M to the amount due : 

log P — log M—n log R, 

= log 7132 — II log 104, 
log 7132 = 3-8532, log 1-04 = -0170, 

II log 1-04= -1870 

36662 

log 4631 = 36656 
7 6 



£4637 = Present Worth. 



Example 3. Find in how many years a sum of money will 
double itself at 5 0/0 compound interest. 

Here, M—2P\ 

.-. 2P — PR^, 
2 = i?", 

_ ^'^Z 2 __ -3010 
~ log-^ "" -0212 ' 

log n = log (log 2) -log (log R\ 

= log'30io— log -0212 ; 

log -3010= -4786 

log '0212 = T-3263 

log 14-2 =2-1523 Answer 14^ years. 

Exanlple 4. What sum will amount to £690 in 15 years at 
8 0/0 compound interest payable quarterly ? 

^ 60 

Here M •=. P (\ -\- -") , since compound interest must be 

4 

counted afresh from every quarterly period ; of which there are 60 

f 
in 15 years, and we must use - instead of r. 

4 

.•• 690 = P(i-02)«>, 
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log P = log 690 — 60 log I -02, 
log 690 = 2-8388 log I -02 = '©086 

60 log I -02 = -5160 

logP = 2-3228 
log 210 = 2-3222 

6 Ans. £210-3 = £210 6s. 



Example 5. To find the Present Value of an annuity of £30 
to be paid for 20 years, reckoning compound interest at 4 %. 

Let F be the present value, A the annual payment, n the 
number of years, r the rate per £ i per annum, and i + r = i? : 

then the present value of the first payment = -^ > 

second 



„ WFX.^vrx.x« „ 



R' 



n 



th 



Total present value 

_A{ I I \ 

I 

'-R 

Taking the values given above, present value 

i__(i.04)-2o 

= 30 ^ — ' 

•04 

log 104 = -0170 log 30 =1-4771 
— 20 log 104= — -3400 log '543 = ^7348 

= T-6600 1-2119 

log '457 = T-6599 log -04 = ^-6021 
1-457= 543 2-6098 

log -407 = 2-6096 



Answer £407-2 = £407 4J. 
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Exercises. No. 80. 

Calculate the following by the four-figure table of logarithms 
to such degree of accuracy as the table allows : — 

(1) .3182 X -2103. (9) (5280)2 x(-3i6)». 



,8 



(2) -3739-68x4. (10) ^^3^!^ 

(3) -03.. X 3^5-6. (H) (•7x.)'x(8-30;x(-o3y . 

(4) .09r3X3"oo. (12) ^^^^^^^^^^. 

(5) 82-5-.6149. (13) '/•8732. 

(6) -7132-5-8194. (14) ^-3217. 

(7) 3^1 1 --84-58. (15) (•3139)*- 

(8) (3.ii)«xoi52. (16) (005143)**. 
Find the compound interest on — 

(17) £181 1 2 J. for 5 years at 5 per cent 

(18) £321 6^". for II years at 4 per cent. 

(19) £2149 for 13 years at 3 J per cent. 

Find the amount (at compound interest) of — • 

(20) £6731 after 15 years at 5 per cent. 

(21) £7325 after 21 years at 4 per cent. 

Find the present worth (using compound interest) of— 

(22) £8121 due 5 years hence, reckoning 5 %. 

(23) £329 due II years hence, reckoning 3^ %. 

(24) Of an annuity of £25 for 31 years, reckoning 4 %. 

(25) Of an annuity of £50 for 27 years, at 3 J %. 

315. We now give some account of the method of using seven- 
figure Tables, of which some small specimens are subjoined. 

The best seven-figure tables are Button's, Babbage's, Schron's. 
Taylor and Walton's five-figure logarithms are extremely useful 
for many purposes. 



(No. 1.) Specimen Tables of Logarithms to Seven Places, 



No. 





1 
0434 


2 

0869 


8 

1303 


4 


5 


6 

2605 


7 
3039 


8 

3473 


9 

3907 


Difif. 
434 


1000 


ooooooo 


1737 


2171 


1001 


4341 


4775 


5208 


5642 


6076 


6510 


6943 


7377 


7810 


8244 




1002 


♦ 8677 


9111 


9544 


9977 


041 1 


0844 


1277 


1710 


2143 


2576 


433 


lOOHB 


0013009 


3442 


3875 


4308 


4741 


5174 


5607 


6039 


6472 


6905 




1004 


*7337 


7770 


8202 


8635 


9067 


9499 


9932 


0364 


0796 


1228 




1005 


0021661 


2093 


2525 


2957 


3389 


3821 


4253 


4685 


5116 


5548 


432 


1006 


5980 


641 1 


6843 


7275 


7706 


8138 


8569 


9001 


9432 


9863 




1007 


0030295 


0726 


"57 


1588 


2019 


2451 


2882 


3313 


3744 


4174 


431 


1008 


4605 


5036 


5467 


5898 


6328 


6759 


7190 


7620 


8051 


8481 




1009 


* 8912 


9342 


9772 0203 


0633 


1063 


1493 


1924 


2354 


2784 


430 



(No. 2.) 



Tables of Proportional Parts. 



Difif. 





1 
43 


2 

87 


3 

130 


4 


6 


6 

260 


7 
304 


8 

347 


9 

391 


484 




174 


217 


483 




43 


87 


130 


173 


217 


260 


303 


346 


390 


482 




43 


86 


130 


173 


216 


259 


302 


346 


389 


431 




43 


86 


129 


172 


216 


259 


302 


345 


388 


480 




43 


86 


129 


172 


215 


258 


301 


344 


387 



(No. 3.) 



No. 



6420 

6421 

6422 

6428 

6424 

6425 

6426 

6427 

6428 

6429 



8075350 
6027 

6703 

7379 

8055 

8731 

*9407 
8080083 

0759 
1434 



5418 
6094 
6771 

7447 
8123 

8799 

9475 
0151 

0826 

1502 



2 



5486 
6162 
6838 

7514 
8191 

8867 

9542 
0218 

0894 

1569 



3 



5553 
6230 

6906 

7.S82 

8258 

8934 
9610 

0286 

0961 

1637 



5621 
6297 
6974 
7650 
8326 
9002 
9678 

0353 
1029 

1704 



5689 

6365 
7041 

7717 

8393 
9069 

9745 
0421 

1096 

1772 



6 



5756 
6432 

7109 

7785 
8461 

9137 

9813 
0488 

1 164 

1840 



5824 
6500 
7176 

7853 

8529 
9204 

9880 

0556 
1232 

1907 



8 



5891 
6568 

7244 
7920 

8596 

9272 

9948 
0624 
1299 

1975 



9 



5959 

6635 
7312 

7988 
8664 

9340 
0015 
0691 

1367 
2042 



Difif. 



68 



P.P. 



1 


7 


2 


14 


3 


20 


4 


27 


5 


34 


6 


41 


7 


48 


8 


54 


9 


61 



67 



(No. 4.) 



No. 
101 





1 


2 


3 


4 


5 


6 


7 


8 


8 


0043214 


047512 


051805 


056094 


060380 


064660 


068937 


073210 


077478 


081742 


102 


086002 


090257 


094509 


098756 


103000 


107239 


I I 1474 


115704 


119931 


1 241 54 


108 


128372 


132587 


136797 


141003 


145205 


149403 


153598 


157788 


161974 


166155; 


104 


170333 


174507 


178677 


182843 


187005 


191163 


195317 


199467 203613 


207755' 


105 


21 1893 


216027 


220157 


224284 


228406 


232525 


236639 


240750 244857 


248960' 


106 


253059 


257154 


261245 


265333 


269416 


273496 


277572 


281644 


285715 289777, 


107 


293838 


297895 


301948 


305997 


310043 


314085 


318123 


322157 


326188 


330214 


L08 


334238 


338257 


342273 


346285 


350293 


354297 


358298 


362295 


366289 


370279 


109 


374265 


378248 


382226 


386202 


390173 


394141 


398106 402066 


406023 


409977 



* In the lines thus marked the third figure of the logarithm changes, and this must be carefully noted. 
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316. In the specimens (No. 1) and (No. 3) four figures of the 
number are placed in the No. column, a fifth at the head of the 
column, so that the logarithm for ^ places is taken direct out of 
the tables. The difference for the other two places is obtained 
by a proportion from the difference given in the Diff^ column, 
which is the difference for i in the fifth place. 

317. At the end of specimen No. 3 in the Diff*. column is a 
Table of Proportional Parts as usually arranged. This is formed 
from the difference 6*8, the difference for the 6^ place, by 
multiplying by i, 2, 3, ... 9 in succession, omitting the decimals 
and augmenting the final, when the next figure rejected is 5, or 
over. The same table serves for the 7*^ place by supposing an 
imaginary line to be drawn down the table of proportional parts, 
cutting off the last figures, but augmenting the final. No. 2 gives 
the tables of Proportional Parts as arranged in Chambers* Reprint 
of Hutton's Logarithms. This work has the fault that the less 
legible modern figures are used instead of those with heads and 
tails. 

Example 1. To find the logarithm of 100-6732. 

log ioo'67 = 2-0029001 

3 130 

I 9 

log 100*6732 = 20029140 

Example 2. To find the number whose logarithm is -8079231, 

•8079234 
log 6-4257 =-8079204 

30 

4 27 

4 3 



log 6-425744 Answer 6-425744 



We write down the logarithm next below that given and 
subtract it from the latter : finding difference 30. Looking in the 
table which belongs to the proper difference 432, we find 27, 
answering to 4, as the next lower difference, and subtracting we 
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have 3 : which again answers most nearly to 4 in the imaginary 
table made by cutting o£f the last column of figures and augmenting 
the final. 

Exercises. No. 81. 

Find from the specimen tables to 7 places the logarithms of — 

(1) 1000735. (3) 64-22783. (5) -6425301. 

(2) 1002-543. (4) 6-429371. (6) -1008721. 

Find the numbers whose logarithms are — 

(7) 20026324. (9) 8075432. (11) 8079873. 

(8) T0033872. (10) -8075763. (12) 2-8080134. 

(13) Construct the tables of proportional parts answering to 
the differences 436, 438. 

Find from table (No. 4), using also, when necessary, the four- 
figure table — 

(14) The amount of £21 I'js. 6(L at 2 J per cent, compound 
interest for 72 years. 

(15) The amount of £13 3J. at if per cent, compound 
interest for 55 years. 

(16) After how many years will a sum of money double itself 
at 2 J per cent, compound interest ? 

(17) Find the present worth of an annuity of £21 for 35 years 
at 4j per cent, compound interest 

The Scholar may with advantage work out the Examples given 
under Chain Rule in the Scholar's Arithmetic^ p. 259, and other 
like Examples by means of the four-figure Table of Logarithms. 
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ANSWERS TO THE EXERCISES. 





Ezerouses, No. 1. Page 4. 


(1) 15a. 


(4) 119^. (6) x\'- 


(2) 32*. 


(5) lid. (7) ^y 


(3) 27«. 





Exercises, No. 2. Page 5. 

(1) 2a + ia + ia-3ia. (2) 3^ + 4^ + i^ = Ti-^- 

(3) 3«> 5«» 2i«» ioi«- 

Exercises, No. 8. Page 6. 

(1) 2ai-35 + c. (7) a + d. 

(2) 3^ + 4^+6^ (8) ^+>'. 

(3) 4^+3^+2. (9) fl + 7. 

(4) 5(/+7. (10) Ar+5. 

(5) 6fl + 4f+<^+3- (11) 3^+15. 

(6) 7« + 6^ + 7- (12) 2i^+io. 

(13) 25+a, 25 + ^. 

Exercises, Ko. 4. Page 6. 

(1) 13. (3) 6 + 3«- (5) a«- 

(2) 13- (4) 7. (6) 38. 

Q 2 
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Ezercisesy No. 6. Page 7. 

(1) 3a— 2^. (6) 21 — 2j;. (9) 4fj;. 

(2) 5^-17. (6) 3^-2c. (10) 4^-15- 

(3) 14a— lid. (7) 2^1—3. (11) Sx—s^. 

(4) 35-^. (8) 3«-i^- (12) fl-5-^- 

Exeroisesy No. 6. Page 8. 

(1) 63r. (2) So64adc. (3) 740^. 

(4) 6a6—6. (5) 5aAr+ii. 

ExerciseSy No. 7* Page 9. 



(■) 5|- 


<'> W- 


(5) •^. 
3^ 


<^) r/ 


Exercnses, Ho. 8. Page 11. 


(6) ^^. 


(1) a«^. 


(4) a'\ (7) 3^«. 


(10) I. 


(2) a'S*. 


(5) 3». (8) fl*«3«. 


(11) fl«+*+'. 


(3) a»3»f. 


(6) ^V. (9) 3^. 
(13) a^+«. 


(12) (^«+^ 



Exercises, No. 9. Page 16. 

(1) Seven a square minus Gve b square plus three c square. 

(2) Three aT> cube minus two ale square plus four he cube. 

(3) Seven ^r to the fourth minus five c cube </ square plus ^to 
the fifth. 

(4) Eight X to the fifth minus three x cube y square plus two 
xy to the fourth minus j/ to the fifth. 

(5) Three ax \.o the fifth minus four hy to the fifth plus ex 
square J/ cube. 
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Exercises, No. 10. Page 15. 

(1) 5^ + 9^— 3</. (4) i7A:+2o>r--i30. 

(2) i5r— i7^+i8<?. (5) ^a^ + /^ab+6b\ 

(3) 8i3-T3<?+i4/~i9^. (6) ^a^-^eab-^gb^, 

(7) 5^23-3^32 + 6^. 

(8) 5tf*-|-4fl3-v3a23 + 7a3' + 93*. 
Values for No. (9) : 

(1) 91. (2) 392. (3) 947. (4) 235. (5) 296. 
Values for No. (10): 

(1) 42. (3) -9. (5) 75. (7) 102. 

(2) 99. (4) -89. (6) 63, (8) 771. 

Exercises, No. 11. ]^age 17. 

(1) i8a. (2) -173. (3) %x. (4) 5j/. 

(5) -11^0. (6) -11^23. (7) o. 

Exercises, No. 12, Page 22. 

(1) 2ax—^by'-^ax + by, 

(2) 6a^x--i'^by^-{-^abxy-{'^y^-V'ix^—%y. 

(3) 2 — 5 + 8^-i32;-3-i6j/+i5a:. 

(4) 2-5 + -^/— 7«— 6 — i6j/+3^. 

(5) 3,^_5^_.^+5£^^._^. 

^'2 2*^2^ 3 3 » 

(6) 3«-53-(i6r-8^+3/-4>5), 
3t2-53-i6f + (8^-3/+4>^), 
3^—53—16^ + 8^— (3/— 4^). 

Exercises, No. 13. Page 23. 

(1) 63.r—4a3+i23 — 24^3 + 232+ i83r—43A:+ 14^3 + 63. 
^2) — 3 + 24 + 32^ — 203 + i2r—28a+ 12 3—8^. 

(3) — 3^ — 33 + 6^—93- 15^-213 + 48^ + 39(7—63 + 9r—45</. 

2 2 , - 18 . 10 

(4) — fl + -3— 3^+43+12(7 — —3 + —r. 
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Ezereisesy No. 14. Page 25. 

(1) 7fl— 73— ipf. (4) — 24-i2Ar-f4j'. 

(2) 6ar-3>^-8. (5) al^-^-^^cd. 

(3) 2Jfy+ 13^^—9. (6) i8^g*-|-42 0j;'— 6y^. 

(7) 2'jad + dc-\'Z^ca. 

ExeroiseSy No. 16. Page 26. 

(1) (3«+2 3-|-2r)^' + (ii + 3— r)jtrH-2r— 3</+^. 

(2) (2a-f^+5/)Ar« + (43-2A-3)A>' + (fl?+/+4)y. 

(3) (tf+<:+<f+2)j/a + (3--</+2/H-fi)»2. 

Ezercisesy No. 16. Page 27. 

(1) a— 2d. (3) — a— 2^ + 3^. 

(2) a + 33— 4f. (4) i6ax-^^5y-\-^cz. 

(5) ^ad^-2a^d^'\'2ad\ 
(6) — fl:jr»-f i63Ar*j/-2ifAry+25^. (7) — 6;tH'+2oy. 

(8) |^-2^^V+^^y-^y- (9) -y^+sj'-a. 

Ezeroises, No. 17. Page 27. 

(1) (2a-33)^«+(33-5^)ar+5f-6/ 

(2) (33— 2a)jf + (5a— 3)>'-^f0— 3fi?. 

(3) {a^d)x'-\-ex^j^--{/+g)y. 

Ezeroises, No. 18. Page 28. 

(1) -6. (3) -6a^. (5) isa'd^c. 

(2) 30. (4) -ix'y. (6) -36«'^'^. 

ExereiseB, No. 19. Page 29. 

(1) x^-\'4x + 4. (6) 4aH2oal+253«. 

(2) ^H6jf + 9. (7) 49a2— 42^3+9^. 

(3) ^'^4-12^+36. (8) j:2_iojp^^25<5^ 

(4) tfH6a3 + 93^ (9) y-ioj/0 + 25af^ 

(5) <^' + 6a3 + 9tz^ (10) 9z^-iSzm + gm\ 
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Exercises, No. 20. Page ,30. 

(1) ^-5. (3) AT+ii. (5) 2A:+5^. 

(2) Ar-7. {^)y-2x. (6) 7^-3^. 

Exercises, No. 21. Page 30. 

(1) (^ + 8)(a:-8). (5) 3y{S^3y)' 

(2) (2j/ + 9)(2j'-9). (6) (5 + 2j/-32)(5-2j/+3«)- 

(3) (6 + 5Ar)(6-5^). (7) (a-3 + ^) (a-^-r). 

(4) (3 + 3J^+2:r)(3-3j/-2Ar). (8) 4>^(3~Ar). 

Exercises, No. 22. Page 31. 

(1) x^ + ^x + 6. (6) 4^*+ 1607+15. 

(2) a^-{-a5-\-ac + 5c, (7) 9A;* + 2i.ry+ioy. 

(3) a^-^ioa-\-2i. (8) 2^x^-^2^xz-\-6z^. 

(4) :*:Hi4Ar + 45- (9) 152^+ 160:2 + 4 jt^ 
^ (5) y«+ 11^+18. (10) 2iJtr2+20JC>/ + 4y. 

Exercises, No. 23. Page 31. 

(1) a2 + 8a+i5. (3) 4^' + 8o; + 3. 

(2) o;« + 3Ar+2. (4) 9'^'+i5^ + 4y- 

Exercises, No. 24. Page 31. 

(1) or2-4o:-2i. (4) 32_2^r-35^. 

(2) a^—2ab—i^l^. (5) 21 + 4^— y. 

(3) x^Sxy+i^y. (6) i5 2;2+2o;2f— o;«. 

Exercises, No. 25. Page 32. 

(1) (o; + 3)(^ + 5). (5) (^+17) (^-3). 

(2) (a: + 3)(^ + 7). (6) (^ + 6)(o;-7)- 

(3) (a; + 4)(:r-6). (7) (^+J/)(^-i3J'). 

(4) (o;+i)(o;-ai) • (8) (or-^'.) (0; + ii^). 
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Exercises, No. 26. Pages 33 to 35. 

(1) i6x^y-\-2xy—sSxyz — ^y+i6yz — S^'*' 

(2) i4^V— 3i-^*y + 27^y— SS^V + ^s^ry**— 3oy. 

(3) ar»-i. 

(4) a:i« + ^8-^*-i. 

(5) 3a*^r-9a«3f2-2a»3»f+i2^r» + 6a*3V-8fl23r' 

+ 4a^V— i2^V+i63V. 

(6) 42a*^ + 22a*3*+37a'3'-|-i2a"^*+ioa3»— 353«. 

(7) 56y-85y+iioy-78y + 58>/-45. 

(8) i + i^«-i^-^;r». 

(9) A;« + 2a;'y+y. 

10) fl«--2fl»3' + ^«. 

11) 21/*— 83/z«-f 22fw' — 27./+99/W. 

12) 3a'— a^—io3^+ 23^^^+523^—31 Jr'. 

13) i5fl*- 140^3+ 24^32-73'. 

14) -6fl*^ + fl*3+i9fl»<52-|a"3»-Ja3*. 

15) a* + 4a'3 + 4a232^23V-3*-f*. 

16) a* + 4a^+i6. 

17) a*+4a'3+4fl«3«-43*. 

18) flS + ^s^^^ga^r. 

19) a' + 3^+r' + </'— 3fl3f— 33r</— 3^^a--3i/a3. 

20) i96a^V*— 36a*3V*+i2a2<Jf»-r«. 

21) ^ + (a + 3 + ^)^2_^(a3-|-<5^ + ffl)^ + a^. 

22) x^-^{a—d—c)x^-'{ad-dc-\-ca)X'^adc. 

23) Ar* + 6A;*— a:— 30. 

24) a;' + 6;t:2+i2A; + 8. 

25) A^— 3ar2 + 3JC-i. 

26) a»-|-^ + r^ + 3a32^3fl«3 + 3a^2^3aV + 33^ + 33V+6<j3r. 

27) a'— 33— r» + 3fl32^3a^— 3^^3-3^^— 3^-33V + 6a3r. 

28)/*--i. 

29) -a*-3*-.r*+ 2^232 + 2 32^2+ 2^2^^ 

30) fl5-3'-r»-^» + aV-fl^-a^ + a'^3-fl^+aV-33^ 
3 3V+ ^ + 3V + f V+ f </* + 2 a3r- 2 a3</+ 2 ar^-h 2 ^r^. 
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(31) n^p + n^q + mnp + mng + mpg + npg + »^^ + Tnf^. 

(32) OT«-«l 

(33) a« + «*+«^-f<i— I. 

(34) Z+ZV'^— />V-^ + 4/*''^ + 8/^'»^V2 + 4(7*r2-.i6/V* 

Exercises, No. 27. Pages 35, 36. 

(1) X^—$Xy-{-2J/\ (3) ^>?-20^2 + 42^ 

(2) -9^*3+ V^^''- 3 ^<^- (4) -3oJ:*;^+ 17^:22-13^3. 

Exercises, No. 28. Pages 37, 38. 

(1) ^2— 3^+2 y^ (9) X^—2X—^. 

(2) 4Jir2~A;+i. (10) fl«— 5a— 2. 

(3) 6x^-^x^-\-x. (11) ;\r2-i. 

(4) ^^+2^2-31 (12) ^ + 6(z2+i2d: + 8. 

(5) /^7^>&* + >&. (13)y-3^0 + 2^ 

(6) 3^2 + ^—5. (14) a:— /v/ji: + 4. 

(7) ^*-4A?2+i6. (15) jt^-ata/^ + S. 

(8) ^2-5. (16) tf''-3a»+2fl2-r. 
(17) A:'* + 2^VAr+2^*-4;r»~8^2y^_8^2^i5^ 

+ 32V'^ + 32 with remainder —128. But read -^64 
in question, when there will be no remainder. 

(19) x'^-^2x^ + 4x^-{-Sx^+i6x^-i-32x^ + 64,x+i2S, 
x^ + 4x^-^-16x^ + 64, and AT* +16. 

(20) x^' + x-i. 

(21) 2a2-3« + 4. 

(22) 3a*-2^ + 5fl2. 

(23) 4^2 + g;;^- 2. 

(24) 4/^-5/.+ 2. 

(25) 7/»-3/2-/. 

(26) a:^— a:\/2 + i. 

(27) 6 + a, 

(34) I+-+ -+ — + — + 

3 9 27 81 243 

(35) i — '^x + ^x^—x^. 

(36) x^—x^ + x^—x+i and x^--x^+i, 

(37) x*—2x^ + 6x^—6x-\-g and atHs- 



(28) 


.r*— 4J^*+Ioa;®— 


i2a: + 9. 


(29) 


/72 j_ 2 




(30) 


6x—6, 




(31) 


3 9 27 


+ 8.- 


(32) 


•^ — ^* 




(33) 


a: x^ x^ 




^. 


x' 





^34 
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Exeroisesy No. 29. Page 40. 



2 a' 



(1) jcr' + ax^ + a*x + cr''^ 

(3) ar* + Jt:V + '^V + -^+y- 

(4) a:*-A;^>' + A^y-^+y— 



(2) or"— flJt:* + fl«Jt:— fl» + 



2 a* 
x-^d 



2jr 



(5) Ar» + a:V+^y + ^V + Jc/+y + 



2^' 



(6) Ar^-^> + ^«y_^6y^^4y_^y^^«y_^7^y_iZ_ 

(7) a:H2^ + 4. (8) ^-2a^ + 4jr— 8. 
(9) a;*H-3jr^+9ar'+27J»r+8i. 

(10) 27--9^4'3y-y+-y~V+^y- ,!^^ , - 

ExerciseSy TSo. 30. Page 4L 



(1) a^-\-ab^^b\ 

(2) a«-a»^4-«'3»-a^» + ^^ 

(3) bx-Vc^. 

(4) a—b-^c—d. 



A 



a aj»; a*^ a^' 

(6) x^'-{n-'i)a^x^'\-a\ 

(7) A^-a^ + 3*. 



(8 
(9 

<10 

(11 
(12 
(13 
(14 



(15) i6a*-8fl»3 + 4a«3»--2a(5' + ^*. 



ma^'\-nx'^'k-p. 
2^ + 3^^—^. 

3^_5^ + f + 9. 
2 *" 4 ^ 

i+^wi + o'w". 

a*-ha'0 + flS* + »*. 

12^— 5^— 3^. 

a' 4-303 + ^. 



0*— a'— 6a^+2a + 4. 



(16) a2~6«^ + 6(5^ (is; 

(17) 2^-1-3^. (19; 
(20) cr^^-dr^-c. Dividend becomes 1221; divisor ii; and 

quotient iii, which is verified by division. 



Exeroise&y No. SL Page 43. 

183 



(1) i8t quotient; ^ + 6^+18^:+ 56 + 



^—Z 



A ' O ^I 183 

2ndquotient; x^+1x-h2^-\- + 7 tt" 

. f ^ jc— I {x^i){x 



-3) 
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(2) 



i^t quotient ; 

3Jtr*+i6:v* + 77 a:» + 385^^1925^+ 9625 -f 



48118 



2nd quotient; 3j»;*H-2I jr'+ 119:1;^+ 623^1;+ 317 1 



+ i596_7^ 



48118 



3^^ quotient; 3x^+iSx^'\-Sgx + 44^-^ 

2281 



x—2 (at- 2) (at— 5) 
2281 



+ 



X+ 2 

48II8 



(^+2)(j;— 2) (j; + 2)(x-2)(ji;— 5) 



i8t quotient; 

7 jc''— 7 a;' + 7 ^— 7 0:* + 7^— 9 a;* + 9 jc — 9 + 



14 

AT+I 



2nd quotient; 7Ji;'-l-7Ar** + 2ijr*H-35Jir'-h77Ar2+ i45-^ 

(3) i 589 14 

^ — 2 (at— 2) (at -f I ) 

31^ quotient; 7-^— 7-^+35-^— 35-^+ i47-^— »49 

+ -597. + ^ 589 ^ 14 

X+2 (:ri-2)(;ir— 2) {x-\-2){X'-2){x-^l) 

(4) 3-^ + 8;p»^+i6^y+35^ + 7oy+-i^-^. 



Exercises, No. 32. 



(1) 

(2) 


x+ — 
3 




IS\ .,^3a^*^ 




K") 


-^^ 2d 




(4) 


a 




(5) 


-<■ 




(6) 


-3a»+23» + 


70' 
3 • 



Pages 46, 46. 

(7) 3^+'^ 



(8) 

<9) 
(10) 

(11) 



'^adx—2hcfy-\-c 
'^axy^h^-\-2 

y 

S5xj^—*jax^—cy 



SS^x—^a*+2a5 



X 



(12) . 



6a 
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(13) -'-f- (1«) ^-- (26) I^^^ 

(14) _-. (20) ^. (26) 3^. 

(15) i£^L^?f£. (21) -^--^. (27) -^^ 

(16) ^. (22) 1^^ (28) ^. 

(17) -if^. (23) If^i^. (29) --3^- 
(18)^. (24) 3« 



6£f ^ ' 4^^^ 



ExerciBeSy No. 33. Page 47. 

(1\ ii±_3i. /gy gyg + ^gJT + f^ ^ .gv io yz—5xz-\-2xy 

12 ^ ' ^2 ^ ' ^0 

(2) if±3^. (6) 2jf^±3f?y±_5«*2, (jQX SlzJZ. 
a6 ^ ' abc ' yz 

(4) ££+|!f. (8) Mzlf (12) «*'+»c?r?.''. 

3^</ ^ ' ab '^ DC 

(13) Qop^g-sg-yg+a^^-yy , 

15^0 

Exercises, No. 34. Pages 48, 49. 

(1) -^ -' 
^ ' ^cx 



(3) 



adxy 
x^ -h ax^—a^x—€^ 



^^f ac^-bc" 



(5) 


ac^wpx^ 

• 

bmy 


(6) 


a 

— • 

3 


(7) 


x—a.. 


(8) 


a^h" 


a^-raW^-b" 



ANSWERS TO THE EXERCISES. 



237 



(1) 
(2) 



ad— I 

-. « 

abc — a—c 

cd—af 



Exercises, No. 36. Page 50. 

(3) --^(^+1). (5) x^^ax-\-a^. 



(4) 



x 

X 



(7) 



ce—hf 



(^) 



(6) b. 



2a 



Exercises, No. 36. Page 52. 



(1) zab, i%a^b\ 

(2) 2xyZy gox^yz, 

(3) 16^0, g6.x^y*z^. 

(4) saxyz, iSS*ja^x^yz\ 

(5) ab, i^a^P. 



(6) Xy 441 a' ^y*. 

(7) Zxy, AO^pqx^y. 

(8) I, mnpxyz. 

(9) xyz, mnpx'^yz^. 
(10) ajtrV^. 87360 a* J^V 



Exercises, No. 37. Page 52. 



(1) x—a, 6{x^—a^), 

(2) 2, ^(jK:-tf)2(;r + fl!). 

(3) ^ + 3, 3(^ + 3)2(^-^). 

(4) x-a, (Ar^-(Z»)(^ + (z). 

(5) I, pqr(n^'-i^\ 



(6) :*;H«JP + ^^ 3(^-«'). 

(7) I, 3o(^«-3«). 

(8) I, 126 (:*:*-^). 

(9) Ar + 2fl, (:*:'~4«*)(A; + 7tf). 
(10) ;*:— 3d!, (x—iaY{x-^\a\ 



Exercises, No. 38. Page 56u 



H. C. F. 

(1) X^r2, 

(2) 3^ + 5, 

(3) 2 a- 63, 

(4) 2x^—(ixy'-2oy^^ 

(5) 3-^-5>', 

(6) 3^' -.5, 

(7) a:24-2a;+3, 

(8) 2^2_^_g^ 

(9) :r' + A;— II, 



L. C. M. 
(Ar + 2)(2;r— 5)(3Ar + 7). 

(3^+5) (7.^-9) (4^-5). 
{2a— ^b) (3^ + 7^) (4« + 9^)- 
^{2x^—6xy—2oy). 

{3^- 5y) {3x+iy) {1 x-^y)' 

(2^-7) (3^ + 6) (3^'-6). 

(2^ + 5) (3-^ + 7) (•^'' + 2:r + 3)- 
(3-^ + 4) (^-7) {2X^-X-S). 
(*r+il)(3^— i)(A:'* + ;*r— 11). 
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H. C. F. L. C. M. 

10) x^-2xy^y^, (jf + Sj'X^-Si'X^'-a-^+y). 

11) jr^ + ^ + ^— I, (^— i)(ji:+i)(a^+;i;» + ^— i). 

12) 2j(^—x-^ij (3Jf— i)(4Ar+i)(2^— jc+i). 

13) x'-'2a\ (a^~2fl«)(jr»+3a»)(2jc« + 5a»). 

14) ^« + 3^-5, (2Ji:'-j;+3)(j;«-a:+i)(^« + 3^-5). 
16) * 2x^—-x^i, (2;r*— jp— i)(2Ar' + j;4-i)(3^ + Ji!^— i). 
16) 2:r^— x— 2, (2j;^— or— 2)(3^*+ar + 2)(4^ + j;— 5). 

17) 2X^"S^-^5y 

(2^2— 3jr+6)(2j;« + 2jr+3)(3^+2^-3). 

18) 3^»-;p4.I, j,;(j;2+i)(a^ + ;,;_l)(3;iJi-j^+l). 

19) AT*— a:*+^— 2:«r+i, j;"— at'— Ar+ i. 

20) jr'— 2ji;Hi, X*— 0^—2^+^+1. 

Ezeroifiesy STa 89. Page 67. 

H. C. F. Lf. C. M. 

1) X—l, {x—iy{x-^l){2X+i){3X+l). 

2) 2j;-3, (^— i)(Ar+i) (2;r— 3)(3^— 2). 

3) 3^-5, (3-^-5)(3^+2)(^ + 2)(^'-7)- 

4) 7^'-5, (3-^-4)(3-^+4)(7^-5)(2^^3)- 

5) Ar-3, (•*-3)*(-^+3)*- 

6) ^-5J'- (•*-i-2>')(jf + 7>')(-«^-3^)(-«^-5^)- 

Exeroisesy No. 40. Page 68. 

(2) i^\ (6) ^. ■ (10) "-^^ 



a"+<M:+A:» - . 9X*-x-3 . . x-1 

(^) ~ a-x - ' ^') x + S ' ^"^ ^M:?' 

(4)£i?:. (8) '•^• + 3^-5 . (12) ^^ + 3 



«*-:y ^ ' j;(;r + 2) ^ ^ 3^^5-^+7 



* Dele — 4» in the second expression. 
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Exercises, No, 41. Page 59. 

4-^ ,.. -6x 



<^) ^^' (4) -. 



(8) ^x(x6-^x) I 

(jr-4)(*-6)(A:-8)' ^^^^ (*-a)(^-3a)' 

(10) '^-4a*.y-iigjf'-2A:» 3xM-i3a»*»-2a»^-a* 

(") '-feP- (17) '■'^■'^' 



+ ay+y 

(a + 3)' • (18) 



(12)^+f^±^. .,„.«+ -/aTI]? 



<^^^ ^* (19) -v^^^. 

Ezeroises, No. 42. Page 63. 

(1) 5 : I. (2) II : i. (3) 2^. 

Exercises, Wo. 43. Fi«es 69 to 71. 

(3) (a-*)* = a»-3a3+^», (a-*)» = a«-3a»5+3a3«-^. 
(7) 3(a'+3''+<*)+2(a3 + &-a<:). 
(16) 93, -68. 

(18) A numerical magnitude. 7 : 15. 

(24) J: = ^- (25) 4 or J. (27) (i - — )•. 

%^ WWW 
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Exercises, No. 44. Page 71. 

(1) The difference of the cubes of two quantities is exactly 
divisible by the diflference of the quantities, and the quotient is the 
sum of the squares of the quantities together with their product. 

(2) The fourth power of any quantity increased by four is equal 
to the product of two factors, one of which is the number two 
together with twice the quantity together with the square of the 
quantity, and the other the number two less twice the quantity 
plus the square of the quantity. 

(3) and (4) are similar. 

(5) The sum of the cubes of three quantities less three times 
their product is equal to the product of the sum of the quantities 
into a quantity which is made of the sum of their squares less the 
sum of their products two and two. 

(6) The product of the sum of the squares of the first and third 
of four quantities into the sum of the squares of the second and 
fourth is equal to the square of the sum of the products of the two 
first and two last together with the square of the difference of the 
products of the extremes. 

Exercises, No. 46. Page 71. 

8 Z8 
(1) ^^=(« + 3)(fl2 + 32)(a4-f.34). 

{2) U a : 5::€ : dj a + b \ a—d::c + d : c—d. 

(3) (^ + d^ + (^'\'.2a5'{-2dc-\-2ca = {a+5-{-cY. 

(4) (a + 5 + c)(a + d-c){5-\-c-a){c + a'-d) = 2a%^'\-2l^^ 

+ 2rV— (tf* + <5* + ^*). 

Exercises, No, 46. Page 74. 

(1) £ro loj. 6^. (3) £i 19J. 6^ff|^. (5) In 8yrs. 

(2) 5%. (4) £475. 

(6) P = £71 5^., -^= £88 7^., /= £17 2J., « = 8, r — '03. 

Given Pnr, PMr, PMn, Pin, PIr, IMn, IMr, Mnr, Inr, 
to find a fourth quantity and thence by (ii) the fifth. 
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Exercisesy No. 47. Page 75. 

» 

(1) £17 17^. i^d.^g. (3) £692 6s. ioJ<f. If ^. 

(2) £14 -js. oy. {^g. (4) £70 i8s. i-^^^d. 

Exercises, Ko. 48. Page 76. 

(1) £34 15J. s|(/. (2) £69 5f. 4\d. (3) £114 15^. oJ</. 

Exercises, No. 49. Pages 77, 78. 

(1) 13.49- (2) 32,187. (3) 9,24, (4) -2,49. 

(5) —10, 10; 14, 8, 2, —4, —10. 

(6) a+13*, 6a + 48^. (9) lof, 142. (12) 14,28. 

(7) 14, 105. (10) 35J, 1900. (13) -i|, -I3f. 

(8) 50, 442. (11) sh 60J, (14) 6, 27i. 
(15). — 20, —90; —10, —12, —14, —16, —.18, —20. 

Exercises, No. 60. Page 79. 

(1) 8x, 121. (4) ^, 7^. (7) 2|. 

(2) 256, 510. (5) -/y, 2||. (8) I 

(3) A. 5U. (6) 4i. (9) T¥r- 

(10) |. 

Exercises, No. 61. Pages 8.6 to 88. 

(1) «• ' ■ (11) Ui- (21) i?5- 

(2) If (12) 2. (22) 22^^. 

(3) i33-4a+<:^2. (13) i39i. (23) 3^. 

(4) 6. (14) 4. (24) 13^. 

(5) 24. (15) i6|. (25) 139I. 

(«) 9- (16) 13. .„„, 3^-6 

(7) -ItV (17) 23i. ^^*'^ 4 ' 

(8) 12. (,18) 66*. . (27) ii6|^?. 

(9) "• (19) 72- ,28) — ?f 

(10) 3. (20) If 6a-2^ 

R 
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(29) 4f|. (34) 63892283.... 

(30) 6f {A+g)6d/ 

(31) i^. ^^*> b{de+c/) + ad/ 


(38) 7.* 


(33) 2010424.... 


(39) -H- 

(40) 3i- 


,^,, W-af±^/(a-^)(f-<f)(a + rf)(^+r), 


("^ a-^-.+rf 


■ 


(42) 4. (44) -f|. 




(43) -xf (45) 5-^(^+^+--«). 


Exercises, No. 62. Pages 97 to 90. 


I. (1) 2X-3. (4) I2(;t:-I). 


(7) "• 

^ ' 10 


(2) t-f- (S) ^(3^ + 5)- 


*«>55- 


(3) ^- (6) i(.*+4o). 


«f- 


II. (1) x-S. (3) 


7, 6, 3» I- 


(2) ^ + 5. (4) 


2Ar+ 10 
3 


III. (1) •* ' . (3) ^"^ ' . 
^ ' 2 36 ^ ' 5 46 


(5) -T minules. 


(2) 37-3^ yds. (4) ^^, ^^ . 


(6) rrr mm. 

^ ^ 88 a 


/-x 3* + -* 3^ + ^_:„ 
^ ' 88 a-f 88a + f 


IV. (1) •^. (4) ^•^. 


(7) f * hrs. 


(2) fljr. (6) ihrs. 


<«) 6^0 • 


(3) f . (6) - hrs. 


(9) 88 or. 


* A qtiadrafie equatioi^. 


. 
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,^. Length moved (in proper units) ,,,. ., , 

(10) — 4f r- — ^^ — ., V -' (11) 45 miles an hour. 

^ /ime (m proper units) 

^ ^ 88.r 88:*: 1760: 

V. (1) (2) —. (3) , c. 

^ ' 100 ^ ' b ^ ' 20 100 

(4) -L, — ^. (6) ^H^^ galls. 

^ ' 19 100— fl? ^ ' a 



Exercises, No. 63. Pages 99 to 107. 

(1) 5 J. 2d, (2) 3I miles per hour. 

(3) —J- (3— i), and 3 miles per hour. 

(4) 8, 16. (9) £4 4J. 

.^v a ma , (10) £130, £520. 

(5) J 5 32, 06. . V ^ 

^ ^ OT+i ;w+i "^ '^ (11) £3225, £6450. 

(6) 12, 48. (12) 10. 

(7) £70, £245. (13) 30 men, 20 women. 

(8) £1 5J. (14) £3. 

(15) £12 ij*. 6^., £8 I J., £6 or. 9^. 

(16) £297, £533 loj., £704, £1197 i8j. 

(17) f</. each, 512. 

( 1 ^ ) 4 Stt niinutes past eight. 

(19) loj^^ minutes past eight. 

(20) ^ = tT(^ ± ^)j ^^ negative sign being used when m>6. 

l[m = 4j x=: 64yt minutes, if f« = 7, a: = 5xt niinutes. 

(21) £16000, £4000. 

(22) A two quarts, B one quart 

(23) £900 in Three per Cents., £800 in Three and a Quarter. 

(24) 60. (28) 2016, 1728, (32) £5400, £7200. 

(25) 50. (29) 135,297,432. (33) 112 and 96. 

(26) 977J yds. (30) 5, 8. (34) 355. 

(27) 43J miles. (31) 30/^ inches. (35) 40, 50. 

R 2 
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(36) 13. (39) 20. (42) £275. 

(37) 16. (40) lolbs. or3TVlbs. (43) £1400. 

(38) 8. (41) 80. (44) 12. 
(45) I2i, 14, I5i. (46) IS. Sd. 

(47) 10 j^f minutes, and 43 xt niinutes past five. 

(48) 13! miles. (50) 4 times as fast. 

(49) Haifa minute (tVt"^-) ^^ one. (51) 40 miles an hour. 

(52) 22 miles, 29^ miles from terminus. 

(53) £6 13J. 4d. and £33 6s. Sd. 

(54) ^"" a, —a. (58) 150 half-crowns, 50 florins. 

m — n .m — n 

(55) £1 10s. 6^d. (59) £5 5J. 

(56) 3J. 6d. (60) 6J per cent. 

(57) 7 miles. (61) li, 4i hrs. 

(62) ^ £760, i? £880, C £360, Z? £520. 

(63) 651°. 

(64) Interchange ^ part of the heavier with ^ of the lighter. 

(65) 107^1 per cent. io3 <5 

^ ' (72) a galls. 

(66) £1000. g 10 

(67) 94 miles from Ely. , 9— 6/+io5r 

(73) • 

(68) 440. lor 

(69) ^V*^ of .4's contents. (74) 22 miles, 5 mil., 7 mil. 

(70) 90. (75) 70, 90, 120 galls. 

(71) 4if miles per hour. (76) Every 580 days nearly. 

{77) Every 116 days nearly. 
(78) 16 galls, milk, 4 galls, water. 
(79) 3814 kg. lead, 41*85 kg. cork. (80) p—nim—p. 

(81) 7 men, 9 days and lo men, 7 days. 

loonp /a \ A ^^ 

^ ' nag + ndp-\-mcp' ^ ' 4 

(84) 7 1 miles per hour. 

Ezeroises, No. 64, Pages 111, 112. 

(1) 6, -I. (4) 16, 35. (7) 6, 3. (10) 4r 3. 

(2) 4f, 2|. (5) 7, 2. (8) 2, 6. (11) 3, 4. 

(3) 7i 5i (6) 12, 6. (9) 4, 3. (12) 5, 2. 
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13) 3, 2. (24) 3, 5. 

14) ilh iiSf: (25) 38f, -8f. 

15) 4h 8f (26) 3, 5. 

16) 88|, i7f. (27) 7, 6. 

17) 9y i23i. ^n^, ^^-«' 

18) 5i> 2j3^. ^ ^ mh—na ma—nb 

19) -12, 50. (29) iji 5t 

20) J, V- (30) 2, 9. 

21) 56, 23. »^/-«^ >yg/-^ 

22) -If, If ^""'^ /a ' ^i^ " 

23) -39-812, 58-542: 

Exercises, No. 65. Pages 116 to 118. 

(1) 69, 51. (8) f. 

(2) H^ + ^)» i(^-<5). (9) 2 J. 6^. and 3^. 2</. 

(3) 16 at first : shares 3, 7. (10) 49. 

(4) 125, 6a (11) 6, I. 

(5) As 2 : 3. (12) 24 lbs. and 32 Ibs; 

(6) A £88, B £44. (13) £18 and £40!. 

(7) ff. (14) £2 I2J., £52. 

(15) £720 Three per Cents., £99^ Three and a Quarter. 

(16) 14 lbs. of hydrogen, 112 lbs. of oxygen, 5 lbs. of each left. 

(17) 500 cubic feet oxygen, ) 

1000 ,,. of hydrogen, ) ' 

273 „ of oxygen, ) ^^ ^^^ ^^^ ^^^.^ ^^^^ j^^.^ 
1027 „ of nitrogen, 3 

(18) 2 gallons from the first, 12 gallons from the second. 

(19) A 100 seconds fast, ^20 minutes slow; A gaining i6§ 

seconds and B losing 3^ minutes per hour. 

(20) 169. (21) Iron 720 lbs., stone 512 lbs. 

(22) A : C\:^\ 6, B \ C::g : 11; A—B : A::i^ : 100. 

(23) 26, 48. (26) I, 3, 5, 7,9, II. 

(24) tV (27) 28 fr., i6fr. 

(25) £3000, £5000. (28) 1 1 20 silver, 360 copper. 
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Exercises, No. 66. 


Page 120. 


(1) ±5. 


(4) ±2. 




(7) ±2. 


(2) ±1. 


(5) +6. 




(8) + V2. 


(3) ±6. 


(6) ±1. 




(9) ±3. 


Exercises, No. 67. Pages 123 to 126. 


(1) 5, 3- 


(17) -25i*. - 


-62' 


(33) i3ff,8. 


(2) -5,-7- 


(18) I, -2. 




(34) 6. 5*. 


(3) 3. -2- 


(19) 6, -5. 




(36) i(9tv^33). 


(4) 5, -7. 


(20) 14, -10. 




(36) 6. 3- 


(5) 4, -6. 


(21) 2, 2f 




(37) 2a, —a. 


(6) 11,-2. 


(22) 2, f . 




(38) 2a, 6— a. 


(7) 2i, -2j. 


(23) 32. 7- 




(39) I4f,^. 


(8) 2f, -3i- 


(24) 3, -4. 




(40) 7-^, 2. 


(9) h h 


(25) 5, I. 




(41) 6. -9^. 


(10) li -2j. 


(26) 9, 6. 




(42) a, h. 


(11) 3, -f- 


(27) 7> -1- 




(43) a,-'-- 


(12) 5i 4i 


(28) 21,-5. 




(44) -"±^ 
' 2a 


(13) 2, f. 


(29) 7, -I. 




(46) 4 or -2ff. 


(14) 6, 5. 


(30) 5> -f 




(4e)|(i±>/i3) 


(15) 3f, SH- 


(31) Ja, -3a. 




(47) -I. 


(16) 6f 3l. 


(32) 1, A- 






(48) ^'*-^ 


3^+23 , 


>io\ 


ac+ad c 


dc ■ ^^'" 


d{a+6)' d{a-b) 



Exeroisesy No. 68. 

(1) 9. (4) 15. 

(2) 72. (5) I foot. 

(3) 21. (6) £80. 



Pages 125 to 127. 

(7) 42. (10) 4, 2. 

(8) 18. (11) 3, 12. 

(9) 56^ min. (12) 1024, 
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(13) ^ miles, 5 miles. 


(16) 20, 10. 


(14) 30, 40, 50 ft. square. 


(17) m + n, m—n. 


(15) 45 miles, 18 miles. 


(18) 576. 


(19) 9, 


6. 


Exercises, No. 69. 


Pages 130, 131. 


(1) II, 17; 17, II. 


(14) ±27, ±11. 


(2) 13, 13. 


(15) ±41, ±22. 


(3) 21, 13; -13, -21. 


(16) 14, 12; 12, 14. 


(4) 23, 13; -13, -23. 


(17) 19, 13; -13, -19. 


(5) 19, 17 j -19, -17. 


(18) 17, 13; 13,17. 


(6) 23, 7; 7, 23. 


(19) 15, 12; -12, -15. 


(7) 27, 23 j -23, -27. 


(20) 19,8; -8,-19. 


(8) +18, ±17. 


(21) II, 8; 8, II. 


(9) ±33, ±29. 


(22) ±13, ±14. 


(10) ±26, +19. 


(23) ±8, ±9. 


(11) 37. 35. 


(24) ±30, ±5i. 


(12) 31, 21. 


(25) 3, 2; -22if, i9xV 


(13) ±23, ±3. 


(26) 13,3; 6tV, -i\. 


Exercises, TSfo. 60. 


Pages 131, 132. 


(1) 2, 10. (5) 13, 15. 




(2) 12, 19. (6) 60, 15. 


(10) 3, 6. 


(3) 2, II. (7) 85,76. 


(11) 9, ". 


(4) II, 17. (8) 456, 342. 


(12) 4, 12. 


(13) 24, 15. (14) 16, 4. 


Exercises, No. 61. 


Pages 137, 138. 


(1)3^-2^ (4)5«^+^. 

I ^ ^ 2 3 

(2) ^ + f 

4 3 (5) 3'^-5« 
/^x 3^* 2y 

'^ ^ 2 :i (6) 2a-q^- 


(7) ^a^d + ^c + d, 
2 , ^ ria 2X 
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(10) ;..-.+ 4. (14) i-ax+3.'-4^. 



(15) 


I - 


X^ 
2 


X^ 

8 


^ • • • • 

16 


(16) 


I- 


X 


6^^ 



5^ 



x^ 

(11) 3^-54-i. 

(12) a— 3^— iir. 



Exercises, N'o. 62. Page 140. 
(1) ..-5. (2) .«-7.. (3)^-1 

(4) zz^-2az-\-a\ (5) 2j/-3 + 5». 



(6)1 '^' '"^ J%« 
^ ^ 3 9 81 


• • » • 


tn\ , ^ ^^ 23^» 

^ ^ 3 9 81 ••• 


• 


^^^ "" 3^^ 9a« 81 a« • 


• • • 


x^ 0^ 
(9) I— ^ — 

^ ^ 3 3 


(12) a;-i+-. 

^ ' X 


(10) 50-7fl. 


(13) 3a— 2^+2^. 


(11) 1 + 3:1:— 3;^;^ 


(14) I — 3j; + 2> 



Exercises, 19*0. 68. Pages 144, 145. 

(1) 6 [Reading « = 2]. (3) 9 [Reading a :^ — 4] 

(2) 7. (4) 7. 

(9) a^h^, a + 6a*34 + 93. (10) a«^*, a^iJ*. 

(11) a^-6fl^*+iia*3^--6a*3 + 3i 

(12) 8a— 36a^3^+54a*(5^— 27^. 

(13) a*(i---— ,-— 3-...)- 

. . I , 2jf 8 AT^ 112 a^ V 

(14) — (i + _+--- + -_-+...). 

a^ 3<2 9 « 81 a^ ' 

(15) i + M + ^;,2+3i5^^ 
^ 28 10 
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(16) 2*(i-|a: + ^A;2-h^\r*-...). (18) 6x + xi-i^xi. 
o 30 040 

(19) iox^ + 4xi+6x + ^x^+iix'ft + 6xi+s^ + 9^^ 

+ 2 x'^. 

(20) 2x-^ + 4'x^ + ^x-^+2j(r^-\'iox-''^-Sx-^. 

np+mg pu+ft ms+nr ru+st 

(21) X "^ ^x~^—x *" —x^^. 



3> 



a^s+fr 



^s+agr 



^r 



{22)x^—^x ^' +30; ^' —AT*. 

Exercises^ No. 64. Pages 165, 156. 



(1) 720. 

(3) 3628800. 

(4) 120. 

(5) 24. 

(6) 75600. 

(7) 9979200: 

(8) 120. 

(9) 120. 

(10) 325- 



(2) 24, dabcy dacb, dbacy dbea^ dcah^ dcha. 



(11) 65. 

(12) 35. 

(13) 105. 

(14) 15. 

(15) 64. 

(16) 2160. 

(17) 8. 

(18) 5005, 



(19) 5^^ 

(20) «•*. 

(21) 48. 

(22) 15625. 

(23) 5400. 

(24) 20020. ' 

(25) 6. 

\mn 
(26) 



m mn — n 



(1) 

(2) 
(3) 
(4) 

(6) I- 
(6) 

(7) 

(8) 
(9) 

(10) 



Exercises, No. 66. Page 162. 

8—12^-1- 6.x:"— jr*. 

^*— 28^' + 294^"— 1372 jf+ 2401. 

32a'*-8oa*3 + 8o^^«-4oa2^'+ioa3*-^». 

i28fl"'— 3136^*^4- 32928^*^^—1920800*^ + 672280^^^* 

• —i4ii788fl2<H'+i647o86ar'— 823543. 

9 Jt; + 3 6 a:" — 84 AT^ + 1 2 6 ji;*— 1 2 6 .r'' + 84 .;*r® — 3 6 .r"^ -f 9 j;® — :»:'. 

, ^2 24 8 I 
16-^ + 4 r + 



J' y y y 



4 20 
-+ 



160 80 
+ 



64 ^ 64 



X ' ^X^ 2TX^ ' 2*JX^ 81.^ ' 729a:® 

625a*— 35ooa'3 + 735oa"3"— 686oa3'+24oi3*. 

(11) -24 '' 



1451520^0*. 
135^ 



125 



22^ 



(12) 



45 



x\ 



250 THE scholar's ALGEBRA. 

Exeroisesy No. 66. Page 163. 

(1) ga^-^oa + ^^i-—^-—' 

(2) I— 4OT+IOOT'— 20Z»'+25»2*— 24W*+l6»l'. 

(3) /- 9>V+ 33^^+ ^nPt-Z^ZP^- i9^pqr-2Tf 

4- 297 ^r— io89^r«+ 1331^- 

(4) i + 6jc4-3^^— 28;c'— 9Ar*+54^— 27^. 

(5) -93628. (6) i6o2». 

Exercises, No. 67. Page 169. 

7 49 343 

(4)i-j + V + -^+-- 
(5) I + 63+ 293*+ 126s' H- — 

(6) I+42 2+I029«"+I92082'+ — 

(7)_?!?l|^. (10) - '"•"•/3H ,. 

2 V 2 3 

(9) 73400320:'. (12) 2-4662121. 

Exercises^ No. 68. Page 173. 

(1) 1 1027. (2) 6315. (3) 3447. 
(4) -4201545.... (5) -4608. 

Exercises, No. 69. Page 175.. 

(1) f, f, I, ^. (2) +. (3) i. h 

Exercises, No. 70. Pages 178, 179. 

(1) J «(«+!)(«+ 2), 20. (4) i«(4»'*-0; 36- 

(2) ^«(/i+i)(4«-i), 44. (5) i(6«'-3«'-»)» 66. 

(3) i«(4«H6«-i), 53. (6) «2(2«2-i), 153. 
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(7) i.(«-M)(« + 2)(« + 3), 90. (9) :^0^y f. 

W -^' i (10) , "" , > tV 

2«+i ^ ' 3(4« + 3) 

Exercises, No. 71. Page 180. 

(1) 4, 3, 2. (4) 17, 22, 45. (7) I, -3, 2. 

(2) 6, -5, 2. (5) 6, -3, 2. (8) I, 2, 3. 

(3) 5, 2, -I. (6) 8, 7, 13. (9) 5, 7, 8. 
(10) 67i, 135, 270. (11) 24h. cr., 46 fl., 40s. 

(12) £7 10^., £10, £12 loj". 

Exercises, No. 72. Page 182. 

The solutions which belong to the negative sign of the radical 
are enclosed in [ ] . 

(1) 9. [16]. (4) ±6, [±y^r]. 

(2) 7. 6- (5) ±5, [±4V^]- 

(3) 2,-5, [-J(3T'/24i)]. (6) ±4v^. 

Exercises, IS'o. 73. Page 183. 

(1) 4, 6. 6- 

(2) VI VI V6. 

. . 2abc 2ahc lobe 

^ ' ac-\-ab—bc ab + bc—ac bc-^ac—ab 

(4) ± ^ , ± . > ± 



(5) 3, 2, i; I, J, I. 



(6) 



^2^^2_^2 ^2+^2_32 ^2^32_^ 



J > 



2 3^ 2^r 2^3 

Exercises, No. 74. Page 184. 



(1) 144. (2) 4. (3) i±^. (4) 14 or ^. 

5 25 

(5) ., -E^. (6) ± J!!l^ . (7) i(5i ± 30/2), ^X" 
'3 2V2(a^ + 3^) 4 
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Exercises, No. 76. Page 190. 

(1) I + ^3. (4) ^""^' . (7) i(7 + 2 /i^). 

V3 

(2) 3-V^. (5) V^^-i. (8) 6. 

(3) A + V^. (6) i(4+V7). • (9) 2. 

(11) 3'+3*2*+2*. 

(12) 3*-2i32 + 2*34-6 + 2*3*-2*. 

Exercises, No, 76, Page 194. 

(1) ^ = 2, 5, 8, II. (5) or = 3, 14, 25 

^= 7> 6» 3» I- >'= i> 7» 13, • •• 

(2)^=7,12,17,.... (6)a;= 5» 14, 23. 

J'= I, 3, 5, .. • >'= 19, "» 3- 

(3) a; = 5, 16, 27. (7) X— 2, 7, 12, 

J/ = 9, 6, 3. ^ = 16, 9, 2. 

(4)jf = 5, 12. (8).r=2, 7,12, 

^ = 8, 3. _>^= I, 14, 27,.... 

(9) Half-crowns o, 2, 4, 6, 8, 10. 
Shillings 25, 20, 15, 10, 5, o. 

(10) Seven. Florins o, i, 2, 3, 4, 5, 6. 

Sixpences 27, 23, 19, 15, 11, 7, 3. 

(11) Four. (12) Twenty-three. 

(13) Half-sovereigns o, i, 2, 3, 4, 5. 
Half-crowns 21, 17, 13, 9, 5, i. 

(14) 51. (15) 61. 

(16) Two; giving 6 shillings and receiving r half-crown: or, 
giving 1 1 shillings and receiving 3 half-crowns. 

Exercises, No. 77, Page 199. 

(1) +, — . Between —6 and —5: between o and -|-i. 

(2) — , — . Between —16 and — 15 : between — i and o. 

(3) -h , — . Between — 2 and — i : between 3 and 4. 

(4) +,-!-. Between o and i : between 10 and 11. 
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(5) -8541019... (7) 2-0945514... (9) 2-3403099... 

(6) 3-4843289... (8) 4-9348179... (10) 4-6684090... 

(11) -6684016... (12) 1-3027756... 

Exercises^ No. 78. Page 209, 

/.x ^ . ^ ^ I 2 13 28 106 

(1) Quotients 2, 6, 2. Convergents -j -> -^> — := -^^• 

(2) Quotients i, 2, 14, i, i, 35. 

^ I I ^ 4^ 46 80 3161 

Convergents -, -j -> ^j — , ^) ^^ 

° o I 2 29 31 60 2131 

(3) Quotients 6, 2, i, 4, 3, i, 3, i, 7, i, 2. 

^ ^ I 6 13 10 80 286 375 1411 1786 

Convergents ^, -> — j — j -^» , ^— , -^^^— , -^ , 

o I 2 3 14 45 .59 222 281 

i39£3, £5699^ 453" . 
2189 2470 7129 

(4) Quotients i, i, i, i, 2, i, i, i, 6, i, 12, 2. 

I I 2 3 8 II 19 30 199 229 
Convergents -> -> -> -j -j — > -ttj -^> ^^j -^-^j — ^. 

1 I 2 3 5 13 18 31 49 325 374 

(5) AT = 2, (6) .r = 2, 6, 8, II, 14, ... . 
y = 3' J' = 5. i3» 21, 29, 37, .... 

,^v I I II 12 32 292 

(7) -J -J — ) — J ^^> -J-' II metres = 12 yds. nearly. 
^ ' o I 10 II 32 267 ^ ^ 

(8) ?, i, i, i, 3, 5 i?, y . 5 m. = 8 kilom. (roughly). 
^ -^ I I 2 3 5 8 29 37 ^ \ 6 // 



(9) ?, 38, 
^ ' 4 17 


161 

72 




(lo)^^'^^ 
' II 23 




Exercises, No. 79. 


Page 214. 


(1) I. 




(9) 2-90. 


(17) 0-34. 


(2) 2. 




(10) Tr-6o. 


(18) 2000000 


(3)3. 




(11) 6-70. 


(19) '600. 


(4)T. 




(12) j-30. 


(20) •7- 


(5)0. 




(13) T-85. 


(21) -8. 


(6)ir. 




(14) T-48. 


(22) -00009. 


(7)3. 




(15) i'40. 


(23) 3000. 


(8)T. 




(16) 070. 


(24) .06. 
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Exeroisesy Ko. 80. Page 221. 



(1) 06692. 


(9) 879600. 


(17) £50 3J. 7^/. 


(2) 5487. ( 


[10) -0919. 


(18) £172 i8j. 


(3) 9-846. ( 


:il) 1-475. 


(19) £1208. 


(4) 2930. ( 


:i2) 7367. 


(20) £14000. 


(5) I33-3- { 


;i3) -9345. 


(21) £16665. 


(6) -00008704. 1 


[14) -6852. 


(22) £6363. 


(7) .03677. { 


[15) '4619. 


(23) £225 12s. 


(8) -1470. ( 


[16) -05048. 
(25) £862 4J. 


(24) £439. 


Fixercifi 


lesy No. 81. Page 


224. 


(1) 1.0003191. 


(5) T-8078935. 


(9) 6-42012. 


(2) 3001 1030. 


(6) Too377io. 


(10) 6-42061. 


(3) 1-8077232. 


(7) 100-608. 


(11) 642669. 


(4) -8081686. 


(8) -100783. 


(12) 642-7074 



(13) 





1 

44 
44 


2 

B7 
.88 


3 

131 
131 


4 

174 
175 


5 

218 
219 


6 

262 
263 


7 

305 
307 


8 

349 
350 


9 

392 
394 


436 
438 



(14) £129 gs. 

(15) £34 2 J. %d. 



(16) 31^ years. 

(17) £379. 



INDEX. 



NrB. The figures refer to pages. 



Addition, 4, 5, 15. 

— of expressions, 24. 

— of fractions, 46. 
Affection, signs of, Ii. 
Algebra, nature of, i. 

— applications of, 2, Parts II, III. 
Algebraical symbols, 2. 

— expression of quantities, 14* 97. 

— sum, 17. 

— test of proportionality, 64. 
Alternando, 61. 
Annuities, 220. 

Answers to exercises, 226. 

A. P., 77. 

Applications of Algebra, 2, Parts II, 

III. 
Approximate fractions, 206. 
Approximation to roots of equations, 

196. 
Areas, 13 note, 76. 
Arithmetic, I. 

Arithmetical progression, 77- 
Axioms relating to equalities, 81. 

Binomial Theorem, 156, 163. 
Brackets, 19. 

Casting out nines, rule for (9-overs), 

174. 
Chain rule, 149. 

— proof by, 150. 
Characteristic (grade), 212. 
Coefficient, 4. 

— literal, 25. 



Combinations, 146, 151. 

— from different classes, 152. 

— complementary, 152. 
Commensurable, 64. 
Complementary combinations, 152. 

— surds, 189. 
Complex bracketing, 23. 

— fractions, 49. 
Componendo, 62, 

— and dividendo, 62. 
Composite terms, 13. 
Compound expressions, 13. 

— interest, 75. 

— proportion, 68. 
Compounding ratios, 64. 
Continued fractions, 200. 

— root of equation in form of, 206. 
Converging fractions, 201. 
Convertendo, 62. 

Cube root, ii, 138. 

— by binomial theorem, 168. 

Decimals, multiplication and division 
of, 170. 

— recurring, value of, G. P. to in- 
finity, 79. 

Degree, 80, 127. 
Dimensions, 13. 
Directly, varying, 66. 
Discount, 74. 
Dividendo, 62. 
Division, 9. 

— of expressions, 35. 

— by Homer*s single process, 42. 
Duplicate ratio, 63. 
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Equality, 24. 
Equation, 80. 

— exponential, 208. 

— indeterminate, 191, 205. 

— simple, 80. 

— quadratic, 118. 

— roots of, 194. 

— simultaneous, 108. 

— solutions of, approximate, 196. 

— solved as quadratics, 181. 
Euclid*s test of proportionality, 64, 65. 
Evolution, 133. 

Ex aequali, 64. 
Exercises, answers to, 226. 
Expressions, algebraic, 12. 

— simple and compound, 1 2. 

— addition, &c. of, 24. 

— binomial, resolution of, 32. 
Extension of the meaning of addition. 

Extension, superficial and solid, note 

on, 13. 
Extremes and means, in proportion, 61 . 

Factor, 8. 

— highest common (H. C. F.), 50. 
Factorial, 147. 

Factors, algebraical, 32. 

— binomial, discovery of, 32. 

— rationalizing, 189. 
Fixed multipliers, 94. 
Formulae, 72, 146. 

— of mensuration, 76. 
Fractional indices, 143. 
Fractions, general notion of, 43. 

— addition and subtraction of, 46. 

— continued, 200. 

— converging, 201. 

— multiplication and division of, 47. 

— reduction of, 57. 

Generalization, 147. 

Geometric progression (G. P.), 78. 

— to infinity, 79. 

Grade (characteristic), 212. 

— rules, 171. 

Harmonic progression (H. P.), 174. 
H. C. F. (highest common factor), 50. 
Homogeneous, 14. 
Homer's process, single, 42. 

— division by, 42. 

— remainder by, 42. 

— value of expression by, 42. 



Homer's process, complete, square 
root by, 135. 

— cube root by, 138. 

— transformation of equations by, 
197. 

— approximation to roots by, 197. 

— do.. as continued fraction, 206. 

Imaginary quantities, 190. 
Impossible quantities, 190. 
Incommensurables, 65. 
Indeterminate equations, 191, 205. 
Indices, 10. 

— .fractional, 143. 

— negative, 143. 

— rales for, 10. 
Induction, mathematical, 149. 
Inequalities, 142. 

Infinity, sum of G. P. to, 79. 
Interest, 73. 

— compound, 75. 

Interpretation of negative quantities, 

17. 
Inversely, varying, 67. 

Invertendo, 62. 

Involution, 132. 

Irrational quantities, 185. 

L. C. M., 50. 

Logarithms, 210. 

— four-figure table of, 216. 

— seven- figure specimens, .222. 

— applied to compound interest,. 2 18. 
< — applied to anmuties, 220. 
Lowest common multiple, 50. 

Mantissa, 212. 

Mean, arithmetic, 77, 175. 

— geometric, 61, 175. 

— harmonic, 174, 175. 

— proportional, 61, 175. 

Means, exti:emes and, in proportion, 

61. 
Mensuration, formulae of, 76. 
Minus, 7. 
Multiple, 8. 

— cross, 8. 

— lowest common (L. C. M.), 50. 

— point, 8. 
Multiplication, 8. 

— of expressions, 27. 
Multipliers, fixed, 94. 

— ratio, 94. 

Negative indices, 143. 
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Negative indices, interpretation of, 
16, 17. 

— sign, 12, 15. 
Notation, scales of, 169. 
Numeration, systems of, 169. 

— quantities, 12, 17. 

Operation, signs of, 3. 

— inverse, 82. 

Permanence of equivalent forms, 

principle of, ao, 164. 
Permutations, 146. 

— taken all together, 147. 

— taken r together, 48. 
Plus, 4. 

Pointing for square root, 137. 

— cube root, 139. 
Positive, II. 
Powers, 10. 

Principle of the permanence of equi- 
valent forms, ao, 164. 
Problems, 88. 

— leading to quadratics, 125. 

— leading to simple equations, 88. 

— leading to simultaneous equations, 
112. 

Progression, Arithmetic (A. P.), 77. 

— Geometric (G. P.), 78. 

— Harmonic (H. P.), 174, 
Proportion, 60. 

— compound, 68. 

— de6nition of, 60. 
Proportional parts, 223. 
Proportionality, tests of, 60, 64. 
Proportionals, 60. 

— properties of, 61. 

Quadratic equations, pure, 119. 

— adfected, 120. 

— equations that may be solved like, 
181. 

Quantities, 3. 

— imaginary, 190. 

— impossible, 190. 

— irrational, 185. 

— known, 2, 4. 

— like, 4. 

— rational, 185. 

— unknown, 2, 4, 80. 

— unlike, 5. 

Radicals, 11. 

— equations containing, 183. 



t» 



*> 



«* 



>i 



»> 



)> 



Ratio, 60. 

— duplicate and triplicate, 63. 

— multipliers, 94. 
Rational quantities, 185. 
Rationalizing factors, 189. 
Recurring decimals, value of (G P. 

to infinity), 79. 
Relation of Algebra to Arithmetic, 1 . 
Roots, II. 

— of equations, 194. 

— of equations, approximation to, 
196. 206. 

— square, 133. 

— cube, 138. 

Rule of signs, 18, ao, 28, 35. 

— of indices, 10. 

— of Three, 61. 

— of Three, double, 68. 

Rule for finding square root, 1 33. 

— for finding square root of binomial 
surd, 187, 188 

— for finding cube root, 138. 
H. C. F., 50. 
L. C. M., 50. 
converging fractions, 

203. 
Rule for multiplication and division 
of fractions, 47. 

— for multiplication and division of 
decimals, 170. 

— for casting out the nines, 174. 

Scales of notation, 169. 

Series, 175. 

Signs of affection, 11. 

— of operation, 3. 

— rule of, 28, 35. 
Simple equations, 80. 

— equation problems, 88. 

— expressions, 13. 

— terms, 13. 

Simplification of fractions, 49. 
Simultaneous equations, 108, 127. 
Square, 10. 

Square root, 11, 133. 

— by Binomial Theorem, 168. 
Subtraction, 7. 

— of expressions, 26. 
Sum, algebraical, 17. 

— of A. P., 77. 

— of G. P., 78. 

— of G. P. to infinity, 79. 
Summation of series, 175. 
Surds, 184. 
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Surds, complementary, 189. 

— binomiaii, square root of, 187, 188. 
Symbols of Algebra, 2. 

Systems of numeration, 169. 

Table of four-figure logarithms, 
216. 

— <of seven-figure logarithms, speci- 
men of, 222. 

— of proportional parts, 223. 
Term, 31. 

Term, general, in binomial theorem, 
161. 

— greatest, in binomial theorem, i6i. 



Theorem, binomial, 156, 163. 

— binomial, general term of, 161. 
Triplicate ratio, 63. 

Unknown quantities, 2, 80. 
Unlike quantities, 5. 

— signs, 28. 

Variation, 66. 

Vinculum, a sort of bracket, 19. 

Volumes, 14 note^ 76. 

Watch, problems respecting hands of, 
95- 



ADDITIONAL ERRATA. 

Page 27, line 5, for +3^ read —3 c. 

Page 36, lines 10, 13, 14, for (r^ read a^. 

Page 184, equation (5), for ^3*+! read V 30^+10. 



